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Abstract

We study the Gross-Pitaevskii equation in dimension two with periodic conditions in
one direction, or equivalently on the product space R x T; where L > 0 and T, = R/LZ.
We focus on the variational problem consisting in minimizing the Ginzburg-Landau energy
under a fixed momentum constraint. We prove that there exists a threshold value for L below
which minimizers are the one-dimensional dark solitons, and above which no minimizer can
be one-dimensional.

1 Introduction

We are interested in the Gross-Pitaevskii equation
0T = AU + U (1 — |T[?). (GP)

In Physics, this equation is a classical model for Bose-Einstein condensates, superfluidity or
supraconductivity [13, 15]. It also gives account of the propagation of dark solitons in nonlinear
optics [14].

Our attention in this paper is devoted to the case where the spatial domain is the product space
R x Ty, where L > 0 and Ty, = R/LZ, so that ¥ = ¥(z,y,t): (R x T) x R — C. Solutions of
the 1D equation can be considered as solutions in this 2D setting with a trivial dependence on
the variable y.

Dark solitons are special solutions of the 1D Gross-Pitaevskii equation. They are travelling waves
of the form
Uz, t) = uc(z — ct),

where ¢ is any subsonic speed, i.e. |c| < V2. Their profile u. is solution to the ordinary differential
equation
icw, +ul + (1 — [ue[*)u. =0, (1)

and is explicitly given by the expression
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For ¢ = 0, the profile uy vanishes and the corresponding soliton is called the black or kink soliton.
The other solitons are called grey solitons.

Variational characterizations of the dark solitons were proved in [1, 3]. These characterizations
are based on two conserved quantities. The first one is the 1D Ginzburg-Landau energy

B =g [ WP+ [ (=P, ®)

which is the Hamiltonian of the Gross-Pitaevskii equation. Corresponding to this energy is the
energy set

X(R) = {9 € Hho(R) : ¢/ € LA(R) and 1 - [y € L2(R)}, (4)
which provides the natural functional framework for analyzing the equation.

The second one is the momentum P, which is formally defined as
1 .
P(@Z’):i <f“r[)’7yb>(:7
R

where, here as in the sequel, the notation (z1, z2)c := Re(z122) stands for the canonical scalar
product on the 2D real vector space C. The expression of P(1¢) above certainly makes sense
if ¢’ is compactly supported, but it is generally ill-defined for arbitrary ¢» € X(R) due to the
possible lack of integrability of the momentum density (i)', 1)¢ at infinity. It was shown in [3]
(see also Appendix A below) that a notion of momentum can be rigorously defined on the whole
energy set X (R) provided its value is understood in the quotient space R/7Z. It was called the
untwisted momentum in [3], and denoted by [P]. Whenever ¢’ has compact support, it holds

[P]() = ;/R@i//,d))(c modulo 7.

The characterization of the dark solitons on the line can be phrased as follows.

Proposition 1 ([1, 3]). Let p € R/7Z, with p # 0. The minimizers of the variational problem

3(p) :==inf {E(Y) : ¥ € X(R) s.t. [P](¢) = p} (5)

are exactly the dark soliton u., and the function obtained from uc, by translation and constant
phase shift. The value ¢, € (—v/2,V/2) is characterized by the identity [P] (ue,) = p, and the
function p — J(p) has Lipschitz constant equal to V2.

In the context of the Gross-Pitaevskii equation on the product space R x Tp, we consider the
vector space

Hi (R x Tp) := {¢ € H(R?) : 1 is L-periodic with respect to its second variable y}. (6)

For our analysis, it is convenient to work on a fixed domain independently of L. For that purpose,
we write T instead of Ty, when L = 1, and given a function ¢ € Hlloc(R x T) and a real parameter
A > 0, we introduce the rescaled version of the Ginzburg-Landau energy given by

Bw)i=3 [ (0P Ni0uP) 41 [ (- 1wP) ™

2 JrRxT

Up to a multiplicative factor A, the rescaled energy FE)(¢) is equal to the Ginzburg-Landau
energy of the function ¥y (z,y) = ¢¥(z, A\y) on the product space R x Ty, where L = 1/\.



Corresponding to the rescaled Ginzburg-Landau energy F) is the energy set

XRxT)={¢pe Ho (RxT):V¢p € L*(RxT) and 1 — [¢|* € L* (R x T)}. (8)

The untwisted momentum [P] along the direction = can be extended to X (R x T'). We decompose
an arbitrary function ¢ € X(R x T) as a Fourier series

Y(w,y) =Y Pr(x)e?™,

kEZ

and check that the Fourier coefficient 1&0 lies in X (R), while the difference wy = ¢ — 12)0 is in
H'(R x T). Due to the orthogonality of the functions ¥y and wy, it is natural to define [P](¢))

by the expression
1

PI) = [P)tdo) + 5 [ (0,0, w0)c modulo . )

Note that to any function in X (R), we can associate a function in X (R x T), which does not
depend on y. By construction, the energy and the momentum of these two functions (either in
X(R) or in X(R x T)) coincide. In the sequel, we shall use the same notation for a function in
X (R) and its extension in X (R x T), in particular for the dark soliton u..

For p € R/7Z, we next consider the minimization problem under constraint
Ia(p) :==inf {Ex(¢) : ¢ € X (R x T) s.t. [P](¢) = p}. (10)

Our main result is

Theorem 1. Let p € R/nZ. There exists A, > 0 such that the following statements hold.
(i) For any A > Ay, the minimal value T)(p) is equal to

Zx(p) = 3(p).

The dark soliton u., is a minimizer of the corresponding minimization problem. When A > X,
it is the unique minimizer up to translation and phase shift.

(17) For any 0 < X\ < Xp, the minimal value Iy(p) satisfies

Zi(p) < 3(p),

and there does not exist any minimizer depending only on the variable x.

Note that, when 0 < A < A, Theorem 1 makes no claim about the existence of minimizers for
Zx(p), it only asserts that potential candidates must be truly 2D. The fact that minimizers do
exist in such cases will be the object of a future work (see [8]).

Note also that our arguments do not prevent the possible existence of a truly 2D minimizer for
A= Ap.
We have stated Theorem 1 in the case of the spatial domain R x T. With minor modifications,

the proofs carry over to the case of R x T2, and presumably also to R x M, where M is any
compact Riemannian manifold of dimension d < 2.

Linear transverse instability of solitons for a number of dispersive models, including the Gross-
Pitaevskii equation, was proved by F. Rousset and N. Tzvetkov in [17] (see also [16] for the general
Hamiltonian framework concerning nonlinear transverse instability). In particular, although they
did not consider their variational characterization, it follows from [17, Theorem 3.3| that given



a dark soliton u,,, there exists A, > 0 such that u,, is not a minimizer for 7 when A = A, /k for
some k > 1.

In the next section we sketch the main arguments in the proof of Theorem 1. We follow a
strategy developed by S. Terracini, N. Tzvetkov and N. Visciglia [18] in the different context of
the nonlinear Schrodinger equations on product spaces. In Section 3, we provide the full details
of our proofs. Note that in some places, it will be convenient to identify R/77Z with the interval
(—m/2,7/2]. A number of properties and ingredients related to the energy spaces X(R) and
X (R x T) as well as the untwisted momentum [P], which we found of independent interest, are
gathered in Appendices A, B and C.

2 Sketch of the proof of Theorem 1

The starting point is to check that the minimal energy Z,(p) tends to the 1D minimal energy
J(p) as A — +oo. In this limit, we show that suitable extractions of minimizing sequences
tend to the dark soliton uc,, up to possible translation and phase shift. The key ingredient of
the proof is then to check that these dark solitons are strict local minimizers of the variational
problem corresponding to the minimal energy Z,(p). In this case, the functions in the previous
minimizing sequences must be equal to a dark soliton for A large enough. This property is
sufficient to conclude that the minimal energy Zy(p) is exactly the energy J(p) of dark solitons.

We describe now this strategy with additional details. We first observe, by considering test
functions depending only on the variable x, that we have

Ii(p) < 3(p), (11)
independently of A > 0. We take advantage of this inequality in order to show that
Zx(p) — J(p), as A — +oo. (12)

Indeed, let p € X(R x T), and for convenience assume that 1 is smooth and 1’ has compact
support. Note first that by definition of the minimal energy 7,

_ . » 2> 4 . X 2
@) = [ B@ea)dy+ 5 [ o> [aPec) g [ ol

Besides, since the function J has Lipschitz constant equal to v/2 (see Proposition 1 above), we
have, for all y € T,

I([PIW () = 3([PI()) — V2[[PI( () — [PI(4)].

Here for p € R/7Z, we denote by |p| the distance between p and zero in R/7Z. We shall show
that

1
1P 9) — [PI(@)] < Ba(). (13)
It follows from combining the previous three inequalities that
2 A
(14 5 B = 30PI00) + 5 [ i, (1)

Considering a minimizing sequence for Z(p), this yields in particular



and by (11), also (12).

The term |9,9|? in (14), which is weighted by A, will enforce minimizing functions for Z,(p) to
be essentially 1D. In the next lemma, we formalize the previous claims, and combine them with
an additional Pohozaev type property.

Lemma 2. Let p € R/7Z and consider a sequence (Ap)n>0 such that A\, — +o00. Then,
Ty, (p) = 3(p), as n — 0. (15)

Moreover, there exists a sequence (¢Yn)n>0 of smooth functions in X (R x T) with compactly
supported gradients, which satisfy [P](vn) = p,

By () — Tn. () — 0,  and Ai/ 10,62 = 0, asn — 0. (16)
RxT

Besides, we can assume that

1 22 1
3P = [ g [ (- (1)
2 RxT 2 RxT 4 RxT

We can then establish that a subsequence of the functions v, converges towards a minimizer of
the 1D problem J(p). More precisely, for |c| < v/2, we introduce the distance d,. given by

do(t1,92)2 = || Vb1 — Vo5, + n (1 — Do) |[2a + [|(1 = 1 ]?) — (1 = [2?)|| %,

for functions 11 and ¥ in X (R x T). In the second term, the weight 7. is given by the expression

2 — 2
Ne(z) =1~ \uc(a;)|2 = — . (18)
2 cosh (2T_sz)2

The metric d. is taylored for the study of perturbations of u.. Note however that since 7. decays
exponentially at infinity all these metrics induce the same topology on X (R x T). We refer to
Appendix B for more detail about the metric structure corresponding to the distance d.. Using
this distance, we show

Proposition 3. There exist a sequence of real numbers (an)n>0, @ number 8 € R, and an
extraction ¢ : N = N for which

dcp (eiew%’(”)(. - a@(n)’ ')’ucp) - 0’

as n — o0.

Given any positive number «, we denote

Vp(a) = {1/) = 1&0 + wg € X(R X T) S.t. (a’iel)léRQ dcp (ew"(&()(‘ _ a);ucp) < a and ”wOHH1 < O[},
(19)

where we have set as before @/A)o(x) = Jpw(x,y)dy for any function ¥ € X(R x T). We can
rephrase Proposition 3 (see e.g. statement (i) in Lemma B.4) as the fact that there exists an
integer N, such that

wgo(n) S Vp(Oé), (20)

for any n > N,. We next show that the profile u., minimizes the energy E) at fixed momentum
p in the open set V,(a), provided « is sufficiently small and X is sufficiently large.



Proposition 4. Let p € R/7Z, with p # 0. There exist two positive numbers oy, and A, such
that, given any function ¥ € Vyp(oy,), with [P](¢) = p, we have

Ex(¥) > Ex(uc,) = 3(p), (21)

for any A > X\,. Moreover, equality holds in (21) if and only if Y(x,y) = e_wucp (z+a) for some
acR and § € R.

To derive Proposition 4 we use the stability properties of the solitons u., with respect to the 1D
Gross-Pitaevskii flow. In [4, 12|, the orbital stability of the dark solitons was derived from the
coercivity of the functional £ — ¢,[P] in the neighbourhood of the profiles u.,. Extending this
coercivity property to the sets V,(a) for a small enough requires to control the dependence on
the variable y. For A large enough, this can be done by using the coercivity provided by the
term A? [, [0y1|? in the energy Ex(1)). The functional Ey — ¢,[P] is then coercive on the sets
Vp(a) and we obtain (21) when the untwisted momentum [P] is moreover fixed.

Combining (20) and (21), we are finally led to

Zx(p) = 3(p),

for A > X,. In view of (11), these two quantities are equal as we have claimed in statement (7)
of Theorem 1.

Before concluding the proof of Theorem 1, we need to precise the behaviour of the minimal
energy Z,(p) with respect to the parameter A when A\ — 0. This corresponds to the situation
where the unscaled initial torus tends to the whole plane R?, and using some scaling argument
from the plane case, we establish

Lemma 5. Let p € R/7Z. The function X\ — Z\(p) is non-decreasing and continuous on R,
with
I)\(p) — 0, (22)

as A — 0.
With Lemma 5 at hand, we are in position to complete the proof of Theorem 1.

End of the proof of Theorem 1. Set A := {\ € (0,+00) s.t. Z,(p) = I(p) for any p > A} and
Ap = inf A. We have just shown in Proposition 4 that A is non-empty. Its infimum A, cannot
be equal to 0 due to (22). Hence, ), is positive and moreover, a minimum by continuity of the
map A — Zx(p).

Since this map is also non-decreasing, the minimal value Z)(p) is strictly less than J(p) when
0 < A < Ap. Moreover, if a function ¢ € X(R x T), with [P](¢)) = p, only depends on the
variable x, then it follows from Proposition 1 that

Ex(¥) = E(¢) = 3(p) > Ii(p)-

Therefore, a possible minimizer cannot only depend on the variable x.

When A > )\, instead, we have Zy(p) = J(p) = Ex(uc,), so that the profile u., is a minimizer of
the minimization problem (10). For A > ), assume for the sake of a contradiction the existence
of a minimizer ¢» € X(R x T) such that Eyx(¢) = Zx(p) = J(p), [P](¢) = p, and

[ 1ok #o
RxT



For A\, < pr < A, we obtain

/1’2_)‘2

T.(p) < Eu(9) = Ea(w) + /R 10, < B\(w) = 300,

which contradicts the definition of the minimum A,. Therefore, a possible minimizer cannot
depend on the variable y, so that it minimizes the 1D Ginzburg-Landau energy at fixed un-
twisted momentum. In view of Proposition 1, the profile u., is therefore the unique minimizer
of the minimization problem (10) up to translation and phase shift. This concludes the proof of
Theorem 1. O

3 Details in the proof of Theorem 1

3.1 Some useful approximation results

In Appendix A, we introduce the set of non-vanishing functions

NVX(R) := {¢ € X(R) st. inf [¢x)] >0},
and show that, for ¢ = pe’’ € NVX(R), the momentum

P) = [ (1=,

is well-defined and satisfies P(¢) = [P](%)) modulo 7. This set is used throughout for the proof
of Theorem 1, in particular in Lemma 6 below.

Adapting the argument in [2, Lemma 3.3] we first show

Lemma 6. Let A > 0, p € R and a € R be fizred. There exists a sequence (Vn)nen of smooth
functions in NVX(R) such that the functions 1, — e'* are compactly supported, and with

P(n) =p and Ex(¢n) = E(Yn) — \/§|p‘v

as n — 0Q0.

Proof. We argue as in the proof of |2, Lemma 3.3]. Assume first that p is positive. Consider a
function £ € C2°(R) and two positive numbers p and ¢ such that jue|0:&]| @) < 1. Set

pla,y) =1 - pedub(ex), O(z,y)=a+V2uller) and o(z,y) = p(a,y)e ),

for any (z,y) € R x T. We compute

1 2 _ 1 2, 2 2\ _ pe’ 2, 2 2 9
Q/MIWM = z/RxT((amp) +02(0:0)°) = 5= | (Ona8)* 1 E/R (1—pe 0,€)(9:€)?, (23)
and

1 —ahI12)2 = 2 2_ 3.2 3 ﬁ 4
PLoamwpy =i [ - [ et [ et e

The function v belongs to NVX (R), so that, by definition (A.5) and Lemma C.4, its momentum
is given by

_ = 2 _ 2 2 _ ple? 3
PO =5 [ (-Pow=vaee [ @or-t [ @0
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We now assume that the L?-norm of the derivative 0,€ is equal to 1 and we choose j,, = n for
a given integer n. At least when n is large enough, we can find a positive number &,, such that

P(¢) = p. Moreover, we have
p

V2n2’

En ~
as n — o0o. In particular, we check that
pnen — 0,

as n — o0, so that the condition pinen 02§/ L~ ®r) < 1 is indeed satisfied for n large enough. In
view of (23) and (24), we also obtain

Ex(¥) — V2p.

n—0o0

In conclusion, the functions Y =1 saiisfy all the statements in Lemma 6 for p positive. When
p is negative, the functions 1, = %), also satisfy these conclusions, while for p = 0 it suffices
to take v, = 1. This completes the proof of Lemma 6. O

Combining Lemma 6 with Corollary B.5, we prove
Lemma 7. Let A > 0 be fized. Given a function 1 € X(R x T), there exists a sequence (¢n)n>0
of smooth functions in X(R x T), which satisfies the following properties.

(i) Given any integer n > 0, there exist two positive numbers R and two numbers 0= for which

ot
Un(z,y) =

for any +x > +RE and any y € T.
(13) We have
[P](von) = [P](¥),
for any n > 0.
(131) We also have

Ex(¥n) = Ex(¥),

as n — o0.

Proof. From Corollary B.5 and Lemma C.3, we can find a sequence of smooth functions TZJn in
X (R x T), which satisfy statements (i) and (44i) of Lemma 7 for numbers R and 67, as well as

[P)($n) — [P)(¥), (25)

in the limit n — oo. Hence we are reduced to check that we can modify the functions @n, SO
that their momentum is exactly equal to the momentum of ). When these two quantities are
actually equal, we simply set ¥, = &n When they are not, we invoke Lemma 6 with o = 0?{ and
pn € (—7/2,7/2] such that p, = [P](¢n) — [P](¢)) modulo 7. This provides a smooth function
1, such that the function 1), — eifn is compactly supported in an interval of the form [~ R, R;’{ 1,
with P(1,) = p, and Ex(¢y,) < v2|pn|. We next set

Un(2,y) if v < Rf +1,

n\L, = - ~ . ~
w( y) {wn(w_R;or_Rn_va) ifszz"i_l'



By construction, the function v, is smooth, belongs to X (R x T) and satisfies statement (i) of
Lemma 7. Moreover, it follows from Lemmas C.1 and C.5 that

modulo 7. Finally, we also derive from (25) that

E)\<¢n) - E/\(zzjn) + E/\(@Ln) — E,\W),

as n — oo. This concludes the proof. O

3.2 Proof of Lemma 2

From Lemma 7 and a diagonal argument, we can find a sequence of smooth functions ¢, €
X (R x T) such that

E, (¢n) <1\, (p) + €n, [P] (¢n) =P, (26)

and moreover there exist positive numbers R and real numbers 6 such that

ot
Un(z,y) =

for any £ > £ R and any y € T. According to Lemma C.5, the momentum [P](¢),,) is then
given by

[P)(4n) = /T pu(y)dy  modulo T, (27)

1

Pu(y) == ) /R@axd}n(%y)a Yn(T,y))c dz + %(9: - 9;) = [P] (¢n('a y)) modulo 7. (28)

Since the functions v, are smooth and their derivatives are compactly supported, the functions
Pr in the previous definition are well-defined and smooth on T, with

p%(y) = /R<'Lazwn(xa y)7 8217,/}”(.%, y))C d:U;
by integration by parts. Hence, we infer from the Cauchy-Schwarz inequality, (11) and (26) that
, 1 1
pn ()| dy < B, (¥n) < —(3(p) +&n),
T )\n An
so that the Poincaré-Wirtinger inequality in |7] provides
[ = (PG ey < [ o)y =0, (29)

as n — 0o. At this stage, we write
)\721 2 ~ A?% 2
By () = [ B dy+ P [ 0Pz [ 3(PIwaCoo) du+ 2 [ 0,0 30)
T 2 JrxT T 2 JrxT

Since the function J has Lipschitz constant /2, we obtain

I([PI(Wn(9))) = I(0)] < V2 |paly) = [PI(¥n)], (31)

for n large enough.



In view of (30), we conclude that

)\2
B, () 2 3(2) = VEllpn = (P + 5 [ 1003

Combining with (26) and (29), we first deduce that
[ il (32)
RxT

as n — oo. Moreover, it also follows from (11) and (26) that

j(p) > I)\n(p) > J(p) —&n — \/iupn - [P](%)HLW(T) + 2/R T ‘8111/}721’
X
In view of (29) and (32), this is enough to obtain the convergence in (15).

In order to complete the proof of Lemma 2, we now explain how we can assume that 1,, satisfies
the Pohozaev identity in (17). It is classical that this identity is based on applying the scaling
(x,y) — (Tz,y) for positive numbers 7. For a fixed integer n > 0, the functions

&—(.T,y) = ¢n(7'357y)

are smooth on R x T and satisfy statement (i) in Lemma 7 for the same numbers 6 as the
function v,,. Arguing as for (27), their untwisted momentum [P](&;) is given by the formula

[Pl(&) = ;/R T<iax§r($7y),§r(ﬂf,y)>(c dx dy + %(9:{ - 0;) modulo .

By definition of the functions &, and by (27), this quantity reduces to

PUE) =5 [ (0t bl )ledudy + 507 = 07) = [PL(v)  modulom,  (33)

for any positive number 7. Similarly, we compute

1 T
/ ’aac§'r|2 = / |8a:¢n’2 = AnTa (34)
2 JrxT 2 JrxT

and

A2 1 9o 1/N 1 2 B
5 0 72+/ 1-l& :(/ 8wn2+/ 1= [¢n? )z 35
2 Rx'ﬂ"yg‘ 4 ijr( ‘5’) T\ 2 Rx’]l"y | 4 RXT( ‘ |) T ()

Observe here that A, # 0. Otherwise, the function ), would not depend on the variable x, so
that the numbers 6 would also be equal. As a consequence, the quantity [P](¢,,) in (27) would
be equal to 0, and not to p modulo 7. Since A,, # 0, we can combine (34) and (35) to derive
that the energies E), (&) are minimal for 7 being chosen as

B,
Tn =\ —.

An,

It suffices then to set &, = &, in order to obtain

By, (&) < Ex, (¥n), (36)

by minimality, as well as the Pohozaev identity

1 A2 1 2
2/ \3:1:571!2 =V Aan = ? |8y£n|2 + 4/ (1 - ’5”’2) )
RxT RxT RxT

by (34) and (35). In view of (33) and (36), this completes the proof of Lemma 2, replacing vy,
by &n. O

10



3.3 Proof of Proposition 3

We go on with the notation of the proof of Lemma 2. Our first goal is to exhibit a number y, € T
such that, up to a possible subsequence, the functions ¥,(+,ys) form an almost minimizing
sequence for the 1D minimization problem J(p). In view of (28), the untwisted momentum
[P](n(-,y)) is equal to p,(y) modulo 7 for almost any y € T, so that our aim is to find a
number gy, € T such that

pn(y«) = p modulow, and en(y«) := E(Yn(-,ys)) — I(p),

as n — o0o. In this direction, we first recall that [P](¢,) = p. Going back to the proof of
Lemma 2, and more precisely to (29), it follows that

pn(y) = p modulo m, (37)

as n — oo, uniformly with respect to y € T. We similarly deduce from (31) that

[len) =20t < [ lents) =3y + V2 [ louto) ~ Y0
T T T

Since e, (y) > I(pn(y)) by definition of the 1D minimal energy J, we infer again from (31) that

/ len(y) — 3(p)|dy < B, () — 3(p) + 212 / 1Pn(y) — [P)(ton)] dy.
T T

Invoking (15) and (29), we are led to

[ leats) = 3 dy 0.
T

as n — oo. As a consequence, we can find a number y, € T such that, up to a possible
subsequence, we have

en(y) = I(p),

as n — o0o. In view of (37), we conclude that the functions ¥y, (-, y«) form a minimizing sequence
for J(p). In particular, we can apply the compactness results in |1, Theorem 3| and |3, Theorem
4] to this sequence. This provides a sequence of real numbers (ay)n>0, as well as a number 6 € R,
such that, up to a further subsequence,

e'f V(- = an, Ys) = Ue, in L (R),
1— 1€ (- — an,y) > = 1 — |ug, |* in LA(R), (38)
€i9 8x¢n( - anay*) — u/cp iIl L2(R)7

as n — oo.

We now extend the convergence to any number y € T. This follows from the smoothness of the
functions v,,, which guarantees that

. . i Yy
e'f wn($ - an’y) — " ¢n($ - anay*) = 626/ 8y¢n(x — Qnp, y/) dy,-

Invoking the Cauchy-Schwarz inequality, we are led to

R . .
/ |6 (2 — an,y) — €0 (@ — an, y)|*da < / 0y tn (2, y)|? da’ dy |
—R RxT

11



for any positive number R. Combining the convergences in Lemma 2 with the first one in (38),
we deduce that

R .
/R ’626 d}n(x - an,y) - ucp($)|2d$ - 07

as n — oo, uniformly with respect to y € T. This is enough to guarantee that the functions
" (- — an, ) converge to the function u., in L (R x T).

At this stage, we again rely on the convergences in Lemma 2 in order to claim that both the
sequences (e Vb, (- — an, ))n>0 and (1 — [ (- — an, )|*)n>0 are bounded in L2(R x T). Up to
a further subsequence, we can find two functions = € L?(R x T) and € L?(R x T) such that

V(- —an,-) ~Zin LR xT), and 1— |¢(- —an,-)|*> = nin L3R x T), (39)

as n — oo. Since |z] < 1+ ’1 —|2[?| for any complex number z, the sequence (" ¢, (- — an, -))n>0
is also bounded in H (R x T). Applying the Rellich theorem, we can find another function

loc

Yoo € H (R x T) such that, up to a further subsequence,

e by (- — an,-) = VYoo in LL (R x T), (40)

loc

as n — oo, for any number 1 < g < 400. Since this convergence holds for ¢ = 2, the function
Yoo is equal to ug,, and we deduce from (39) and (40) that = = Vu,, and n =1 — [u,|?.

We now transform the weak convergences in (39) into strong convergences. We first observe that
e Oythn (- — an, ) — Oy, = 0 in L*(R x T), (41)

by (16). We next rely on the Pohozaev identity (17) in order to obtain
By ) = [ 1 (e — an.) Py
RxT
1 2
32 [Py [ e an)) dedy,
RxT RxT

In view of Lemma 2, we note that Ey, (¢,) — J(p) as n — oo. Combining with (16), we are led
to

; ~ 1 2 ~
/ € Oytpn (2 — an, y)|* da dy — I(p), and 2/ (1= [ton(z —an,y)I?)" dady — 3(p), (42)
RxT RxT
as n — oo. We finally express the quantity J(p) in terms of the travelling-wave profile u,,.
Recall that this profile solves (1) with ¢ = ¢,. We multiply this equation by the derivative uf:p
and integrate it taking into account the exponential decay of the functions u’Cp and 1 — |uc,|?.
This gives
Lo, 1 2\2
§|ucp| = 1(1 = [ue, | ) :
It is then enough to invoke Proposition 1 in order to obtain
r2 1 2\2
3(p) = Elu,) = / P = / (1 fue, ).
R 2 Jr
In view of (42), we deduce that

H6i9 ax¢n( — anp, ')HLQ(RXT) - Hu/CpHLQ(RXT)’

and
Hl - ‘wn( — Qn, ‘)’2HL2(R><']I‘) - Hl - |ucp’2HL2(]R><T)’
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as n — oo. Combining with (41), we conclude that the convergences in (39) are actually strong.

In order to complete the proof of Proposition 3, it only remains to establish that

‘ 2

/ ncp‘ew 1/}71( — Qn, ) —Ue,| — 0, (43)
RxT

as n — oo. Consider a positive number R and write the decomposition
; 2
/ ncp‘ew"vbn('_am') _ucp‘ = Ir + Jg, (44)
RxT
with
‘2

Ip = / ncp‘ew U (- — an, ) —te,|” — 0, (45)
(-R,R)xT

as n — oo by (40), and

; 2
JR = / 77c,,|619 wn( _anv') _ucp}
(=R,R)°xT
Concerning this integral, we have
i0 2 2
JR§2/ o (24 16 - =, )* = 1+ e, = 1), (46)
(=R,R)¢xT

Since 1., € L*(R x T), we infer from (39) that

[ (2l —an ) L e P o) w2 [,
(—R,R)°xT (—R,R)exT

in the limit n — oo. The right-hand side of this limit can be made as small as necessary for R
large enough. Combining with (44), (45) and (46) is enough to complete the proof of (43). This
concludes the proof of Proposition 3. O

‘ 2

3.4 Proof of Proposition 4 for p # 7

The proof of Proposition 4 is based on a coercivity estimate related to the orbital stability of
the dark solitons in dimension one. The technical derivation of this estimate turns out to be
different for the grey solitons on the one hand, and the black soliton on the other hand. This
claim originates in the fact that we can use the hydrodynamical framework for handling the grey
solitons, which is no more possible for the black soliton. This is the reason why we split the
proof of Proposition 4 into two parts dealing first with the case of the grey solitons for p # 7/2.

Given a positive number «, consider a function v in V(). In view of Proposition B.1, we can
decompose this function as ¢ = 1)y + wp, with 1 € X(R) and wy € H'(R x T). Moreover, it
follows from (19) that ||wo||z1 < o and

. 0 7.
B (¢l a)w,) <o

We first use this control on the function 1&0 in order to estimate the difference between the energies
Ex(¢)) and E(1p). More precisely, we show the following inequality, which is still available for

p=m/2.

13



Lemma 8. Let p € (—n/2,7/2], with p # 0. There exists a positive number o, for which we
can find a positive number Cp, such that we have

BAW) 2 (o) +5 [ (10sw0l® + (08 = Clyuol + fuul?). (47)

for any function ¥ € Vy(ay).

Proof. The proof relies on the expansion of the energy F)(¢) in (B.1). Due to the identity

R R 1 N 1 2
(1o, wo)& + |wo|? (vho, wo)c + Z!wo\4 = (<¢07w0><c + §IIU0|2) ,

we indeed deduce from (B.1) that

BAW) = Bo) > 5 [ (0ol + X%0,008) =5 [P fio). 48)

Invoking Lemma A.2, we can find a positive number oy, such that, when ¢ is in V, (), we get

(1 = le®do(- — a)?) = (1 = Jue, )| oo < 1,
for given numbers (a,f) € R2. As a consequence, we obtain

1 A 1
/ |w012<1—|w0|2>s(1+Hl—|uc,,|2um)/ [wo 2,
2 JRxT 2 RxT

and we can invoke the Poincaré-Wirtinger inequality in order to find a positive number C), such

that ) . o
o [ twolag [ P liP <2 [ o
2 JrxT 2 JrRxT 2 JrxT

Combining with (48), we obtain (47). This completes the proof of Lemma 8. O

Our next goal is to provide a similar control for the momentum. When p # 7/2, the speed ¢,
is different from 0, so that it follows from [1, Proposition 1] that the energy E(u.,) is strictly
less than 2v/2/3. Combining (19) and the continuity of the Ginzburg-Landau energy E on X (R)
(see Appendix A), we can decrease, if necessary, the value of the number «,, so that the energy
E(1p) is strictly less than 2v/2/3 when 1 € Vp(ay,). In view of Lemma A.5, this guarantees that
the function v lies in the non-vanishing set NVX (R) defined in (A.1) below. As a consequence,
the set Vp(ay) is a subset of Y (R x T) and the momentum P in statement (i¢) of Lemma C.1 is
well-defined on this set. Moreover, we can show

Lemma 9. Let p € (—m/2,m/2), with p # 0. There exist a positive number oy, such that

1

n 2 1 2
)~ P < [ 10w+ 5- [ io,wl, (19)

for any function ¢ € Vy(ay). Moreover, when [P](¢) = p modulo m, the momentum P(1)) in this
wequality is equal to
P() =p. (50)
Proof. The proof is based on the definition of the momentum P(%)) in (C.1), which gives
|P(¢) — P(¢o)| < 5 |0z wolwo| < ~ |0y wol” + |[wol”.
2 JRxT 4 JrxT RXT
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Inequality (49) then follows from the Poincaré inequality. Observe that the smallness of the
number «, is only used here in order that the quantity P(z)) and P(1)y) make sense.

Concerning (50), we recall that the energy E(?])()) is strictly less than 2v/2/3 when q, is small
enough. Hence, it follows from Proposition A.6 that

[P(do)] < 5 (51)

Moreover, we know that [P](¢)) = P(¢) modulo 7 on the one hand, and [P](¢) = p modulo 7
on the other hand. As a consequence, there exists an integer k € Z such that P(¢)) = p+kn. In
view of (49), we are led to

; 1 2 O‘?)
|p+ km — P(io)| < ZHwOHHl <

Combining with (51), we can decrease the value of the number «,, if necessary so that k = 0 and
P(¢) = p. This completes the proof of Lemma 9. O

Collecting (47) and (49), we obtain

BAw)-coP(0) 2 Bl —c,Plo+y [ (112 )osunl+ (2=, 1) 0,0 4o

2
(52)
Since |¢p| < v/2, the last term in this inequality is non-negative for A> > C,, + v/2/m. Under this
condition, it vanishes if and only if wy is identically equal to 0.

Our goal is now to control from below the term F (wo) - cp (7,20) Since the function ¢ is in

NVX(R), we can rely on the hydrodynamical formulatlon wo = ppe’® and analyze the quantities
E(1) and P(’(/Jo) in terms of the variables 7y :=1— pg and vy := 6. In view of (A.2) and (A.5),
the energy F (wo) and the momentum P(?j}g) are then given by

n 1 (m)* | 1 / 2 1 / 2
E = E = — —_ 7 — 1 _ _
(o) = Blmooo) = 3 [ 120 +5 [ =mypd+ [ a8
and
- 1
P (o) = P(10,v0) := 3 / 70vo.
R

Recall also that the pair (19, vo) belongs to the non-vanishing set NV (R) defined in (A.3).

Similarly, we can lift the profile u., as u., = pcpewcp and introduce the corresponding variables

Nep = 1 — pgp and v, := 0, which are also in NV(R). With this notation at hand, we can
consider the neighbourhoods "of the pair (7e,,ve,) given by

Up(B) = { (n.v) € NV(®R) st inf (ol = a) = e, [ + ool — @) = ve, [F2) < B2}, (59)

for any positive number §. We first show that the pair (19, vp) lies in one of these neighbourhoods
when v is in Vp(ay,). More precisely, we show

Lemma 10. Given any positive number 3, there exists a positive number o < v, such that

(10, v0) € Up(B),

for any function € V,(a).
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Proof. Consider a positive number o such that o < cv,. Under this condition, the function @@0 is
in NVX(R) when 1 belongs to V,(«a). In particular, the functions 7y and vy are well-defined. In
view of (19), we can also find numbers (a, ) € R? such that dcp(eiaz/}()( —a),u.,) < a, so that
by (A.8),

Hno(- —a)— ncpHLQ <d,, (ei("@/}o(- — a),ucp) < 2a. (54)

We next write
mo(- —a) =i, = =2(g(- — a) — g, do(- — a))e — 20w, Yo(- — @) —ug, e
Invoking Lemma A.2, we can decrease the value of the number « if necessary, so that
A2 2
1ol < 1+ [fucy [ (55)
Moreover, it follows from (1) and (18) that

2 2
2 7 2—c
w, | = =5 < —Pne,. (56)

Hence, we are led to

A/(-—a)—u'cp\\Ler(?—C) ncp(z/; (-—a)—u,)

and there exists a positive number C),, depending only on p, such that

6 = a) =, || 12 < Cpde, (e¥4h0(- — @), ue,) < 2Cpa. (57)

1
n6C = a) =1, || 12 < 200+ [Jue, || ) 2 L

Similarly, we write
UO(' - a) = Ve, = |¢0 _ a |2 <<l Ue, — a)')ﬂ[}o(‘ - a)><c + <iu/cp7ucp - @;0( - a)>(c
+ M(ncp —o(- — a)))-

‘ucp’2

Invoking again Lemma A.2 and using (2), we can decrease the value of the number « if necessary,

so that

2 02

inf [Wo(z — a)2 > inf 2_C _ ¢
éTElRWO(ﬂ? a)l _;IelRlucp(w)l 1= 1

Combining with (55) and (56), we deduce that
HUO(' —a) — UCPHLQ < Cpd,, (GMIZJ()(' —a),u,) < 2Cpa,
for a further positive number C),. In view of (54) and (57), we conclude that
H770(' —a) — UcpHip + Hvo(' —a) — UcpHig <4+ 805)(12
It is then enough to fix the choice of o < B/(4 + 8C,)Y/? in order to complete the proof of

Lemma 10. O

The sets Uy,(S) were already introduced in [4] in order to prove the orbital stability of chains of
N solitons. All the results in [4] are stated for an arbitrary integer N > 1, and in particular,
hold for a single soliton. We now explicit the results in [4] on which we rely for completing the
proof of Proposition 4.

We begin by [4, Proposition 2|, which provides a decomposition of each pair (1, vg) in U, (3) as
the sum of a modulated soliton plus a remainder term satisfying suitable orthogonality conditions.
More precisely, we can rephrase this proposition as
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Lemma 11 ([4]). There exist two positive numbers B1 and C1, depending only on cp, and two
functions a € CHUy,(B1),R) and ¢ € CLUy(B1),(—v/2,0) U (0,V/2)) such that, for any pair
(10,v0) € Up(B1), the function

€= (e, 6y) 1= (770(- —a) —Ne,vo(- —a) — vc), (58)
with a := a(no,vo) and ¢ := ¢(no, vo), satisfies the orthogonality conditions
<(5n>5v)v (77:37 U£)>szL2 = dP(ne,ve)(en, €0) = 0. (59)

Moreover, if there exist numbers a, € R and 8 < 51 such that

1m0 = ax), v0(- = ax)) = (eys ve, )1 xr> < B,

then
ell iz + le = ep| + |a —ai] < C1. (60)

We use the decomposition in Lemma 11 to expand the quantities E(ng,vo) and P(no,vg) at
second order. Using the invariance by translation of the energy E(ng,vo), we first obtain

E(ng, vo) = E((??c, Ve) + 6) = E(nc, UC) + dE'(nC, vc) (e) + %dQE(nc, vc) (e,e) + Rc(e), (61)

with ¢ = ¢(no,vp). In this identity, we have set

1 (77::)2577 7725;7 2
dE (ne,ve) (g) == 2 ). (4(1 . + 20 ) viey + 2(1 — ne)veey + 770517)7

6, 2 /5 5/ / 252 1
dQE(T]C’UC) (675) = / (4(( TI) + et U + (nC) n_ 2’1)057751) + (1 - 776)512) + *52>7
R

1- 770) 2(1 - 770)2 4(1 - 77(:>3 271
and
1 el 26 2626/ é 263
R.(¢) := / ( ()" + 772 R + (737 S —€n63>.
2 e M4 =0 )1 —ne—ey) 21 —n)? (1 —ne —en) 41 —ne)3(L —ne — &)
Similarly, the invariance by translation of the momentum P(ng, vg) provides
1
P(10,v0) = P((e; ve) +€) = P(ne, ve) + AP (e ve) (€) + 5" P (ne, ve) (¢ €), (62)
with L
dP(nc, Uc) (e) := 2/ (77061, + vcsn), and dZP(nC, vc) (e,e) := / Eny- (63)
R R

The previous identities give an expansion at second order of the quantity £(no, vo) — ¢pP (10, vo)-
We now estimate each term in this expansion in order to bound from below this quantity.

Lemma 12. Consider a function (19, vo) € Up(51), where By is the positive number in Lemma 11,
and set e = (no(- — a) — Me, vo(- — a) — ve), with a = a(no, vo) and ¢ = ¢(ny,vo). There exist two
positive numbers 3o < 81 and Ka, depending only on c,, such that

E(nc,vc) — cpP(nC,vc) > E(ucp) — cpP(ucp) — Kg‘c — cp]2, (64)
dE(nc, vc) () —¢p dP(nC, vc) () =0, (65)
d2E(nC, ve) (g,€) — ¢p dQP(nc,vc) (g,e) > K2<H5Hipr2 — |c — cp|2>, (66)
and .
Rc(s) Z _K2H6||H1><L2’ (67)

when (1o, vo) € Up(B2).
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Proof. Concerning (64), recall that the modulated speed c lies in (—+/2,0)U(0, v/2) by Lemma 11.
Hence, it follows from [1, Proposition 1] that the energy F(n.,v.) and the momentum P(7.,v.)
are given by

E(neve) = 2(2— )2, and  P(ne,v,) = sign(c) Z(|c|), (68)

Wl

with

(1]

(¢) := = — arctan (

. 20_62) —g\/Q—CQ, (69)

for 0 < ¢ < v/2. In view of (60), we can decrease if necessary the value of the number £ such
that all the modulated speeds ¢ corresponding to pairs in U,(31) are in a compact subset of
the interval, either (—7/2,0), or (0,7/2), containing the speed ¢,. In this case, we can use the
smoothness of the maps ¢ — E(n,, v.) and ¢ — P(n.,v.) on both these intervals in order to find
a positive number K, depending only on ¢, such that

E(nc’ UC) - CPP (770’ UC) B (E(ncp’ UC;D) B CPP(UCP’ Ucp))

2C;lc(E(nc’UC)>lc—Cp —ijc(P(nc,’Uc)> —K(C_Cp)2-

c=cp

Since E(ne,;Ve,) — cpP(Ne,,Ve,) = E(ue,) — cpP(uc,) by definition, the estimate in (64) follows
from the property that

L (otal),_, =2~ D =k (Pl

which results from the fact that

E(c)=—-V2—c2 (70)
For the proof of (65), we first use the second orthogonality condition in (59) in order to write
dE (nc, vc) () —cpdP (nc, vc) (e) =dE (nc, UC) (e) =dE (nc, vc) (€) — cdP (nc, vc) (e).

We next rephrase the equation satisfied by the profile i, in terms of the hydrodynamic pair
(Me, ve). In view of (1), we are led to the system

" /2
2(177_ch) + 4(57],67)%)2 + cve + ’UE —ne =0,

(1 - nc)vc = %778'

It is then enough to multiply the first equation in this system by &, the second one by &, and
to integrate by parts in order to obtain

dE(nc; Uc) (5) - Cdp(na Uc) <€> =0,

and therefore, (65).

We now turn to (66). We rewrite the second order term as

d2E(nC, vc) (e,€) —¢p dQP(nC7 vc) (e,¢) :dQE(nC, vc) (e,e) — chP(nc, vc) (e,€)
+ (e = ¢p)d®P(ne,ve) (€,€).

In view of (63), we have
1 4]
(c = cp)d*P(ne,ve) (e,6) = —|e—cpl|lelFrnre = —%(C— Cp)2 _ §|’5H%1XL27 (72)
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for any positive number §. Recall that the function ¢ satisfies the two orthogonal conditions
in (59), whereas by (60), the modulated speeds c lie in a compact subset of the interval (—m/2,0)
or (0,7/2), containing the speed ¢,. As a consequence, we can apply [4, Proposition 1] in order
to find a positive number K, depending only on ¢, such that

dQE(nC,vC) (e,€) — cd2P(nC,vc) (g,€) > KHEH%ﬂXLg.

Combining with (71) and (72), we obtain

1 )
d2E(TICaUC)(8)8) —Cp dZP(ncvvc) (5,5) > KH5H%{1><L2 - %(C - CP)2 - §H5H[}-11><L2'

At this stage, we can decrease if necessary the value of the number 3 so that ||e||giyz2 <1
by (60). It is then enough to choose § = K/2 in order to obtain (66).

Finally, the estimate in (67) essentially results from the Sobolev embedding theorem. In view
of (18), there indeed exists a positive number x < 1, depending only on ¢,, such that

]-_UCZ’%?

for any modulated speed ¢ in a compact subset of either (—n/2,0), or (0,7/2), containing
¢p. Decreasing if necessary the value of the number s, we deduce from (60) and the Sobolev
embedding theorem that .

5

In view of (18), the derivative 7. is also uniformly bounded by a positive number depending only
on ¢,. Using once again the Sobolev embedding theorem, we are led to

1_776_5172

K
Rele) 2 = 5l cre

where, as before, K only depends on ¢,,. This completes the proof of (67), as well as of Lemma 12.
O

We are now in position to conclude the proof of Proposition 4 when p # 7/2.

End of the proof of Proposition 4. Going back to (61) and (62) and invoking Lemma 12, we can
write

E(tho) — cpP (o) =E (10, v0) — ¢ P (10, v0)

(73
>B(u,) ~ P () + Ko<~ el e = 2le— ).

In order to estimate the difference ¢ — ¢,, we rely on the formula in (68) for the momentum
P(n¢,vc). Since the modulated speed c lives in a compact subset containing ¢, by (60), we infer
from (68) and (70) the existence of a positive number K, depending only on ¢,, such that

‘C_Cp‘ < K‘P(Umvc) _P(ncpyvcp)}' (74)

Combining (62) with (59) and (63), we check that

el ez

N

| P(11e, ve) — P10, v0)| <

On the other hand, it follows from (49) and (50) that
- 1
[Py ve,) = Plnosvo)| = [p = P(@ho)| < 7| Vo[
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Hence, we obtain
K
o=l < 5 (Ilellip e + [ Vaoll32 )-

Introducing this inequality into (73), we are led to
B (o) =P (V) = B (e,)—epP (e, )+ Ko e[z 2= Kollel g1, o= B [ 1 2= K Vet | o
At this stage, we can again decrease the value of the number [y so that (60) provides the
inequality

K.
Ballellin e = Kol = K2ellinne = 57l e

As a consequence, we obtain

N « K.
E(¢0) - CpP(?l}()) 2 E(ucp) - CPP(uCp) + ?2”6“21><L2 - KQHVU)OHAIL,Z'

We next invoke Lemma 10 in order to find a number « such that (ng,vo) € Up(B2) when ¢ €
Vp(ar). In this case, we derive from (19) and (52) that

K 1
() ~ 6P () 2B () — 6P (ue,) + 2l pa + 5 (12— 20207

1 el 1
(¥ =G =2 28?) ool + 5 ol

We finally fix the choice of the number a, so that 1 —/2/2 — 2K2a§ > 0, and the choice of the
number A, so that )\% - C)p — V2/m 2K 20412, > 0. The previous choices guarantee that

Ex(¥) = P (¥) = E(ug,) = &P (uc,),

when ¢ € V,(ap) and A > A,. This inequality is exactly (21) due to the facts that P(¢) =
P(uc,) = p and E(u.,) = Ex(uc,). Moreover, equality holds if and only if

HEHHle2 = HwOHHI =0.

In this case, we observe that (19, vo) = (nc(- + a), ve(- + a)), so that there exists a number 6 € R
for which 19 = e~®u.(- + a). As a consequence, we have

¥ =14+ wo = e Puc(- 4+ a) + 0 = e Pu(- + a).

Since p = P(1) by Lemma 9, we deduce that P(u.) = p, and we conclude that ¢ = ¢,. This
completes the proof of Proposition 4 for p # /2. O

3.5 Proof of Proposition 4 for p = 7

For p = /2, Proposition 4 also relies on a coercivity estimate, but for the black soliton ug.
This estimate was derived in [12, Proposition 1] for revisiting the orbital stability of ug. We can
rephrase it as

Lemma 13 ([12]). For ¢ =ug+¢ € X(R), set n. := —2(ug,e)c — |e|?. There exists a universal
positive number Ay such that

1
E(y) — B(uo) > Ao (llell, + lIn:1172) — Ao lell3, (75)

as soon as

/R(a,uf))c _ /R@,w@@ _ /R@,iumu ~Juol?) = 0. (76)
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The orthogonality conditions in (76) are necessary to control one negative and two null directions
of the energy E in the neighbourhood of the black soliton ug. As in Lemma 11, they can be
imposed by introducing suitable modulation parameters related to the speed of the solitons
and their invariance by translation and phase shift. These properties were already invoked for
constructing modulation parameters in |12, Proposition 2|. Setting

Uo(B) = {v € XR) st inf do(e (- — a),u0) < B},

(a,0)€R?
for any positive number £, we can summarize this construction as follows.

Lemma 14 ([12]). There exist two positive numbers By and Ag, and three continuously differen-
tiable functions a € C'(4o(Bo),R), ¥ € C1(ho(Bo), R/27Z) and ¢ € C*(Uo(Bo), (—v/2,V/2)) such
that for any ¥ € o(Bo), the function

€= eiew(- —a) — U,

with a = a(y), 0 = 9(¢) and ¢ = ¢(v), satisfies the orthogonality conditions

/}R<5,u’0)c _ /R(s,iu’c)(c _ /R<e,me(uc)>c(1 ~Jue?) =o. (77)

Moreover, if '
e ¥ (- —a.) — o, < B,
for numbers a, € R, 0, € R and B < [y, then,

HEHHO + |e| + |a — a.| + \ew — ¢t~

< AgpB. (78)

Remark 15. Here, the smoothness of the maps a, ¥ and ¢ must be understood with respect to
the differential structure provided by the vector space H(R).

The orthogonality conditions in (77) differ from the ones in (76). However, a coercivity esti-
mate similar to (75) remains available under these latest conditions. Corollary 1 in [12] indeed
guarantees that

Lemma 16 ([12]). For|c| < V2 and ¢ = u.+¢ € X(R), set 0. := —2(u,e)c — |¢|?. Given any
number 0 < o < \/2, there exists a positive number Ay, depending only on o, such that

1
E(y) = E(w) > Ag (lellfr, + ImelZ2) = 5= (¢* + llel, ) (79)

g

as soon as |c| < o, and € satisfies the orthogonality conditions in (77).

At this stage, consider a function 1 € V,/s(a) for a number 0 < a < fBy. By definition, the
function ¢y is in the subset Uo(cr) of Lo(Bo). Applying Lemma 14, we can find numbers ag € R,
6y € R and ¢y € (—v/2,v/2) such that the function gy := ewoqzjo( — ag) — U, satisfies the
orthogonality conditions in (77). Combining (78) and (79), and decreasing if necessary the value
of the number «, we find a positive number A, depending only on «, such that

2
. ¢
E (o) = E(u0) > Aa (lleollfs, + Ineol172) = 1>
«
with 72, := —2(ue,, €0)c — |e0|? as before. Assuming that o < 2, Where the number a5 is
given by Lemma 8, we infer from this lemma that
1 c2
Ex(¢) > Ex(uo) + 2/]R § (laszIQ + (N = Cp)|0ywo|* + |w0|2) + Ao (lleollFry + 17e0ll72) — A*O-
X (6%
(80)
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As a consequence, we are essentially reduced to control the modulated speed ¢y with respect to
the various norms of the functions wy, €9 and 7.,. As in the previous case p # 7/2, we derive
this control from the property that [P](¢)) = 7/2 modulo 7. In this direction, our main tool is
the following consequence of Propositions 4 and 5 in [12].

Lemma 17 ([12]). There exist two positive numbers 1 < fo and Ay such that any function
¥ € Up(B1) satisfies

P]() = [P](ue) — /R (i, )e + Roe)  modulo 7, (81)

with
[Re@)] < A (IlellFr, + Imeli32). (82)

In the previous formulae, we have set, as before, € = €¥1)(- — a) — u., with a = a(xh), 6 = 9(¥))
and ¢ = ¢(1p), as well as 1 := —2{u )¢ — |e|*.

With Lemma 17 at hand, we are in position to conclude the proof of Proposition 4 for p = 7/2.

End of the proof of Proposition 4 for p = mw/2. Decreasing if necessary the value of «, we can
apply Lemma 17 to the function 1&0. In view of the second orthogonality condition in (77), this
provides the identity

[P] (77210) = [P](u,) + Rey(€0)  modulo ,

with R, (o) satisfying (82) for € = ¢ and n. = 7,,. Going to (C.1), we deduce that

1 .

[P(¢) — [P)(ue,) = 2/ (i0zwo, wo)c + Rey(€0)  modulo . (83)
RxT

Recall now that [P](v)) = 7/2 = Z(0) modulo 7, while the value modulo 7 of [P](u,,) is equal

to sign(co) Z(|co|) by [1, Proposition 1|. Here, = refers to the function in (69). Moreover, for «

small enough, the right-hand side of (83) is small by (82), so as the modulated speed cq by (78).

As a consequence, we derive from the identity modulo 7 in (83) that

1 .
=0) - =l = |3 [ _run. e+ R )
X

Using (70), we can argue as for (74) in order to derive from (78) and (82) the existence of a
positive number A, depending only on «, such that

1
leol = 10 = leol| < Aa(lleols, + 1m0z + éllwol 72 + 5l12swol 72 ).

for any positive number §. It then remains to introduce this inequality into (80) and to choose
the number § large enough in order to deduce from the Poincaré inequality that

Bx() = Bx (o) + A (lleollr, + e 32 + ol ) > Ex (o),

for o small enough, A large enough, and a further positive number A, depending only on « and
A. This concludes the proof of (21).

Moreover, this inequality is an equality if and only if €9 = 0 and wo = 0, that is if and only if
Y = e %u, (- +ag). In view of (68) and (70), the only possibility for the untwisted momentum
[P](¢)) to be equal to m/2 modulo 7 is that ¢ = 0. In conclusion, equality can only hold if
Y = e""%ouy(- + ag). This completes the proof of Proposition 4 for p = /2. O
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3.6 Proof of Lemma 5

Consider a function ¥ € X (R x T) such that [P](¢) = p modulo w. Given two positive numbers
A1 and Ag, with A\ < Ao, we have

B () < By(@) < (32) Bx ).

In view of (10), we obtain

T ) < Tu) < (52) T ),

which is enough to guarantee that the map A — Z,(p) is non-decreasing and continuous on R .

Concerning the proof of (22), we rely on the scaling

wL(‘Ta y) = T/J(l’a Ay)? (84)

which transforms a function ¢» € X(R x T) in a function ¢y, € X(R x Tz). Here, we have set
L = 1/A. The notation Ty, refers to the torus of size L and the energy set X (R x Ty) is defined
according to (8), with T replaced by Tr. In the limit A — 0, the length L tends to 400 and the
minimization problem Zy(p) can be related to the problem of minimizing the Ginzburg-Landau
energy in the whole plane R? for a fixed large momentum.

Indeed, we can compute

1 1
B) =y [ Py [ (- wP) = LEw), (55)

Going to Lemma C.1, we also check that the definition of the untwisted momentum on the set
X (R x T) extends literally to the set X (R x Tf), up to the fact that this quantity is now valued
into R/wLZ. Moreover, we can derive from Lemma C.1 that the untwisted momentum [P]z, (1)
is equal to

[P]r(¢r) = L[P](¢y) modulo 7L. (86)

As a consequence, we obtain

Ii(p) = %inf {E(¢L) Y € X(Rx Ty) s.t. [P]r(vr) = pL modulo ﬂ'L}.

At least formally, the previous infimum is related to the limit ¢ — 400 of the minimal value of
the Ginzburg-Landau energy in R? with fixed momentum equal to ¢. This latter minimization
problem was solved in [2]. Tt follows from [6] that the limit ¢ — +o00 of this problem is divergent
as 2w In(q). This asymptotics is based on the property that the corresponding minimizer is a
pair of vortices in uniform translation. We are now going to use this special configuration as a
test function in order to show (22).

In order to clarify the construction, we now identify the space R? to the complex plane C by
setting z = x + iy in the sequel. We introduce the complex-valued function £ defined on the disc
D(0,2) :={z € Cs.t. |z| <2} by

zZ—1 zZ4+1

&(z) = e(2). (87)

|z —i| |z + 1
In this expression, ¢ refers to a real-valued harmonic function on D(0,2) such that £ =1 on the
circle 0D(0,2). We can check that the value of ¢ can be fixed so that

2Re(2) )’

(EE =

p(z) = arctan (
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for any z € 9D(0,2). Observe that ¢ is even with respect to the variable Im(z). Observe also
that f has exactly two vortices with opposite degrees at the points +i. Given a number R > 1,
we next introduce the rescaled and regularized version £g of £ given by

1if |z| > 2R,
Er(2) = |z £iR|&(%) if [z £iR| < 1, (89)
£ (%) otherwise.

The function &g is well-defined and continuous on R%. Given a number L > 4R, we can consider
its restriction to the set {z € C : |Im(z)| < L/2} and extend it as a L-periodic function with
respect to the variable y. Denote by 1; the corresponding extension and define a function
1 : R x T — C according to the scaling in (84).

The extension v, belongs to Hl (R x Tf), where this set is defined as in (6), with 1-periodic
functions replaced by L-periodic functions. It is even with respect to the variable iy and identically
equal to 1 outside the disc D(0,2R). We now estimate the value of its energy E(¢p). A direct
computation first provides

1 1 . s
/ (1—]¢L]2)2:/ (1—\2—2R\2)2da:dy:—. (90)
4 JrxTy 2 Jz—irj<1 6
Concerning the gradient Vir,, we next check that
4R? 2 |z —iR|?
Vi (2)2 =1 ‘v ‘ —iR* - 20, R- R
VUL =1t s+ g Ve ()| 12— 1R = poae(5) (R-v+ 0+ B )

2, (z)( |zzR|2)

_ B N e e I

RV \R 2+ iR|2)

for any |z —iR| < 1. Using the inequality 2ab < a® + b? and the fact that |z +iR| > R > 1 for
y > 0, we can bound this quantity by

Ve < 13+ v (5|

when |z —iR| < 1. Hence, we obtain

1 137
3 weP<ETe [ v (o)
|z—iR|<1 |z—i|<1/R

By symmetry with respect to the axis x, the same inequality is true replacing |z —iR| < 1 by
|z 4+ iR| < 1 in the left-hand side, and |z —i|] < 1/R by |z +i| < 1/R in the right-hand side.
Similarly, we compute

1 1 R% — |22 1 Z\ |2
2
== R B —5+ 5|V (%)
VoGl = et o ]z—zRP]z—i—zR]Q TRVl

RaM(Z)(\zy z]];\?_]zy—:_zg]?) 89‘P<2><\z+x23\2 \z—im?)’

for any z € wg := {z € D(0,2R) s.t. |z —iR| > 1 and |z +iR| > 1}. As a consequence, we can
write

1

1
3| V@R sneg [ IVeP (92)
WR w1

with wy := {z € D(0,2) s.t. |z —i| > 1/R and |z + 4| > 1/R}. In this inequality, we have set

1 1 1 R% — |2
I =~ ( dz dy,
! 2/% =—ire Ve T2 \Z—ZR|2|z+zR\2) zdy
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and

Iz = ;z/w <6” (%) (\zy_—£\2 - \zy++i§|2> +0¢ () (rzfiRr? E —xz‘RP)) i

We first estimate the integral I; using the fact that its integrand is symmetric with respect to
the variable y. Setting w;{? = {z € wg s.t. y > 0}, we combine the inequality |z +iR| > R > 1
for y > 0 and the identity R? — |z|> = 2R(R —y) — |2z — iR|? in order to get

1 1 AR(R - y)
I = . dwd
L /w; (]z—iR[Q iR \z—iR|2\z+iR\2) vy

1 4
< .
—/WE (yz—z'Ry? + R\z—iR|) de dy

When z € w}; and |z — iR| > R, we have

1 n 4 < i
cirR T REE i S "
so that
I <57 +/ (% + i) dz dy < 27 In(R) + 13, (93)
DO,R\DO,1) \|2[* Rz

We next integrate by parts the integral Is in order to obtain

e /&uR <I/I(Z)(Izy—_zf'tfl2 - |Zy++£|2) * Vy(z)<|z +xz'R|2 E —xiR|2>>90(;g> dy(2),

where v(z) = (v2(2), vy(2)) is the outward unit normal vector to Owgr and dv is the infinitesimal
length element of the curve dwg. Recall at this stage that the function ¢ is harmonic on the disc
D(0,2). In view of (88), it follows from the maximum principle that

T
el (D(0,2)) < 5 (94)
so that

4
I < g(/ Ecw(z) + 2/ 4d7(z)> < 1672,
OD(0,2R) oD(0,1)

Combining with (91), (92) and (93), we finally get
;/HML |Vepr|? < 2rIn(R) + 1672 + 267 + /Dm) |Vl|?. (95)
In view of (90), we deduce the existence of a universal positive constant C' such that
E(¢Yr) <2mIn(R) + C. (96)
Note in particular that the function ¢, € X(R x Tr), so that we are allowed to define its

untwisted momentum [P]r,(¢1,) according to Lemma C.1.

In order to compute this quantity, we first rely on (89) from which we derive that the function
[¥r]o is identically equal to 1 for |x| > R. As a consequence, the function 6y = 0 is one of its
phase functions on the intervals I5. In view of (A.6) and (C.1), we obtain

1

Puy(wr) = 5 [ bl Bhulo)e+5 [ (0o, wnbe,
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with wg = ¥, — [TZJL]O as before. Due to the orthogonality of the functions WL]O and wg, and the
compactly supported nature of their derivatives, the previous formula can be simplified as

Po, (V) = ;/R . (i0:%1,Yr)C.

Going back to (89), we derive from the local integrability of the map z ~ y/|z|? that
Py, (V) = Jr+ J4 + J-, (97)

where we have set

1 y—R y+R 1 z
Jr =5 - — —0up( ) ) dady,
2 /D(o,zR) < |z —iRJ? * |z+iR|> R w(R)) ray

= 1 y_R y+R 1 z
= = 1— 2 B Ly o(2 |
Jx Q/D(ﬂle)( |z FiR| )(!z—iR\Q 2 +iRJ? + R3 (R>>dxdy (98)

Integrating by parts, we check that

and

1 J z _ Z
R /D(iiR,l) (1— |z FiR[?) 8$¢<E> drdy = /D(iiRJ) :cap(R> dx dy,

so that by (94), we obtain
2

1 dedy © w2 31 o«
<= el <D
’Ji|_2/D(’1) g tatT ST TS (99)

On the other hand, a direct scaling provides

R y—1 y+1
=RJi =+ —~ — Oy dz dy. 1
Jp =Ry =5 /D(OQ)( B TP aso(z)) x dy (100)

Applying the Fubini theorem, we can write the integral J; as

1 2
n=3 [ s,
—2

with
() /\/4—y2( y—1 4 y+1 P ( ))d
- o - x, xz,
R AP i |l R E R
for y # +1. In view of (88), the integrals j;(y) are equal to
4 — 2 4 — 2 IS4 — 2
j1(y) = —2arctan (\/3/7) + 2 arctan (ﬁ) + 2 arctan (%)

At this stage, we can check that

when y # £1, so that

limy 2 j1(y) =0 for 1 <y <2,
Ji(y) = Qlimy - ji(y) =27 for —1<y<1,
limy, 2ji(y) =0 for —2<y< -1
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By the Fubini theorem, the integral J; is then equal to J; = 27, so that Jp = 27 R. In view
of (97) and (99), we obtain
| Py (11) — 2nR| < 3m + 7°. (101)

On the other hand, we can derive from (97), (98) and (100) that the map R — Py, (¢1) is
continuous on [1,4L]. In view of (101), the range of this function covers the interval [57 +
72, mL/2 — 3m — w?]. In particular, given a fixed number in (0,7/2), we can find, for L large
enough, a positive number Ry, such that [P]r(vr) = Py,(¥r) = pL modulo L7, and

In this case, we deduce from (95) that
E(Yr) <2mln(L) + 27 1n(p) + C,

where C' is a further universal constant. As a consequence, the function ¢ corresponding to vy,
by the scaling in (84) lies in X (R x T), with [P](¢) = p modulo 7 by (86). Using (85), we are
led to ]

T\p) < EA(Y) < 7 (zﬂ In(L) + 27 In(p) + C),

so that Z)(p) tends to 0 when A =1/L — 0.

Observe next that
[P](¢) = —p modulo m,

so that similarly,

T(-p) < Br(8) = Ba(¥) < 7 (27 (L) + 27 n(p) + C),

and again for p € (—7/2,0), Zx(p) tends to 0 when A — 0. This completes the proof of Lemma 5
when p # 7/2.

For p = /2, it follows from the non-negativity and the Lipschitz continuity of the function Zy
that

0 szA(g) SI,\(p)+\/§(g —p),

for any 0 < p < 7/2. In the limit A — 0, this gives

T i i
0 < Ii 'fI(—)<1' I(—>< 2(7_ )
<liminfZy(7) <limsupZy(7 ) < v2(35 -»

Letting p — m/2, we conclude that the quantity Zy(7/2) also tends to 0 as A — 0. This completes
the proof of Lemma 5. O

A Energy set and momentum in dimension one

In this section, we collect useful results concerning the energy set X (R) and the momentum P
in dimension one. In particular, we recall several statements established in [1, 11, 5, 12].

In dimension one, the energy set is defined as

XR)={¢ e HL (R): ¢/ € L*(R) and 1 — [¢|* € L*(R)}.
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As a consequence of the Sobolev embedding theorem, a function ¢ in this set is actually 1/2-
Holder continuous on R. Moreover, this function is bounded (see [11]), so that the energy set is
a subset of the Zhidkov space

Z'(R) = {Y € CG(R) : ¢ € L*(R)}.

This property guarantees that the function 7 := 1 — ||? belongs to the Sobolev space H'(R),
so that it owns a vanishing limit at £oo. In particular, we can find a positive number R such
that p(x) := [1(x)| > 1/2 for |z| > R. We can therefore lift the function 1 as ¢ = pe® on
both the intervals I, = (—oo,—R] and I}; = [R,+00). The phase function 6 is continuous on
these intervals, with a derivative 6’ in L? (I;{f). Note that this phase function is defined up to two
factors in 27Z, one on each interval I]%.

This double indeterminacy is removed when the function ¥ does not vanish on the whole line,
that is belongs to the non vanishing energy set

NVX(R) := {¢ € X(R) s.t. giﬁré% [v(z)] > 0}. (A1)

In this case, the phase function € is defined up to only one phase factor in 2wZ. Moreover, the
energy F(1) is given by the hydrodynamical expression

/\2
)= [ 5 [a-mee g [ (A2)

in which we have set v := €. In particular, there is a natural correspondence between the fact
that the function ¢ is in NVX(R) and the property that the pair (n,v) lies in

NV(R) := {(77,11) € H'(R) x L’(R) st. inf n(x) < 1}. (A.3)

Concerning the definition of the momentum P, it is formally given by the integral

1
3 L0 ve

Due to a possible lack of integrability at infinity, this quantity is not necessarily well-defined
when ¢ € X(R). In order to give it a rigorous meaning, we assume first that the function ¢ can
be lifted as 1) = pe? and write the hydrodynamical expression

1 1 1 1

(i =——p*0 =_nt — 0. A4
5 (W0, ) = —5p 510 — 5 (A4)
When (1,6") € NV(R), the function 78’ is integrable on R, but in general, the derivative ' is
not. We refer to [1, 3] for a discussion about several ways to by-pass this difficulty. A convenient
way to define the momentum, in the sense that the quantity defined in this way will satisfy the
natural properties of the momentum, is simply to drop the term containing the derivative § and
to set

P(y) = ;/}RW’- (A.5)

Once the decision is made to choose this definition, it is necessary to extend it to functions which
can vanish. A natural way to perform this extension is to rely on the property that the functions
1 € X(R) can be lifted at least on intervals of the form IE for R large enough. Hence, we can
expect that the previous formula for the momentum will be available on these intervals.

In order to check this claim, we introduce a smooth cut-off function x : R — [0, 1] with x(z) =0
for |x| < 1 and x(x) = 1 for || > 2, and we set x,(z) = x(z/r) for any positive number 7.
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When the function ¢ does not vanish on R, the expression for its momentum in (A.5) can be
rephrased as

P) = Pow) 1= 3 [ (/e + (), (A6)

in view of (A.4). This identity is true for any choice of the positive number r. Given an
arbitrary function ¢ € X(R), we can fix this choice so that the right-hand side Py(v) of the
previous formula makes sense. Note however that this quantity possibly depends on the choice
of the phase function 6. This leads to the following definition of the momentum.

Lemma A.1. Given a function ¢ € X(R), consider a positive number R such that |{(z)| > 1/2
for |z| > R and a phase function § € CO(IE) such that o = [¢]|e? on If. Choose a smooth
cut-off function x : R — [0,1] such that x(z) =0 for |z| <1 and x(x) =1 for |z| > 2, and set
xr(x) = x(x/r) for a number r > R.

(1) The quantity Py(v)) given by formula (A.6) is well-defined and does not depend on the choice
of meither the function x, nor the number r.

(11) When the function v is in NVX(R), the momentum Py(v) does not depend on the choice of
the phase function 6.

(131) Given an arbitrary function ¥ € X(R), the value modulo 7 of the quantity Py() does
not depend on the choice of the phase function 0, and it is possible to fix this choice such that
Py(v) € (—n/2,m/2]. In particular, the untwisted momentum [P] : X(R) — R/xZ defined by
[P](v)) = Py(xp) modulo 7 is well-defined.

In the sequel, we drop the dependence on the phase function 6 of the momentum Ppy(1) when
the function v is in NVX(R). This quantity is only defined on NVX(R). Since it is the only
one to be defined without ambiguity, this is also the only one which we will call momentum.

Proof. The fact that the quantity Py(v) is well-defined follows from the property that 1 belongs
to H. (R) and from the identity

loc

(i)', ¥)e + (xr 0) =10, (A7)

which holds on the intervals I3. In view of (A.2), the derivative ¢ indeed lies in L?(I3), while
the function 7 is in L?(R). This is enough to guarantee that the function in (A.7) is integrable
on I;i, so that the quantity Py(¢) is well-defined. Moreover, its value does not depend on the
choice of either the function y, or the number r, since

;/R (Ot = %7)0)" =0,

when the function ¥ and the number 7 satisfy the assumptions of Lemma A.1.

Note finally that

;/ (QWk,XT), + ;/ (27rk:+xr)/ =7 (ks — k_),
_ Ry
for (k_,ky) € Z*. Statement (i) then follows from the fact that the phase function € is defined
up to a single phase factor 2km = 2k_m = 2k, when 1 does not vanish. In the general case,
we can add any phase factors 2wk to the value of the phase 6 on the intervals I]%. The previous
computation then guarantees that we can fix this choice such that the quantity Py(t) lies in the
interval (—m/2,7/2], but also that this quantity is only known modulo 7. This completes the
proof of Lemma A.1. ]

29



We now turn to the regularity properties of the momentum P and untwisted momentum [P].
In order to establish their continuity, we endow the energy set X (R) with a suitable metric
structure. For a fixed number 0 < ¢ < v/2, we introduce the weighted Sobolev space

H.(R) := {1 € C°(R) s.t. ¢ € L*(R) and nt/*y € L*(R)}.

This space is a Hilbert space for the norm given by the formula

1ol = /R (112 + nelf?),

where 7, is given, as before, by (18). Using the exponential decay of the functions 7. and the
1/2-Holder continuity of the functions ¢ in H.(R), we can check that all the norms || - || g, are
equivalent. As a consequence, the space H.(R) does not depend on ¢, and we set H(R) := H.(R)
for simplicity. The energy set X (R) then appears as the subset of H(R) given by

XR)={y e HR)st. n=1-[¢|* € L*(R)},

and we can endow it with the metric structure corresponding to the distances

1

Ao, ) = (Il — Gallly, + I — m)22) . (A8)

This metric structure guarantees the continuity of the Ginzburg-Landau energy F, and it is
also very convenient for dealing with the continuity of the momentum and the stability of the
dark solitons (see e.g. [1, 11, 3, 12]). On the other hand, it is badly taylored to deal with
the differentiability properties of the momentum (see [11]). This is the reason why we use an
alternative approach to establish the differentiability of this quantity. This approach is based on
the observation that the energy set X (R) is stable by addition of functions in H!(R) (see [10,
Lemma 1]). In particular, given a function 1 € X(R), the affine space 1 + H'(R) provides a
natural framework for tackling the differentiability of the momentum around the function .

Before going into more details, we observe that the metric structure corresponding to the dis-
tances d. guarantees a uniform control on the modulus of the functions ¢ € X (R).

Lemma A.2. Let 0 < ¢ < v/2 and consider a function 1y € X (R). Given any positive number
g, there exists a positive number 6 such that, if d.(1,1y) < 9§, then

11 = [ol?|| o < e (A.9)

Proof. We aim at establishing an H!-control on the difference between the functions 7 = 1 — |1)|?
and 19 = 1 — |[¢pg|%2. An L?-control on this difference is directly provided by (A.8), so that we
focus on the differences

=y = 2((, 4 — ¥)e + (Yo — ¥, ¢p)c).- (A.10)
Observe first that

11 =10l 2 < lInllzz < llmollzz +6  and  [[[]']| 2 < W]l < (15l 2 + 6,

when d.(1, 1) < . Hence, by the Sobolev embedding theorem, there exists a positive number
C such that
11— 19l]| e < C(ll4ollL2 + ol L2 + 6)- (A.11)
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Note in particular that the function 1 — || satisfies this inequality. With these bounds at hand,
we estimate (A.10) as

11" = 11o]| 2 <2l llzee 1" = 5]l 2 + 2l = Yoll oo (- r,rp 190 | 2

A.12
421l + IWollze) (bl agmy + 1900 o) (412

We next fix the choice of the positive number R in this inequality such that
0l iz + 162 < 6

We then derive from (18), (A.8) and the Sobolev embedding theorem the existence of a positive
number C', depending only on ¢ and R, such that

1% = ol Loo (= r,R) < CllY — Yolla, < Cde(1);90)-

In view of (A.11) and (A.12), we are led to

7" = ol 2 < C(L+19gllz + lInoll 2 + ) de(, o).

Since ||n —nollz2 < de(v,10) < 0 by (A.8), we infer from the Sobolev embedding theorem that

117 = 180 oo = lln = 0| oo < C(1+ I¥5lI 22 + 0]l 22 + 6) de(@, 30).

for a further positive number C. In order to obtain (A.9), we finally fix the choice of the positive
number ¢ such that C(1+||¢( |2 +|Inollz2 +9)d < e. This completes the proof of Lemma A.2. [

We deduce from Lemma A.2 that NVX(R) is an open subset of X (R). We also infer from this
lemma that the momentum P is continuous on this set. We additionally show that its natural
differential at a function ¢ € NVX(R) is given by the function v’

Lemma A.3. The momentum P is continuous on the non-vanishing energy set NVX(R).
Moreover, given a function ¥ € NVX(R), there exists a positive number § such that the ball
B(,68) :={¢+h:h € HY(R) s.t. |h||gr < &} is a subset of NVX(R) on which

P+ 1) = P(v) + /Rw, e + % /R(ih’, he. (A.13)

In particular, the restriction of the momentum P to the ball B(1, ) is continuously ' differen-
tiable, with

aPW)H) = [ @' he,
for any function h € H*(R).

Proof. Recall that the momentum P is well-defined on NVX(R) by the formula

1
Pw) =5 [ ot

in which we have set, as before, ¥ = pe?® and n = 1 — p?. In particular, the continuity of this
quantity will follow from the continuity from NVX (R) to L%(R) of the maps 1 — 1 and ¢ ~ ¢'.
Since the continuity of the first one is a direct consequence of (A.8), we focus on the continuity
of the latter one.

!With respect to the metric structure induced by the H'-norm.

31



Given a fixed function 19 = ppe’® € NVX(R), we compute
o — (i), o)
b=

P}

Extending this formula to an arbitrary function ¢ of NVX(R), we are led to the expression

(o) / 2 2 ol
’ P? ’ P20 I
For a positive number § small enough, we deduce from Lemma A.2 that
) mo 1.
> — = =
D 25 g )

when d.(1,10) < 0. Hence, we obtain
1
|6 — 6y, < mg(m%w = | o + 2006012107 = ] e + Mol = o)l 2 ).

Invoking (A.8) for estimating the first norm in the right-hand side of this inequality, Lemma A.2
for the second one, and arguing as in the proof of Lemma A.2 for the last one, we infer that the
map 1 — @' is continuous from NVX(R) to L?(R).

Concerning differentiability, we deduce from the Sobolev embedding theorem the existence of a
positive number C' such that

. . . 1.
inf [¢(z) + h(z)| = inf [(z)| = [l > nf [$(z)] = CllAllgr > 5 inf [p(z)] >0, (A.14)
zeR zeR zeR 2 zeR
when [|h||g1 < 6 = infer [¢(x)]/(2C). In this case, the function ¥ + h belongs to NVX(R), so
that the ball B(v,0) is a subset of NVX(R).
We next consider a function h € C2°(R) such that ¢» + h € B(1,§). Combining the inequality
w+h_g)< Sl |h[?
[ +nl [T R [+ R+ [+ Al

with (A.14) and the Sobolev embedding theorem, we can find a further positive number C,
depending only on 1, such that

Y+ h P H
- — < C(1+Allg) |h]| 1.
Decreasing the value of § if necessary, we can assume that
Y+ h P H
- < 1. A.15
i~ ol —

In another direction, it follows from the fact that A has compact support that the phase functions
0n, and 6 of the functions v + h, respectively v, are equal at 0o up to constants 2kym, with
ki € Z. We can choose the integer k_ = 0 and also deduce from (A.15) and a continuation
argument that |0, — 0| < 27 on R. In this case, we necessarily have k = 0, so that 0, = 6 at
infinity.

Going back to (A.6), we can choose a cut-off function y and a number r in this definition such
that the support of the functions h and yx, are disjoint. Since the values of the phase functions
0n and 6 are equal at +00, we have

P+ =5 [ (G0 + )0+ e+ (0 0)) = PO)+5 [ (0 + ). Be + G v)c)
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which yields (A.13) by integrating by parts the last term in the right-hand side of the previous
formula.

Given an arbitrary function h € H*(R), with ¢ + h € B(¢,d), we next introduce a sequence of
functions h,, € C>*(R) such that h, — h in H'(R) as n — oo. At least for n large enough, we
have

P + hn) = P() + /R (i e + 5 /R (i, B (A.16)

In the limit n — oo, the right-hand side of this identity tends to the right-hand side of (A.13).
Concerning the left-hand side, we show that ¢ +h,, — ¥+h in X(R) as n — oo. This convergence
holds in H(R) due to the property that h,, — h in H*(R) as n — co. Moreover, we compute

(L=l +h?) = (1= [ + hal?) = 2(¢, by = h)c + [ha]® — [B[*.
Since the function 1 is bounded on R, it follows from the Sobolev embedding theorem that
1= T+ A1) = (= [0 + )| 2 = 0,

in the limit n — oo. Now that the convergence in X (R) is proved, we infer from the continuity of
the momentum P that the left-hand side of (A.16) tends to P(¢)+ h) as n — oo. This concludes
the proof of (A.13). The continuous differentiability of the restriction of P to the ball B(v,0)
is then a direct consequence of the quadratic expansion in (A.13). This completes the proof of
Lemma A.3. O

At this stage, it is tempting to extend by continuity the momentum P to the whole set X (R),
but this is not possible. Consider indeed two smooth cut-off functions x : R — [0,1] and
6 : R — [0,1], with x(x) = 1 for || < 1 and x(x) = 0 for |z| > 2, respectively 6(z) = 0 for
x < —2and f(x) =1 for x > 2. Given a fixed integer k € Z, set

Ph(a) = (o(x) + Sx(n))HmH),

for any n > 1. The functions ¥* belong to NVX(R) and they satisfy

(1= [Wh@)P) - (1 - luo(a) ) = ——x(na)?,

[94(@) ~ wo(@)] < luo(@)] ™) 1] + ~ x(na),
and
(68 (@) — ()| < (@[ 1] 4 ()] + 2] (mhuo (@18 (2] + x(n) 0 1))

Using the inequality |up(z)| < |2|/v/2 and applying the dominated convergence theorem, we
deduce from the three previous formulae the convergence in X (R) of the functions ¥* towards
the function ug as n — oo for any fixed integer k£ € Z. On the other hand, we infer from the
formula 51 (x) = 1 (z) €270("®) that

n2

PSS~ P(uf) = nm [

R

(1= ek @) (nz) da =

R

y\|?_ 1
(1-fuo(D)["- x> .
as n — 0o. As a consequence, the momentum P cannot be extended by continuity for the

function uyg.

However, the previous counter-example fails to contradict the possible continuity of a momentum
that would only be defined modulo 7, and we can indeed show the continuity of the untwisted
momentum [P] on X (R).
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Lemma A.4. The untwisted momentum [P] is continuous on X (R). Moreover, it satisfies
1
(PIw +0) =PI + [ o'smye+ 5 [ G he moduto =, (A17)
R R

for any functions 1 € X (R) and h € H'(R).

Proof. The proof of continuity is based on Lemma A.2. Consider a function ¢y € X(R) and
choose a positive number R such that |¢9| > 1/4 on Iﬁ Applying Lemma A.2, we can find
a positive number ¢ such that any function 1 satisfies the condition |)| > 1/2 on I£, as soon
as dq(1,¢g) < 6 for a fixed number 0 < ¢ < /2. Setting as before ¢ = pe? and g = poe'®
on I, the quantities Pp(¢)) and Pp,(¢/o) are then given by formula (A.6) for a suitable cut-off
function y and a number r > R, which is independent of the function v satisfying the condition
de(1,10) < §. In particular, we obtain

2

+ % /|:c|zzr (779’ - 77096),

with n = 1 — || and g = 1 — |pg|2. When d.(1),1g) — 0, the first term in the right-hand side
of (A.18) tends to 0 by definition of the || - ||z,-norm. Arguing as in the proof of Lemma A.3,
we check that the third term also tends to 0. Concerning the second one, we derive from the
Sobolev embedding theorem that the convergence in H(R) implies the local uniform convergence.
In particular, we have ¥ (£2r) — ¢o(£2r) as d.(1,vo) — 0. Since |po(£2r)| > 1/4, this in turn
implies that e®@(F2) — ¢ifo(E2r) 5o that

Po() — Poo(uo) = [ (@ v)e = tiwp.vnie) + 5 (002r) — Bo(2r) — 6(~2r) + 6o(~21))

(A.18)

0(£2r) — 09(£2r) modulo 27.
In view of (A.18), we conclude that
Pg(@b) — Pgo (1/)0) modulo 7,

which is enough to guarantee the continuity of the untwisted momentum [P] on X (R).

Concerning (A.17), we argue as for (A.13). Assume first that h is smooth and compactly sup-
ported. With the notation of Lemma A.1, we can choose the number R in the definition of the
quantity Py(1)) such that the support of h is a subset of [~ R, R]. In this case, the function ¥+ h
owns the same phase 6 as the function v on the intervals I;%. Hence the quantity Py(¢ + h) is
well-defined by

Py(yp+ h) = ;/R (<z‘(¢’ + 1), + h)e + (x:9),

which is equal to

Rulw +1) = Po(w) + [ @' e+ 5 [ G hie,

by integration by parts. In view of Lemma A.1, this is exactly (A.17). For an arbitrary h €
H'(R), we argue by density, as in the proof of Lemma A.3, using the continuity of the untwisted
momentum and the property that the right-hand side of (A.17) is continuous with respect to the
convergence in H!'(R). This completes the proof of Lemma A .4. O
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Due to the previous dual definition of the momentum, two strategies are at hand when we aim
at minimizing a quantity under a fixed momentum p. The first one is to minimize under a fixed
untwisted momentum [P], but in this case, the constraint p must be assumed to be in R/7Z.
The second one is to restrict the minimization set to the non-vanishing energy set NVX(R)
in case it is possible to define the corresponding minimization problem for any number p € R.
However, this minimization problem does not necessarily own a minimizer due to the fact that a
minimizing sequence could converge to a function, which vanishes on R, and so does not remain
in NVX(R).

When the goal is to minimize the Ginzburg-Landau energy FE, this second strategy leads to the
minimization problem

Z(p) :=inf {E(W): ¥ € NVX(R) s.t. P(¥) = p}, (A.19)

where the number p can take any arbitrary value in R. Note that this problem is well-defined.
Consider indeed a function 1 = pe’® € NVX(R), with P()) # 0 (for instance a dark soliton u,.
for ¢ # 0) and set 1, = pe'"? for any number y € R. The functions v, remain in NVX (R) and
their momentum

P(Yu) = pP(¥),

take any arbitrary value in R. Hence, the minimization problems Z(p) do make sense. An
important tool in order to solve them is the following lemma.

Lemma A.5 ([1]). Let
& := inf {E@) ¥ € X(R) s.t. inf [(x)] = o}.

The black soliton ug is the unique minimizer of the minimization problem Ey up to the invariances
by translation and phase shift. In particular, when

2v2
3 )
the function v does not vanish on R, so that it belongs to NVX(R).

E(Y) <& = E(w) =

Given a fixed number p € R, and provided that there exists a function ¢ € X(R) such that
E(y) < 2v/2/3 and P(3)) = p, Lemma A.5 guarantees that the possible limits of a minimizing
sequence for the problem Z(p) still belong to NVX(R). This property was invoked in [1]| to
address the resolution of the minimization problem Z(p) for |p| < 7/2. For an arbitrary choice
of p, we have

Proposition A.6. (i) For |p| < 7/2, denote by ¢, the unique number in (0,/2), which solves

T arctan | ——2__ ) \/2—¢=p| (A.20)
2 2 2 p
2—c;

and set ¢, = sign(p) ¢p. The dark soliton profile u., is the unique minimizer of the variational
problem (A.19) up to translation and phase shift. Moreover, the corresponding minimal value is
given by

[SI[9)

I(p) = E(uc,) = %(2 —c2)2. (A.21)

(13) For |p| > /2, the variational problem (A.19) does not own any minimizer, and its minimal
value is equal to
2V2

Z(p) 3
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Remark A.7. We can use Proposition A.6 to complement the proof of Proposition 1 with
respect to [1]. Observe indeed that

J(p) < inf Z(p + k),
keZ
for any number p € (—n/2,7/2]. Combining Lemma A.5 and Proposition A.6, we deduce
that J(p) = Z(p) for |p| < w/2. In particular, the conclusion in Proposition 1 follows from
Proposition A.6 for this range of values of p.

Proof of Proposition A.6. In view of Lemma A.5, statement (i) is exactly [1, Theorem 2]. We
turn now to statement (ii). First, it was proved in [9, Theorem 2| that the minimal energy Z is
a non-negative, even, continuous function on R, whose restriction to R, is concave. Moreover,
it was computed in [1, Theorem 2| that

for 0 < p < m/2. Since
d 1
Y _ _ (A.22)
dp (2—¢2)

7 is continuously differentiable on (0,7/2) and
T'(p) = ¢, — 0,
as p — m/2. Since Z is also concave on R, we deduce that

22

I(p) < I(n/2) = —3

(A.23)

for any p > /2.

Assume next the existence of a number p > 7/2 such that Z(p) < 2/2/3. Since Z(7/2) = 2v/2/3,
we again infer from the concavity of the function Z the existence of a number ¢ > p such that
Z(q) < 0. This inequality contradicts the non-negativity of the function Z, so that Z(p) > 2v/2/3
for any number p > 7/2. In view of (A.23), this inequality is an equality, and since Z is an even
function, it also holds for p < —7/2.

In order to complete the proof of statement (ii), we next assume the existence of a minimizer 1,
for the variational problem Z(p) with p € R\ (—m/2,7/2) being fixed. In view of Lemma A.3, this
minimizer is characterized by the equation dE(v,) = 0dP(1),) for a suitable Lagrange multiplier
o € R. The differentials dE and dP in this identity are chosen acting on the space H'(R).
Again by Lemma A.3, the minimizer v, is then a solution to (1) in X (R). Since P(3,) # 0,
this solution is not constant. As a consequence, the minimizer 1), is equal to the dark soliton
U, up to the invariances by translation and phase shift. In particular, the number o lies in
(—v/2,4/2), with o # 0 since the black soliton vanishes. However, it follows from [1, Proposition
1] that the momentum P(u,) belongs to the interval (—m/2,7/2). This contradicts the fact that
|P(1p)| > m/2, so that there is no minimizer for |p| > /2. O

B Properties of the energy set X(R x T)

In this section, we gather some properties of the energy set

X(RxT) = {w € HL (RxT):Vipe LAR x T) and 1 — [¢)|? € LA(R x ’IF)},
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which are required for defining properly the momentum and providing a suitable functional
framework to solve the minimization problems Zy(p). The derivation of these properties heavily
relies on the following links between the energy sets X (R) and X (R x T).

Proposition B.1. Let A be a fized positive number.

(1) Given a function b € X (R), set U(z,y) = ¥(x) for any (xz,y) € Rx T. The function ¥ is in
X(R x T), with
EX(¥) = E(¥).

(i1) Given a function i € X(R x T), set ¢o(z) = fol U(x,y) dy and wo(x,y) = P(x,y) — ho(x)
for almost any (x,y) € RxT. The functions ¥ and wy belong to X (R), respectively H'(R x T),
with

E\(¥) =E (o) + ;/ (10zwol* + A*|8ywo|?)
RxT (B.l)

- /qur <<1Z}0’ wo)t - %|w0|2(1 — 30| + Jwo|* (0, wo)c + i|wo|4>.

Remark B.2. In view of statement (i), we have made the choice to use the same notation for
all the objects and quantities that are defined identically on R and R x T. With a slight abuse
of notation, we have also identified any function in X (R) with the corresponding function in
X(R x T).

Proof. Statement (4) is a direct consequence of the property that the torus T has a finite measure
equal to 1 and that the derivative 9,1 of a function ¢ € X (R x T) depending only on the variable
x is equal to 0.

Concerning statement (i), we first infer from the Plancherel formula that the gradients Vi and
Vuwg belong to L?(R x T), with moreover Oyto = 0 and Oywo = Oyvp. Invoking the Poincaré-
Wirtinger inequality, we obtain

1
HwOHLQ(RXT) S %H&JQZJHL%RXT)’

so that the function wyq is indeed in H*(R x T).

By definition, we also compute
1= [¢ho|” = 1= [9* + 2(p, wo)c — [wo|*.

Using the inequality

[0l < V210 + 2VI0P = 110 5,

we deduce from the Sobolev embedding theorem that the functions (¢, wo)c, and then 1 — ||
are in L?(R x T). Since 1&0 only depends on the variable x, we conclude that this function lies in
X (R). Formula (B.1) finally follows from the fact that the functions wg and Vwy are orthogonal
in L?(R x T) to all the functions depending only on the variable z. O

Remark B.3. Arguing as for the proof that the function 1 — [p|? is in L2(R x T), we can
show that a function of the form ¢ 4+ w belongs to X (R x T) when ¢ and w are in X (R x T),
respectively H'(R x T).

Statement (i7) in Proposition B.1 provides a uniquely determined decomposition of an arbitrary
function ¢ € X (R x T) as a function in X (R) plus a function in H'(R x T). It is natural to
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take into account this decomposition in order to endow the energy set X (R x T) with a metric
structure. In this direction, we first set

HR xT) = {1/; = 1o +wo € HL (R x T) s.t. 1o € H(R) and wy € H(R x T)}.

The set H(R x T) is then a Hilbert space for the norms given by the formula

ol = [ (V6P +nlop?), (B.2)
RxT

for 0 < ¢ < v/2. This definition is exactly the same as the one of the norm || - ||z, in H(R), so
that we have kept the same notation. Observe in particular that the norm |[[¢| g, in H(R x T)
of a function ¢ € H(R) is exactly equal to its norm ||¢||z, in H(R).

Note also that the previous norm is equivalent to the norm given by

ll* = lldoll 7, + llwollZ:- (B.3)

Due to the orthogonality of the functions Vi)y and Vg in L2(R x T), the norm |[¢| g, indeed
controls the norms ||Vy| 2 and || Vwg|| 2, and then the norm |Jwg||z2 by the Poincaré inequality.
The reverse inequality follows from the property that the norm ||wy|| g1 controls the norm ||wg|| z. .

At this stage, it is natural to endow the energy set X (R x T) with the metric structure corre-
sponding to the distances

1

delton, ) = (Il = Gl + o — ml32)

with 71 = 1 — |[¢1]? and 12 = 1 — [t)2|?, as before. This definition is again exactly the same as in
X (R), and the distance d.(11,%2) in X(R x T) between functions ¢ and 9 in X (R) remains
equal to their distance in X (R). This is the reason why we have again kept the same notation
for the two quantities. A useful property of this metric structure is

Lemma B.4. (i) Let ¢ = tho+wo € X(RxT). Consider a sequence of functions 1" € X (R xT)
such that ™ — ¢ in X(R x T) as n — oo and denote "™ = ) +w{ the decomposition given by
Proposition B.1. In the limit n — oo, we have

oy — o € X(R) and wy — wp in H(R x T).

(ii) Let g € X(R), h € HY(RxT), and set ) = g+h. Consider sequences of functions g, € X (R)
and h, € H'(R x T) such that g, — g in X(R), and h,, — h in H'(R x T), as n — co. Then,
the functions ¥, = gn + hy, satisfy

P — 1 in X(R x T), (B.A)
as n — oQ.

Proof. Concerning statement (1), we deduce from the equivalence between the H.-norms and the
norms in (B.3) that ¢ — v in H(R) and wf — wp in H'(R x T). The fact that 1 — [¢f]* —
1 — |abp|? in L?(R) then follows from the identity

(116 1?) = (1=14h0[*) = (11— 19" *) + (Jewg [P ~lwol*) +-2(4 — b0, wo) e +2(45 , wh —wo)c. (B.5)

The first term in the right-hand side of this expression tends to 0 in L?(R x T) due to the
convergence 1, — 1 in X(R x T). The second one also tends to 0 in L?(R x T) due to the
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convergence wf — wo in H'(R x T) and the Sobolev embedding theorem. For the third one, we
recall that the convergence in H(R) implies the convergence in L% (R) by the Sobolev embedding
theorem. Since the energy set X (R) is a subset of Z(R), the function ty is also bounded on R.
In particular, it follows from the dominated convergence theorem that the third term in (B.5)
also converges to 0 in L2(R x T). In view of Lemma A.2, the functions @26‘ are then uniformly
bounded on R. Similarly, the fourth term in (B.5) also tends to 0 in L?(R x T) due to the
convergence wf — wo in H'(R x T). In conclusion, the left-hand side of (B.5) converges to 0 in
L?*(R x T), and then in L?(R) since it only depends on the variable z.

The proof of statement (ii) is very similar. Observe first that the functions v and ,, are in
X(R x T) by Proposition B.1 and Remark B.3. The convergence ¢, — 1 in H(R x T) then
follows from the fact that the H'-norm controls the H.-norms. Moreover, we compute

(1 - ‘wn|2) - (1 - W’Z) = (‘g|2 - |gn’2) + (‘h‘z - |hn‘2) + 2(9 - gmh>(C + 2<gnah - hn>(C-

The convergence 1 — [thy, +wy|> — 1— |1 +w|? in L?(R x T) follows as for (B.5). This completes
the proofs of (B.4) and of Lemma B.4. O

Note also that the energies F)\ are continuous with respect to the distances d.. Moreover, we
can show the following density result, which is useful for describing the minimal energy Zy.

Corollary B.5. Let A be a positive number. Consider a function ¢ € X(RxT) and decompose it
as ¥ = o+ wg according to Proposition B.1. There exist two sequences of functions g, € X (R)
and h, € HY(R x T), which satisfy the following properties.

(i) The functions g, are smooth on R and there exist numbers R > 0 and 6 € R for which
gn(z) = et for any +x > £ RE.
(i1) The functions hy, are smooth on R x T and compactly supported in [—R, , R] x T.

(131) We have the convergences
gn = Yo i X(R) and hy, — wo in HY(R x T), (B.6)

as n — o0.

(tv) The functions 1, = gn + hy are in X (R x T), with
Yo=Y in X(RxT) and Ex\(¢¥n) = Ex(¥),

as n — o00.

Proof. The proof is based on a decomposition of the functions in X (R), which was established by
P. Gérard in [11, Theorem 1.8]. Given an arbitrary function ¢ € X(R), there exist a real-valued
function ¢ € C°(R), with ¢/ € L?(R), and a complex-valued function & € H'(R) such that

b =€+ (B.7)

Moreover, the phase function ¢ is determined up to adding a real-valued function ¢ € COR),
with ¢’ € L2(R), and such that there exist k+ € Z with ¢ — 27ks € L?(R+). Since 1y belongs
to X (R) by Proposition B.1, we can decompose it as 1/30 = ¢'® + w, with ¢ and w satisfying the
previous conditions.

We next invoke the density of smooth, compactly supported functions in L?(R) and H*(R) so
as to find two sequences of functions ¢,, and w, in C°(R) such that ¢, — ¢’ in L*(R), and
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w, — @ in H'(R), as n — oco. Since the function ¢ is continuous, we are then allowed to define
functions ¢,, by the formula

bul) = $(0) + /0 " onlt)t,

for any x € R. By the inequality

|on(2) — ¢(z)| <

/Om (en(t) — ¢/ (1)) dt| < VR |¢n - 3 2 rompy

which holds for any positive number R, we obtain that ¢, — ¢ in L5 (R), while in addition
@', — ¢' in L?(R), when n — oc.

At this stage, we set g, = €"*" + w,. The functions g, satisfy statement (i) in Corollary B.5.
Given a number 0 < ¢ < \/5, we moreover have

1 ~ 1 . . 1
¢ (gn — ¥0) = né (€ — €'®) +né (w, — ),
gh — b = i(d, — &) e +ig/ (¢ — ') + ], —
as well as
(1—1gnl?) — (1 = [ho]?) = 2(e™ — €, @) + 2(e'"", @ — )¢ + [w]* — |wn|*.

Invoking the Sobolev embedding theorem, and applying the dominated convergence theorem
when necessary, we are led to

de(gn: o) = 0,
as n — co. Note also that g, — ¥ in L%® (R) by the Sobolev embedding theorem.

loc
We finally complete the proof of statement (iii), and provide the one of statement (ii), by
introducing a further sequence of functions h,, € C3°(R x T) such that h, — wg in H*(R x T),
as n — oo.

The convergence of the functions v, = g, + h, towards the function ¢ in X(R x T) is then a
direct consequence of statement (iii) and Lemma B.4. The convergence of the energies E) ()
towards the energy Fy (1) follows by continuity of the energy F) on X (R x T). This completes
the proof of Corollary B.5. O

C Definition and properties of the momentum

In this section, we provide the definition of the momentum in the energy set X (R x T) and
describe its main properties. Our starting point is the decomposition v = 1&0 + wy of a function
1 € X(R x T), which is given by Proposition B.1. Using this decomposition, the formal density
of momentum writes as

(102, V)¢ = (010, Do)c + (1010, wo)c + (i0zwo, Po)c + (iDpwo, wo)c-

The first term in the right-hand side of this identity is the formal density of the momentum of a
function 1&0 € X (R), so that we can define it rigorously by invoking Lemma A.1. The second and
third terms are scalar products of functions, which are at least formally orthogonal in L?(R x T).
Hence, their integral is at least formally equal to 0. Finally, the last term is integrable on R x T
since wp € HY(R x T). As a conclusion, it is natural to define the momentum of the function 1

as
- 1

P() = QU +3 [ (idsun,woe.

40



In this expression, the quantity Q(QZ)Q) refers to a 1D momentum of the function 1&0, which can
be either equal to the quantity Fy,(to) in (A.6), the momentum P (1) when ¢ € NVX(R), or
the untwisted momentum [P](t9). More precisely, we have

Lemma C.1. Given a function ¢ in X(R x T), decompose it as ¢ = Yo + wo, with o and wy
as in Proposition B.1. Consider a positive number Ry such that [¢o(x)| > 1/2 for |z| > Ry and
a phase function 0y € CO(IEO) such that g = |ig|e® on I}:.%O. Choose a smooth cut-off function
X : R — [0,1] such that x(x) =0 for |z| <1 and x(x) =1 for |z| > 2, and set x,(x) = x(x/7)
for a number r > Ry.
(1) The quantity
A 1 .
Py (¢) = Pa, (vo) + / (i0zwo, wo)c, (C.1)
2 JrxT

1s well-defined and does not depend on the choice of neither the function x, nor the number r.

(ii) When the function 1y does not vanish on R, the quantity Py, (¢) does not depend on the

choice of the phase function 0y. In the sequel, this quantity is called momentum and simply
denoted by P(v).

(i4i) In the general case, the value modulo 7 of the quantity Py, (1) does not depend on the choice
of the phase function 6y, and it is possible to fix this choice such that Py, () € (—m/2,7/2]. In
particular, the untwisted momentum [P] : X(R x T) — R/7Z defined by [P](y) = Py, (v)) modulo
m 1s well-defined.

Remark C.2. In view of Remark B.2, a function ¢ € X(R) is also a function in X(R x T), so
that we can define its momentum as a function in X (R) or in X(R x T). Lemma C.1 guarantees
that these definitions are identical whatever is the definition of the momentum (Py(v)), P(¢) or
[P](¢))) under consideration. In this case, the functions ¢ and Yo are indeed equal, so that the
function wy identically vanishes.

Proof. Lemma C.1 is a direct consequence of Lemma A.l since the term depending on the
function wp in (C.1) is well-defined for wg € H'(R x T). O

At this stage, it is natural to introduce the set
Y@xT%:{¢:&MmmeX®XTMLdbeNKﬂM}

Though this open set plays the role of the set NVX(R) in the context of the product space R x T,
it is not the subset NVX (R x T) of non-vanishing functions in X (R x T). With the definition of
Y (R x T) at hand, we can extend Lemmas A.3 and A.4 as

Lemma C.3. (i) The momentum P is continuous on the subset Y (R x T). Moreover, given a
function ¢ € Y (R x T), there exists a positive number & such that the ball B(¢,0) := {¢p + h :
he HY (R xT) s.t. |h||gr <0} is a subset of Y (R x T) on which

P( + ) = P() +/

RxT

@@mmc+;/ (i0h, h)c. (C.2)

RxT

In particular, the restriction of the momentum P to the ball B(1, ) is continuously ? differen-
tiable, with

AP () (h) = /R R

for any function h € HY(R x T).

(13) The untwisted momentum [P] is continuous on X (R x T).

ZWith respect to the metric structure induced by the H'-norm.
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Proof. The continuity of the momentum P and untwisted momentum [P] is a direct consequence
of Lemmas A.3 and A.4 applying statement (i) of Lemma B.4.

Concerning the proof of (C.2), we consider a function @ = 1)y + wy € Y (R x T) and invoke
Lemma A.3 in order to exhibit a positive number § such that the functions 1[)0 +g liein NVX(R)
when g € HY(R) with gl < 0. Assume here that h € HY(R x T) with ||h||g1 < 6. We can
decompose h as h = ho + w, with ho fT x,y) dy as before, and use the orthogonality

of this decomposition in order to check that ||hollz2 < 0. As a consequence, the function
¥+ h = o+ ho + wo + w lies in Y (R x T), which amounts to say that the ball B(1),0) is a
subset of Y (R x T). Moreover, we can combine (A.13) and (C.1) in order to develop the quantity
P(y+ h) as

P(¢+ h) :P(1ﬂ0+h0) +;/R T(iam(w—i-wo),w—i-wg)(c

=P (1) + ;/ﬂm (i0zwo, wo) ¢ + /ﬂm <<z‘8x1/30,ﬁ0>c + <i8xw0,w>c)

1

+ 3 /RxT <<i8xizo, fAzo>C + <i8zw,w>(c>.

Formula (C.2) then follows from the orthogonality conditions between the functions ’lj)o and hy
on the one hand, and w and wy on the other hand. The value of the differential dP(v)) and its
continuity are then a direct consequence of this formula. This ends the proof of Lemma C.3. O

We next relate the momentum of a function ¢ € X (R x T) with the untwisted momenta of its
slices 9 (-, y) for y ranging in T.

Lemma C.4. Let 1) = Yo+ wo € X (R x T). Consider a positive number Ry such that [ (z)| >
1/2 for |z| > Ry and a phase function 0y € CO(I;%O) such, that ¥y = |iho| €% on I;fo. For almost
every y € T, the functions wo(-,y) and ¥(-,y) are well-defined in H'(R), respectively in X (R).
In particular, the quantities

Doy (¢(,y)) = P@o(QZ)O) + /R <i¢6’w0('ay)>c + % /R <i8xw0(’7y)7w0('7y)>(cv (CS)

are well-defined for almost any y € T, and they satisfy

Puy(0) = [ oy (009) . (C.4)

as well as

po, (¥ () = [PI(¥(y))  modulo . (C.5)

Proof. Recall first that wg is in H'(R x T), so that the slices wg(-,y) belong to H'(R) for
almost any y € T. Since the energy set X (R) remains stable by addition of functions in H'(R),
the slices ¥(-,y) are in X(R) for almost any y € T. The quantity pg,(¢(-,y)) is also well-
defined and depends only on the function 9 (-,y) due to the uniqueness of the decomposition

w('v y) = 1&0 + 'wO('; y)
Going back to the definition of the quantity Pp,(¢)) in Lemma C.1 and using the fact that 1216
and wy are orthogonal in L?(R x T), we next invoke the Fubini theorem in order to write

Puy(6) =Poo(to) + 5 [ (i0run,wie

RxT
:/T(Peo(%)+/R<i%’w0("y)><c+;/R<i3xw0('ay)7wo(-,y)>c)dy.
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This is exactly (C.4), so that it only remains to establish (C.5). This latter inequality is a
direct consequence of (A.17) since Py, (10) = [P](%o) modulo 7 by definition of the untwisted
momentum. This completes the proof of Lemma C.4. O

Going back to the density result in Corollary B.5, we finally derive the following useful formula
for the momentum of smooth functions with compactly supported gradients.

Lemma C.5. Let g be a smooth function in X (R) such that there exist numbers Rt > 0 and
6* € R for which g(x) = et for any £x > R*. Consider a function h € C°(R x T) with
support in [—R™, RT] x T and set y» = g+ h. Then, the function 1[10 writes as 1&0(1’) = ¢(@) for
+x > RT, with Oy(z) = 0% if > RT and Oy(x) = 0~ for v < —R~. Moreover, the quantities
po, (Y (-, y)) in Lemma C.4 are given by

1 1
for almost any y € T. As a consequence, we have
Poy() = [ by (6C0)) . (©7)
T

with Py, (1) = [P)(¢) modulo w, and pg, (v (-,y)) = [P](¥(-,y)) modulo , for almost any y € T.
When the function ¢y does not vanish on R, the momentum P(v) is also given by (C.7).

Proof. Observe first that 1 (z,y) = g(z) when £z > R*, so that
n(e) = [ 0)dy = gla) = =),
For almost every y € T, we therefore deduce from (C.3) that
pa, (Y () = ;/R (<i%,ﬂ3o>(c + (xr 00)" + 2{itdt, wo (-, y))e + <i8xwo(-,y),wo(-,y)>(c), (C.8)
with wy = ¢ — 1p and r > max{R~, RT}. We next have

/(Xr 0o) = 0" — 0.
R

Since wo(x,y) = 0 for +2 > R*, we also deduce from an integration by parts that

[ e = 5 [ (G untm)e + (0.u(9).do))

Formula (C.6) then follows from (C.8). Formula (C.7), as well as the other statements in
Lemma C.5, then result from the definitions in Lemma C.1 and the properties in Lemma C.4.
This concludes the proof of Lemma C.5. O
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