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Abstract

We introduce a functional framework taylored to investigate the minimality and
stability properties of the Ginzburg-Landau vortex of degree one on the whole plane.
We prove that a renormalized Ginzburg-Landau energy is well-defined in that frame-
work and that the vortex is its unique global minimizer up to the invariances by
translation and phase shift. Our main result is a nonlinear coercivity estimate for
the renormalized energy around the vortex, from which we can deduce its orbital
stability as a solution to the Gross-Pitaevskii equation, the natural Hamiltonian
evolution equation associated to the Ginzburg-Landau energy.

1 Introduction

We are interested in the complex Ginzburg-Landau equation in the plane
AV + (1 —|TH)¥ = 0. (1)

For each d € Z*, this equation possesses a well-known solution called the vortex of
degree d at infinity. It has the equivariant form

Va(x) = pa(r)e'®, (2)

for x = (rcos(),rsin(f)). The profile p, is real-valued, increasing, smooth, and sat-
isfies pg(0) = 0 and py(r) — 1 as 7 — +o00. Equation (1) is invariant by translations
and by constant phase shifts, so that functions of the form e®Vy(- — a) for arbitrary
a € R? and ¢ € R are also solutions. It is also invariant by complex conjugacy. This
is reflected in the equality V; = V_4. For this reason, we restrict in the sequel our
attention to the case d > 1.

Associated to the Ginzburg-Landau equation is the Ginzburg-Landau energy

EaL(W) = /R ear (W) = /R (%va + iu - |\11|2)2).

The vortices V; do not have finite energy. This has long been a source of difficulty
for their analysis, leading to various strategies based on suitable forms of renor-
malization. The overall picture is that V] possesses some minimizing and stability
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properties, while Vj is unstable for any d > 2. Over the years, this has been shown
in different frameworks, some of which will be recalled below, depending on what is
precisely meant by minimality and/or stability.

Regarding the stability of Vi, a very natural question is that of its nonlinear dy-
namical stability as a stationary solution to the corresponding Hamiltonian evolution
equation, the Gross-Pitaevskii equation

IO U + AT 4 (1 — |¥)?)T = 0. (3)

Our goal in this work is two-fold. First, improving on some of the existing
variational stability estimates for V7. This will involve nonlinear coercivity estimates
for (a renormalized version of) Eg1, around V;. Second, proving the orbital stability
of V1 as a solution to (3) in a natural energy space. This was an open problem even
for smooth and compactly supported initial perturbations.

In the remaining part of this introduction, we present the functional framework
and state our main results. The strategy leading to these results and how they relate
to earlier works in the literature is the object of the next section.

We introduce the complex Hilbert space

H:={¥ e L (R*C)st. |[¥|g < +oo},

corresponding to the norm
Wl = [ (V@R + (0= ) TE),

where we recall that 1 — [V;]2 =1 — p? > 0. We define the energy space F as
E:={T¥eHst 1T e L*R?}.
It is a complete metric space for the distance
dp(V1, o) := W1 — Call g + [[[1]* — [ W 2.

The vortex V7 belongs to E. An important feature of this space is that the
infinitesimal generators of the invariance groups, i.e. d,, V7 and 0,,V; for the trans-
lations, and ¢V; for the phase shifts, all belong to H. Actually, although the norm
|| - || itself is not translation invariant, the spaces H and E are invariant by trans-
lations and by constant phase shifts.

Our first result shows that the space FE is a natural framework for the renormal-
ization of the Ginzburg-Landau energy with respect to V.

Proposition 1. The renormalized Ginzburg-Landau energy

E(W) := lim (ear(V) —eqr(V1)) (4)

r—+oo Jp

1s well-defined on E. Besides, it is invariant by translations and constant phase
shifts.

It turns out that the condition ¥ € E actually encodes the fact that ¥ has a
“degree one” at infinity, even when the zero set of ¥ might be unbounded and the
notion of topological degree in the classical meaning would make no direct sense.
The existence of the limit defining the renormalized energy £ in Proposition 1 is
also a consequence of the fact that ¥ € E, and it could not be used as a standalone
“definition” of an appropriate functional framework !.

Regarding the minimality of V;, we show

!The limit might exist for oscillating pure phases, e.g., although such fields would have a well-defined
topological degree being zero, not one.



Proposition 2. The vortex V1 is the unique global minimizer of the energy £ on F,
up to translations and constant phase shifts.

Our next result, and the core of this work, is a coercivity estimate for the renor-
malized energy in E. We denote the orbit under the invariance groups of a function
v € E by

Orb(¥) := {e V(- +a),p € R and a € R?}.

Notice that, by construction, £(V;) = 0.
Theorem 1. There exist kK > 0 and p > 0 such that
E(V) > kdg(Vi, Orb(¥))?,
whenever ¥ € E satisfies dp(Vi, Orb(¥)) < p.
The distance dg(Vi, Orb(¥)) vanishes if and only if ¥ € Orb(V;). Therefore,

Theorem 1 is a (nonlinear) coercivity estimate in terms of the distance dg to the
orbit of V7.

In this statement, it might have appeared more familiar to use the quantity
dg(¥,0rb(V4)) instead of dg(Vi,Orb(¥)), but the former is not invariant under
translations of ¥, and the norm || - ||z, which is part of the definition of dg, is
taylored to measure perturbations around Vi. Instead, the inequality in Theorem 1
is invariant by translation, since both £(¥) and Orb(¥) are.

Concerning the Gross-Pitaevskii equation (3), the affine space ¥y + H(R?,C) is

contained in E for arbitrary ¥y € E, and we can prove

Proposition 3. For any Vg € E, the Gross-Pitaevskii equation (3) possesses a
unique global solution t — W, € CO(R, Wo+ H'(R?, C)) with initial datum ¥o. More-
over, the renormalized energy £ is conserved along the flow.

It is conceivable that the Cauchy problem for (3) is actually globally well-posed
on E, and not just on fibers of the form ¥ + H!(R? C). We have not settled that
question, but it is not necessary to prove our stability result. Combining Theorem 1
and Proposition 3, we indeed deduce

Theorem 2. There exist § > 0 and C > 0 such that, if Vo € E and dg(V1, ¥o) <9,
then the solution Wy with initial datum Vo of Proposition 3 satisfies

dg(Vi, Orb(0y)) < Cdg(Vi, Vo),
for any t € R. In particular, the vortex V1 is orbitally stable.

The statement in Theorem 2 does not provide any information on the location
of the solution with respect to the orbit. In the course of the proof, we actually
construct positions a(t) € R? and phase shifts (t) € R such that

dp(Vi,e”OW,(- + a(t))) < Cdp(Vi, ¥p),

for any t € R. The following proposition provides a first control on the evolution of
these parameters.

Proposition 4. There exist 7 > 0 and C > 0 such that, if ¥g € E and dg(V1, ¥p) <
7, then there exist two functions a € CY(R,R?) and ¢ € C*(R,R) such that

dp(Vi,e 00, (- + a(t)) < Cdp(Vi, Vo),

and
|d'(t)] + &' (t)| < Cdp(Vi, By), (5)
for any t € R.



The question whether V; is stable as a stationary solution to (3), and not only
orbitally stable, is still open. There is no immediate obstruction to that stronger
form of stability since, although there exist travelling waves of (3) with arbitrarily
small speed (see [4, 8|), they are not small perturbations of the vortex but instead
perturbations of a vortex-antivortex pair, and have finite Ginzburg-Landau energy.

Asymptotic stability of V3 (or maybe only of its orbit) is also an open question.
Although (3) is an Hamiltonian equation, asymptotic stability could hold for a topol-
ogy in which the renormalized energy is not continuous (e.g. through dispersion at
infinity). In one space dimension, it was proved in [12] that the black soliton, the
1d equivalent of V1, is asymptotically stable in an orbital sense.

Finally, we mention that the dynamics of (3) for sequences of initial data that
converge to V7 or more generally to suitable combinations of well separated vortices
of degrees 1 has already been studied on finite time intervals (see e.g. |9, 16, 3, 15|
and the references therein). In particular, it is known that a related notion of
modulation parameters asymptotically obey a limit point-vortex ODE, but only on
finite time intervals. These results are based on different kind of rigidity estimates
for Vi , where the closeness is measured through the Jacobian (see [14] for the
sharpest known statement in that direction). It is tempting to investigate whether
the results of the present paper could be used to extend the description of this
dynamics to longer time scales.

In the sequel, we use all along the following notation. We set 2 = (—x3, x1) for
any x € R%2. We also use the notation B, for the open ball of R? with center (0,0)
and radius 7 > 0. Finally, we define the scalar product of two complex numbers
21 = ay + by and z9 = ag + ibe as (z1, z9)c = Re(2122) = a1as + b1bs.

2 Strategy for the proofs

In this section, we present the key ingredients that are needed in the proofs of the
results stated in the introduction. This is also the occasion to discuss how our
arguments relate to earlier works in the literature. The detailed proofs or their
completions is postponed to the subsequent sections.

2.1 Concerning renormalization and Proposition 1

We start by motivating the introduction of the Hilbert space H. At the same time,
we show how its definition implies the existence of the limit in (4) providing the
renormalized Ginzburg-Landau energy £.

To do so, we first recall the well-known fact that the divergence of the Ginzburg-
Landau energy of V; is only due to a too slow decay of the gradient of its phase at
infinity, because of its non-trivial topological degree. Taking the gradient of (2), we

obtain
1

oy il ) (6)

V(@) = e (i (J2)

]

1 2 " 2, p(r)?
Q/BT\VVH :7r/0 (i + 255 rar

From the asymptotic properties of p;, which we have recalled in Lemma A.1 in
Appendix A, it follows that

and therefore

7T/r )’ rdr = mlog(r) + O(1),
0

r2



as r — +oo, while

/0+OO (pll(;)Q + (1= pi<r)2)2) rdr < +o0. (7)

The definition of the space H through the norm
Wl = [ (V@R + (0= P PE),

is then related to our requirement that the infinitesimal generators d,, V1, 0., V1 and
iV1 of the invariance groups should all belong to H in order to eventually derive
optimal coercivity estimates. It follows from the properties listed in Lemma A.1l
that the derivatives 0,, Vi and 0,,V; have gradients in L?*(R?). As we have just
recalled, the same does not hold for the function iV;. On the other hand, if ¥ =iV}
then WV; = i|V4|%, and the latter has a gradient in L2(R?), in view of (7) and the
boundedness of |V;].
From the Leibniz rule, we compute

V()2 = [VEPV? + [0 VWA + 2(VET;, OV Ve, (8)

where, here as in the sequel, we denote by (-, )¢ the scalar product of C ~ R2. With
the definition (4) of the renormalized Ginzburg-Landau energy in mind, we write

VU= |VVA[? = [V (O P+(1= Vi) VO = (1= ) [V VL [*=2(V (T 1), TV T )c.

Note that the first two terms in the right-hand side of the previous pointwise iden-
tity are precisely those entering in the definition of the norm in H, and hence by
construction they are integrable over R? when ¥ € H. The third term is also inte-
grable when in addition ¥ € E. This follows from the Cauchy-Schwarz inequality
since 1 — |¥|2 € L2(R?) for ¥ € E, and on the other hand VV; € L4(R?). In order
to prove the existence of the limit in (4), it therefore only remains to prove the
existence of the limit

lim (V(¥11),¥VVi)c, (9)
r—-+00 B,

whenever ¥ € E. This requires the identification of some cancellation phenomenon.
For this and also later purposes, we split the integral in (9) into a local part and a
part at infinity. More precisely, here and throughout the paper, we fix a smooth,
radial, radially non-increasing cut-off function 0 < x < 1 such that y =1 in By and
X is supported in Bp. For arbitrary R > 0, we set xg(x) := x(x/R). Having in
mind (6), we decompose (V(¥V7), UVVi)c as

1L 1L
_ _ T - x - -
(v(wm), (V9 +i(1 - XR)2WV1>‘I’>C — () e, V(e
The first term in the previous decomposition is integrable on R%. As a matter of
fact, it follows from (6) that

(V¥ +i0 )2%)@ (= + ixr(2 — xR) xl)q;

1 — — =e —_— 72 — R
1 XR EE 1 P1 2] XR XR)P1 z2/)
and the latter quantity belongs to L?(R?). Indeed, we first infer from Lemma A.1
again that p) (r) ~ 1/r3, as r — +o0. Second, the function y g has compact support,
while the function p;z+/|x|? is bounded. The previous claim finally results from the
fact that W is in the space H, which continuously embeds into the weighted space



L? (R?) for arbitrary s > 1 (as shown in Lemma B.2). Here, we only need the case
5 =3.

At this stage, we have reduced the existence of the renormalized energy to the
next key lemma, where we additionally gain some smallness estimate in the vicinity
of V1. Note that this gain will be important for our later perturbation analysis.

Lemma 1. Let ¥ € E. The quantity

1

. x R =

Pr() = lim 2/ (1 xr)* L (10T, V(UTh))e (10)
r——400 B, |x’

is well-defined for any R > 0. Moreover, there exist universal constants § > 0, A > 0

and K > 1 such that

K
|Pr(¥)] < = du(¥, V1)?, (11)
provided that dg(¥, V1) < and R > A.

The proof of the first statement in Lemma 1 is concise, and we present it here
next. For ¥ € E, it is shown in Lemma B.5 that ¥V} has finite Ginzburg-Landau
energy. Therefore, it follows from a result of P. Gérard [11] that ¥V, may be
decomposed as

TV = e 4w, (12)

for some real-valued function ¢ such that Vi € L?(R?) and some complex-valued
function w € H'(R?). We then split the scalar product in (10) as

UV, V(IV))e = (1, V) + (iw, Vw)e + (w, Vee?)c + (i, Vw)c,

and we treat separately each of the four corresponding terms. Given any r > 0, we
first write

xt at
/ (1= xR - (L Ve = / (1) 1)) =0

Here, we have used the fact that Vyg(z)-z+ = 0 pointwise since x g is radial, and also
that the flux of 21 through 9B, vanishes pointwise. Next, the second and third terms
are vector fields, which are integrable over R?, since w € H'(R?) and V¢ € L?(R?).
Therefore, their integral against the bounded vector field (1 — yg)%z*/|z|? is well-
defined on R2. Finally, we use as above that

1

/ div((1 - XR)Q‘”;? (ie"?, w)c) = 0,

in order to obtain the identity for the fourth term
9 g;J- o 9 $J- .
/ (1—xr) e (1e"?, Vw)c = / (1 —-xgr) EEh (Vpe'? w)c.
The last integral now has a well-defined limit when r — 400, since both w and Vi
belong to L2(R?). This completes the proof of the existence of Pr(¥) in Lemma 1,
and therefore also of £(¥) in Proposition 1. We refer to Section 3 below for the
proof of the invariance with respect to translations and phase shifts of this latter
quantity. Note also that, with the help of decomposition (12), we have obtained the

formula N
Pr(¥) = 2/ (1— XR)QL - (iw, Vw + Qngoei‘p)@. (13)

R2 2|2

6



The proof of (11) follows similar lines, the main difference being that decompo-
sition (12) needs to be adapted to a perturbative setting. This is done in Lemma 4
of Section 3. Note that the integrand in (10) identically vanishes for ¥ = V, since
(i|V1|%, V(IV1]?))c = 0 on R? due to the real-valued nature of the function |V;|. This
may serve as an intuition to why (11) actually holds.

For later reference, we also make here explicit the decomposition of £(¥) which
we have obtained so far, namely

&) =519l — [ [VViPQ - e)
v, (VW +i(1 2 Ve 4 a4
= [ (T (Vi x Vi) W)+ 5Pa®) (14

+ [ === R,

2.2 Concerning minimality and Proposition 2

A solution ¥ to (1) is called a locally minimizing solution if
EaL(¥ + ¢, Br) > EaL(Y, Br),

for any R > 0 and any € € H}(Bg,C). Here, we have set

EGL(\I/,BR) = /B GGL(\I/).

The next characterization was obtained by P. Mironescu [18] 2.

Theorem A ([18]). The vortex solution Vi is a locally minimizing solution to (1).
Moreover, it is the only non-constant locally minimizing solution, up to translations
and constant phase shifts.

Since any minimizer of £ in E is necessarily also a locally minimizing solution
to (1), and since £(V1) = 0 by construction, the proof of Proposition 2 reduces
to show that £ is non-negative. For that purpose, we shall appeal, after suit-
able rescalings, to results (for example [18, Corollaire 2|) regarding the asymptotics
of Ginzburg-Landau minimizers on a fixed bounded domain with fixed boundary
data. The reduction to the latter case from our framework requires some elementary
surgery on the boundary of large balls, the necessary details of which are presented
in Section 3.

2.3 Concerning coercivity and Theorem 1

A quantitative stability estimate with respect to compactly supported perturbations
of V1 was also obtained by P. Mironescu in [17]. For that purpose, he decomposed

1
(Vi + e Br) = Ean(Vi, Br) + 5 B(e) + O(llell () (15)

for any function ¢ € H}(Bg). Here, B is the real quadratic form given by

BE) = [ (76l = (1= APl + 2002, 202)

2The fact that the vortex solution V; is locally minimizing is not explicitly stated in [18], but it follows
from properties listed in there, in particular Corollaire 2 and the remark following it.




Theorem B ([17]). For any R > 0, there exists kr > 0 such that
BE) > el

for any e € H}(Bg).

The fact that the invariance by translation and by phase shift is not reflected in
the previous coercivity estimate is due to the restriction € € H&(B r), which prevents
those groups to act. In turn, this can be used to show that necessarily kp — 0 as
R — Ho0.

In order to derive a stability estimate without restricting to compactly supported
perturbations, M. del Pino, P. Felmer and M. Kowalczyk [10] considered an Hilbert
space Hp naturally associated to the decomposition (15) (see also [19] for previous
approach in the space L?(R?)). This space was defined from the norm 3

el = [, (9= + (1= VAP + 20, 212).

One can note that Hpg is a strict subspace of H. With the definition of this space
at hand, they obtained

Theorem C ([10]). The real quadratic form B is positive semi-definite on Hp, and
its kernel coincides with the real vector space spanned by Oy, Vi and Oy, V1.

The invariance by translation of the Ginzburg-Landau energy is reflected in The-
orem C in the fact that 0;, V1 and 0,,V) belong to the kernel of B. The invariance
by phase shifts cannot be accounted for by working in the space Hp though, since
iV1 ¢ Hp. This is the reason why the latter is not present in the kernel of B in Hp.

It is possible to extend Theorem C with some quantitative coercivity estimates
for B under suitable orthogonality conditions of ¢ with respect to 0, V1, 05, V1 and
iV1 (see e.g. |7, Proposition 1.3] and also the Fredholm alternative in [10, Theorem
2]). These estimates however do not allow to control the nonlinear terms arising in
the expansion of the renormalized Ginzburg-Landau energy, and it does not seem
possible to derive nonlinear stability of V; based (exclusively) on the linear analysis
of B.

At this stage, it is worth comparing the quadratic form B with our previous
decomposition (14) of £. For that purpose, we first write ¥ = V; + ¢ in (14). Using
the fact that V7 is a solution to (1), we obtain

Lemma 2. For V =V; +¢ € E, we have

EVi+2) = 500(e) + 5Pr@) + 7 [ o2 (16)

In this identity, Qgr(e) is the quadratic form on H given by
2
Qne) =lelly = [, (1= VaP = [9ViP) f
K N (17)
_9 <v< ) (vV+'L(1— )QV) >
- EVi), 1 7’|x|2 XR 1)€ (C’

Pr(e) := Pr(V1 + €), where Pg is defined in Lemma 1, and

nei= (1= Vi+e?) = (1= Vi) = —2(e, Vi)e — |e]* (18)

3Note the sign change in the middle term with respect to the quadratic form B.



An important feature concerning the decomposition in (16) is that n? being a
square, it is (pointwise) non-negative. If we develop n? according to definition (18),
we obtain the identity

B() = Qrle) + Prle) +2 | (e ViR,

but the latter only makes sense provided that ¢ € Hp, because of the third term.
Besides, as we have already mentioned, the coercivity properties of B are insufficient
to derive the nonlinear stability of V7.

We modify the previous strategy in two ways. First, we only develop the square
of 7. according to (18) locally in space. More precisely, we write

1 1 1
/ n? = / (1—x%)77?+/ XEn? = Nr(e) + Ig(e).
4 RQ 4 R2 4 ]R2

Here, the term
Za(e) = [l W2
R2
is now a real quadratic form well-defined on H, and the nonlinear quantity

1 1
Ni(e) =7 [ =i+ 7 [ xh(el! + 4t VieleP)

contains only non-negative terms except possibly the cubic one in e, which however
is localized in Bsp.

Second, although the quantity Pgr(e) is quadratic in e, we keep it out of our
linear analysis. More precisely, we finally write

E(Vi+¢) = %QR(a) + Na(e) + %PR(E), (19)

where Qg := Qr + 27y is the real quadratic form on H for which we shall prove a

coercivity estimate. The quadratic form Pg will eventually be controlled using both

@ pr and the nonlinear term Ng. A careful analysis shows that it cannot be included

in Qg, since it would otherwise induce an infinite number of negative directions.
The coercivity of Qg is given by

Proposition 5. There exist universal constants kg > 0 and Ng > 0 such that, given
any € € H verifying the orthogonality conditions

/ X (6. 0:Vi)e = / X {6, 0,Vi)e = / Y (& iVi)e = 0, (20)
R2 R2 R2

and any Ry > 1, there exists Ry < R < 2NORy such that

Qnle) > Ho(\é‘H%ﬂr / x%<€,Vl>?c).
]R2

The proof of Proposition 5 is presented in Section 6. In a few words, the idea is
to decompose the perturbation ¢ into a local (compactly supported) part, for which
the analysis is very similar to the one in [10], and a second part at infinity, for which
the exact form of our decomposition, and in particular the fact that Pgr has been left
aside, plays a crucial role. The necessary glue between the two analysis explains the
fact that the cut-off location R is perturbation dependent (in a range with universal
extent, though).



Observe that the local orthogonality conditions in (20) reflect the geometric in-
variances by translation and phase shift of the Ginzburg-Landau energy. In the
functional framework of the Hilbert space H, the L?-scalar products between an
arbitrary perturbation ¢ and the functions 9,V1, 9, V1, respectively iV1, do not nec-
essarily make sense. This explains the introduction of the smooth radial cut-off
function y in the three integrals of (20). Note that the choice of this special func-
tion is somewhat arbitrary. One can check that it can be replaced by any smooth,
non-negative and non-increasing function, identically equal to 1 on [0, 1], and com-
pactly supported.

Concerning the nonlinear term Np, it is straightforward to derive

Lemma 3. Forany R>0,0< k<1, and € € H, we have

Nr(e) + n/

2 2 K 2 3
o XR(‘C:’ V1>(C > 4/]1%2 Ne — H8HL3(32R)'

Recalling that . = —2(g, V1 )¢ — ||, we indeed compute that

1 K 1
77— (L= R)le, ViR =T+ (1= ) (372 — (e V)2
K
202+ (1= )hle Vi)l

and the conclusion follows after integration on R?, using that [V1| < 1and |1—x| < 1.

We are now in position to present the detail leading to a nonlinear coercivity
estimate for £ around V; by combining the results in Proposition 5 for Q@ g, Lemma 3
for Ng, and the second statement in Lemma 1 for Pg.

Recall the decomposition in (19). In Proposition 5, we fix the value of Ry as
16K
Ry = max {A, To}’

where A > 1 and K > 0 are the universal constants provided by Lemma 1, and
ko > 0 is the universal constant provided by Proposition 5. Under the orthogonality
conditions in (20), we can find R € [Ry, 20 Rq] such that

1 Ko
20r®) 2 2 (el + [ e 10)2). (21)
2 2 R

By Lemma 1 and our choice of Ry, we also obtain

1 K Ko
[5Pr(e)| £ gpdi(Vi+271) < 22 (Jelff + e )32 ).

Finally, it follows from Lemma 3 with £ = 3 that
ko 2 2 < ko 2 3
Nr(e) + 2/R2 Xr(e, Vi)e = §||7IEHL2 — llellzs(Byp)-

After summation, the previous three inequalities and (19) yield

Ko
EWi+2) = 32 (lellf + Inelz = llelifac,)-

Now, remark that 2R < R; := 2N+t Ry which is a universal constant. Therefore,
we derive, in particular from Lemma B.2, that

el (o) < Il < Killel,

for some further universal constant K; > 0. If ||e|| g satisfies the smallness condition
Kil|le|lm < ko/32, we may absorb the remaining cubic term in the quadratic one.
Therefore, we have proved

10



Proposition 6. There exist Kk > 0 and 6 > 0 such that, given any function ¥ =
Vi +e € E such that
lelle + [[mellp2@ey <9,

and e satisfies the three orthogonality conditions in (20), we have
EWVi+e) > k(llellfr + lInelZ2)-

Deriving Theorem 1 from Proposition 6 is then mostly a matter of fixing ap-
propriately the orthogonality conditions in (20). The strategy to achieve this is
classical (see e.g. [20, 21]). It relies on the introduction of modulation parameters
corresponding to the geometric invariances. Consider the neighbourhoods in H of
the orbit of V; defined as

V(a) = {\I/ € H s.t. (ap)i&gZXR |e (- +a) — Vil < 04}7

for any o > 0. Given a function ¥ € V(a), we decompose it as e U (- +a) = Vi +¢
for a € R? and ¢ € R. When « is small enough, we can choose the modulation
parameters a and ¢ so as to satisfy the orthogonality conditions in (20). More
precisely, we shall prove in Section 7 below

Proposition 7. There exist a > 0 and A > 0, and two functions a € C*(V(a), R?)
and ¢ € C1(V(a),R/277Z), such that any function ¥ € V(a) can be written as

U = o) (vl( —a(D)) +2(- —a(\I/))), (22)

where € satisfies the orthogonality conditions in (20). Moreover, given parameters
(b,9) € R? x R such that

e (- +b) — W, < a,
we have the estimate
el ;; + a(®) = b] + | — ] < Alle™™W(- +b) — V1| ;- (23)
We may now complete the

Proof of Theorem 1. Let ¥ € E be such that d := dg(V1,0rb(¥)) < p/2, where
0 < p <1 is a universal constant, which will be fixed in the course of the proof. By
definition of the distance to the orbit, there exist ¥ € R and b € R? such that 4

dp(Vi,e ™™ (- + b)) < 2d. (24)

In particular, we have |V; —e W (- +b)||z < 2d < p. We require that p < «, where
« > 0 is the constant provided by Proposition 7. Applying this proposition, we
derive the existence of a € R? and ¢ € R such that ¢ := e U(- + a) — V; satisfies
the orthogonality conditions in (20), and besides,

el + |a — b| < 2Ad.

4We could show that the distance to the orbit is actually achieved but we will not need and spare that
argument.
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We next estimate
76| 12 = (VAP = [W( A+ @) ]| 2 = [[Vi( + 0= @) = [W(-+0) ] .
<A = 1%+ 0) P o + VA +b—a)* = VA%
<dg(V1,e PW(- + b)) + C(24)|a — b| < 2(1 + AC(24))d,

where the continuous function C(-) is provided by Lemma B.7. After summation,
this yields ||e|l g + ||n:ll2 < 2(1+ A(C(2A) +1))d. We require that (1+ A(C(24) +
1))p < 0, where 6 is given by Proposition 6. This proposition then yields the lower
bound

E(eU(-+a)) = w(llellF + lIn7ell72)-
To conclude, we finally observe that
S(e_i‘p\ll(- + a)) =£(V),

by Proposition 1, and that
1 : 1
lellf + Inelize = 5di (Ve (- +a))” > Sdi(Va, Orb(W))”,

by definition of the latter. This completes the proof of Theorem 1, with the choice
p=min{l,a,0/(1+A(C(24)+1))}, and a value of k being half of the corresponding
value in Proposition 6. O

2.4 Concerning orbital stability and Theorem 2

The proof of Theorem 2 assuming Theorem 1 and Proposition 3 is standard.

Proof of Theorem 2. Let ¥y € E be such that
d:= dE(Vl, \I/Q) < 0,

where 0 < § < 1 is a universal constant that will be fixed in the course of the proof.
For d = 0, the conclusion in Theorem 2 holds since V; is a stationary solution.
Therefore, we assume in the sequel that d > 0.

First we show that, if § is taken smaller than the corresponding value in Lemma 1,
then we have the estimate

E(Vg) < Kd?, (25)

for some universal constant K > 0. Indeed, take R = A, where A is the universal

constant provided by the statement of Lemma 1, and decompose £(V¥() according
to (19), i.e.

£(Wo) = 5Qa(20) + Na(eo) + 3P lc0)

where g¢ := Uy — V7. By Lemma 1, we obtain that
Paleo)| < KlleollFr < Kd?,

for some universal K > 0. A similar estimate holds for Qa(ep), since Q is a
continuous quadratic form on H due to Lemma B.2. Finally, we check that

1
[Na(eo)| < ZH%OH%Q +Za(e0) < K (|Ineoll72 + lleollzr) = Kd?,

where 7, 1= [V4|? — |¥o|?, as before.
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Define next the constant C' := max{2, (2K/x)'/?}, where K > 0 is the constant
in (25), and k > 0 is the constant provided by Theorem 1. Define then the constant
0 :=p/(2C), where p > 0 is also provided by Theorem 1.

Let U, be the solution of the Gross-Pitaevskii equation with initial data Wy. We
claim that

dE(Vl, Ol“b(\I/t)) < CdE(Vl, \I/()), (26)

for any ¢ € R. Since the map t — ¥, is continuous with values into £, and since (26)
holds for ¢ = 0 because C' > 2, it suffices to show that the equality

dg(V1,0rb(¥y)) = Cdr(Vi, ¥o) (27)

for some ¢ € R leads to a contradiction. Since C'dg(Vi,¥) < C6 = §, we may
apply Theorem 1 to W, when (27) holds, and conclude that

E(Uy) > kdg(Vi,0rb(0,))? = kC? dp(V1, ¥y)) = 2K d°. (28)

Since £(¥;) = £(¥y), we deduce from (25) and (28) that Kd?> > 2Kd?. This is a
contradiction since K > 0 and d > 0, and so (26) holds for any ¢ € R. O

3 Renormalization of the energy - Proofs of Le-
mma 1 and Proposition 1 completed

We first complete the

Proof of Proposition 1. We have already shown in the introduction that

(V) = lim (ecr(¥) — ecr(V1))

r—-+00 B,

is a well-defined quantity when ¥ € E. It remains to prove its invariance by trans-
lation and phase shift. The latter is immediate, but the former requires a short
argument.

First, it follows from Lemma A.1 that

lim eGL(Vl) = O,

r——+oo BR+1-\BT

for any R > 0. Let then ¥ € E and a € R?. Since the density eqr, is non-negative,

we have /BT ec(T(-+a)) < / eaL(V),

B ilal

and therefore,

/ <6GL(\I/(.+CL))—6GL(V1)) S/B

L4 r+lal

(eaL(¥) — ecr(V1)) + /B \B eaL(V1).
r+lal\Br

Taking the limit as 7 — 400, we obtain that E(V(- + a)) < E(¥). It suffices then
to interchange the roles of ¥ and ¥(- + a) to obtain the reverse inequality. This
completes the proof of Proposition 1. O

We next turn to the end of the
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Proof of Lemma 1. Recall that the existence of the quantity

1L
IRT . QL T =
PMW)—ggg2A;ﬂ ) g (VR V(T
was already established in the introduction for any function ¥ € E. It remains to
prove that the existence of universal constants § > 0, A > 0 and K > 1 such that

IPR(D)| < & du (W, Y, (29)

provided that c_lE(\I/,Vl) < ¢ and R > A. For that purpose, we replace the de-
composition UV = ¥ 4+ w in (12) by a slight variant, but only available on Bg,
namely

UV, = |V1|2(ei“°E + wE), (30)

where w, € H'(R?,C) and ¢, € H'(R?,R) will satisfy suitable smallness estimates.
Using the property that R > A, we can modify (13) into

45”L

Pr() = 2/2(1 X IVl o - G, Ve + 20Vgee )
R

Estimate (29) then follows from the next lemma and the Cauchy-Schwarz inequality,
using that

The decomposition in (30) is provided by the following lemma.

Lemma 4. There exist constants K > 0, A > 0 and § > 0 such that, given any
U =V, +¢¢€ FE with B
[7ell L2 + IV (eV)ll2 <6,

there exist p. € H'(R?,R) and w. € H'(R2,C) such that
UV = Vi) (e + w.)
on BY. Moreover, the functions p. and w. satisfy

lwell . rzy < K (IIV (VL2 + lImell2),

and B
IVeellp2mzy < K[[V(eV1)| 2

Proof. In the whole proof, the notation A < B, for any arbitrary non-negative
numbers A and B, means that A < K B for some universal constant K, whose exact
value is irrelevant for the argument. We denote by x(D) the cut-off in Fourier space
induced by the cut-off function x. Recall that x is radial, with x = 1 in B; and
x = 0 outside Bg, and that x(D)(f) := F1(x(&)F(f)(£)), so that x(D) only keeps
the small frequencies. For A > 1 and ¥ = V| + ¢, we decompose the function eV}
on Bf as

(1-x(D)) (V1)

[V ?

We let wo := (1 — x(D))(eV1)/[V1]* on B, and check using Lemma A.1 that

eVi =x(D)(eVr) + V|2

lwoll sy S 1V (EVA)] 2

14



We now aim to prove that, provided that A > 1 is large enough and 0 < § < 1 is
small enough, the function w := x(D)(eVy) + |V4|? satisfies |w| > 1/2 on B§. For
that purpose, we decompose

1—’w‘2 =1-— HV1’2+€V1‘2 — ‘(1—X(D))(6Vl) ‘2 + 2<(1—X(D))(€V1), |V1’2+€‘71>(C,
(31)
and we start by estimating these three terms in L?(B$). For the first one, we rewrite

1= |[ViP? + W] =1 [Val* = 2(e, Vi)l Val? = ViPPlel? = 1 = Vi |* + e VA,
and therefore,
— 2 —_
Hl - ‘|V1|2 +5V1| HLz(B/c\) <1- |Vl|4||L2(Bf\) + H776||L2(Bg) SAT 40

Here, we have used Lemma A.1 in order to estimate the decay with respect to A.
For the second term, we infer from the Sobolev embedding theorem that

[l = x|

Finally, since |[Vi|? +eVi| S 1+ [¥] < 1+ 0|2 and |n.|*/2 € L4(R?), we deduce
again from the Sobolev embedding theorem that the third term is controlled by

<1 = x (D) ()5 S IV (V)2 < 6% < 6.

L2

¢ = x(D) (V2), L2 + <Va) |

.
<@ = XD E| e + 10— XD | el
IVl (1+ ]l 22) < 6(1+06%) S o

Combining these estimates in (31), we deduce that

11— Jwl?llr2(sg) S A+

To obtain a uniform control rather than an L?-one, we rely on the Gagliardo-
Nirenberg type inequality

1
2 2\ || 2
D2 ()| 5

where the proportionality constant does not depend on A > 1, as it can be seen

by scaling from Bf{ and invoking a standard Sobolev extension theorem. Then we
bound

HD2(|W‘2)HL2(37\) S HDQwHLOO(BX)

1
1L = TP l] oo gy S M1 = Tl o

1= ol gy 10%0 ] oy + 1D a g

From Lemma A.1 and the fact that x(D)(¢Vi1) only has small frequencies, we also
have
ID* sy S A7+, (32)

with a constant depending only on k > 1. Combining the previous inequalities and
the Sobolev embedding theorem, we deduce

Hl - |w‘2HL°°(B/C\) SAT 4+

Therefore, we obtain |w| > 1/2 on Bf as claimed, provided that A > 0 is chosen
sufficiently large and § > 0 sufficiently small. Under these conditions, there exists a
function . € H(BS) such that

x(D)(eV1) + Vi =w= |X(D)(5I_/1) + |V1]2‘ elee,

15



We decompose x(D)(eV1) = |[Vi[* (e — 1) + |[V1[*w1, with

(IVi? 4+ x(D)(eV1)| — |Vi[?)e'?e = (lw| — |Vi[?)ei#=.

w1 ‘=

1
IV ? Vaf?

Since |w| > 1/2 on B§, we observe that ||w| - |V1|2} S Hw|2 - |V1|4‘ on B§, which
implies that

leorll 2y < 1l = VAP agagy S Iellze + V(W) g2
We next write

IVwillz2ag) S IV (wie™ )l 2(sg) + llwill poo(mg) I Vel 22 5)-

We first observe that

1 _

V(wie™) = VPV (e Jure ™ 4 g VX(D)(EV).

1
Vif?
For A > 1, we therefore obtain

Hv(wleiiwa)HLZ(Bf\) S leHLQ(BX) + ||VX(D) (8‘_/1)“[/2(BX)
SIVEVD)IILe + lInell 2

We also have
lwillzeeg) S 11— ‘WPHL‘”(B/C\) +151

Finally, since e?c = w/|w|, with |w| > 1/2 on B, we have

— H< D)(eWVy) + |V1| %), V(x(D)(eW1) + |V1|2)><c‘

L*(BR)
and the latter expression is controlled by
XDV 2 ) (1 + INDNER) | e g ) S IV (VD2
since 6 < 1. This leads to
Vw2 sy S IV (EVD) e + [1ne] 22
We define w, := wg + w1, which satisfies
lwell 1 sy S IVEVD) e + el 2

We check that, by construction, ¥V, = ]Vl\Q(ei“’6 + wg) on Bf. It suffices then to
extend w, and ¢, to R? using the Sobolev extension theorem in order to complete
the proof. O

4 Minimality - Proof of Proposition 2 completed

In the introduction, we have already mentioned that in order to prove Proposi-
tion 2, it suffices to show that the renormalized Ginzburg-Landau energy is non-
negative. For that purpose, we invoke results from [18| regarding the asymptotics
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of the Ginzburg-Landau energy for functions on a fixed bounded domain with fixed
boundary data.

Let (R,)nen be a sequence of positive numbers such that R, — +oo. Define
en = R, ! and let u,(x) := ¥(x/e,) on By. By scaling, we have

Vun* (1= [un[*)?
egrL (¥ :/ earL.. (un ::/ + )
/';Rn GL( ) Bl GL n( ) B1 ( 2 45721 )

and therefore we only need to show that

it [ (e, o) = can.. (4()) ) 20

Since the boundary data of u, on 0Bj is not fixed, we cannot invoke the results
of [18] directly. Instead, we choose the sequence (R;)nen so that u, has almost
minimal energy on 0Bj, and then perform an extension to a slightly larger domain
with a fixed boundary data. More precisely, since V(¥V;) and 1 — |¥|? both belong
to L?(R?), we may find a sequence (R, )nen such that R, — +oo and

| (VR - wp2) = o 7). (33

as n — +oo. For n sufficiently large, it follows that we may write

u, (eiG) _ ’Un(€i9)| ez’(9+¢n(0)) = pn(0) ez’(0+¢n(9))

on 0By, where

1— 212
+p +( Pn)

2m |00pn|2 2 ‘80¢n|2
/0 ( 2 n 2 48% ) d9 - 0(1)7 (34)

as n — +00. Let ¢, denote the mean of ¢, on 0B;. Fix § > 0 and consider the
extension

Uy, (T,eie) _ ()\(T’)pn(Q) +1— /\(ﬂ)ei(9+/\(7")¢n(9)+(1*>\(7"))¢_>n)
of u, for 1 < r <146, where \(r) := (1 4+ —r)/6. We deduce from (34) and

elementary computations that the function v, := e~ "nry,,, which is defined on Biys
and with fixed boundary data v, ((1+ 6)e) = € on 9By, satisfies

/ eGrL., (vn) < / eGrL., (un) + mlog(l +6) + o(1),
Bi4s By

as n — +oo. By [18, Corollaire 2| and the remark following it, we have

lim inf/ <€GL5n (vn) — eqrL., (V1 <>)> >0,
n—-+4o0o Biys En

and therefore

lim inf /81 (echn(un) — €GL., (Vl <€n)>> > —mlog(1 + ).

The conclusion follows letting § — 0. O
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5 Second order expansion - Proof of Lemma 2

First recall the decomposition in (14) of the energy

1
&) =191 - [ ViR - eP)

1
- / <V(Wl), (vffl il — XR)ZLVI)@ + L paw)
R2 ‘JZ|2 c 2
+ [ G- - - P,
RQ
We write ¥ = V) + ¢ € F and then expand the various terms in the previous
decomposition. Note that no use is made of the equation (1) satisfied by V; until
the very end of the argument. The qualitative properties of Vi in Lemma A.1l
associated to the embedding given by Lemma B.2 for € € H are sufficient to justify
all computations.
After elementary algebra and integration by parts, we obtain

1 1
Sl = SNl + [ (Tha+ (T,
R2

where

1 1
To := 5 V(VI)[* + 5 IVVAP - 1),

and
Tiq = —A(IVi) V1 — div((1 — [Vi[))VIQ).

Using that |Vi| and x g are radial functions, we also obtain
_ _ [L'J- _
. \I/V,( Vi 4i(1— Q—V)\p
L (V). (V4 i = ) )

T /Rz <V<EVI)’ (VV1 +il - XR)QICZQVI)E% + /R? (Top + (Tp, €)c),

where

1
Top = —§yV(|v1|2)\2 and Ty, := A(|Vi]*)Vi — div(|Vi VW) — V[V 2

Finally, recalling the definition 1. = —2(g, V4)¢ — |e|? in (18), we have
1 1
—5 VAP = [8) = Toe + (Tic,e)e + 5[ VWA Plef,

where

1
Toc = —§|VV1!2(1 ~il*) and Tic:=|[VViWh.

Similarly, we compute

(1= [P = (1= [)?) = (T, 2)e — 5 (0~ VPP + 372

o |

where

Ty = —(1 — |1 [H)W.
It is immediate that Ty, + Top + To. = 0, and we check that
Tia+ T + Tie + Tia = —AVL — (1 = [Vi)V1 = 0,
since Vi is a solution to (1). Lemma 2 then follows after summing the previous

identities. O
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6 Quadratic form - Proof of Proposition 5

In this section, we establish the coercivity properties of the quadratic form Qg as
stated in Proposition 5. In particular, we assume throughout this section that R > 1.
For € € H, recall that

Qr(e) := Qr(e) + 2Zgr(e)

where
Qr(e) :HeHiI — /RQ (1- V|2 — va2) le|?
1
_ _ T 25
_ 2/}1&2 <V(€V1), (vv1 +irm(l=xn) V1)5>C,
and

Tr(e) = /R2 X%Y<57V1><2C'

Combining the decay and regularity properties of Vi stated in Lemma A.1 with
the embeddings for the Hilbert space H in Lemma B.2, we can check that the
quadratic form Qg is well-defined and continuous on H. Moreover, its associated
self-adjoint operator is a compact perturbation of the identity on H.

In the course of the proof, we shall use multiple times the following elementary
consequence of the Fredholm theory.

Lemma 5. Let (X, ||-||x) be a real Hilbert space and Q be a real continuous quadratic
form on X. Assume that, for an inner product on X whose norm is equivalent to
the original one, @ is associated to a compact perturbation of the identity on X.
Assume also that Q(x) > 0 for all x € X \ {0}. Then there exists ko > 0 such that

Q(z) > rollz(%,
for any x € X.

The Hilbert space H is naturally decomposed into orthogonal Fourier sectors

through the formula ®
e(r,8) = Zej(r)ei(ij.
JEL
Elementary computations show that

i(G+1

nge )GHH ~ leslla;

with universal similarity constants independent of j € Z. Here, the Hilbert space
Hj is defined through the norm

[ell2, = /Om <|ef<r),z+( I (j+1)2)>]e(r)]2>rdr. (35)

1+7r2  r2(1+1r2

In this framework, the quadratic forms Qg and Zr may be decomposed as

Qn(e) = (@) + Qrylhy)). (36)
JEZ

and
1

Zr(e) = In(a0) + 5 D (IR(% +a—;) + Ir(b; - b,j)), (37)
=1

5The shift in the exponent is convenient for later symmetry purposes.
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where we have set €; =: a; + ib;, with a; and b; being real-valued functions. In the
previous identities, the quadratic forms Qg ; and Ig are given by

@) ::/ <|€/’2+ <% e —p%))|e|2>rdr,
0 r r
and -
Ir(e) 32/0 pixglel*rdr.

We now describe the coercivity properties of the quadratic forms Qg ; and Ig, as
well as of suitable combinations of them, beginning by Qg.o.

Lemma 6. The quadratic form Qg is independent of the number R and it satisfies

Qole) := Qrpole) = /0+<>° P%‘ (3)/

2
rdr > 0. (38)
P1

for any e € Hy.

Proof. By definition, the quadratic form Qg o does not depend on the number R.
Moreover, it follows from the Leibniz rule that

+oo 712 +oo /\2 /
/ pf’ (£> rdr = / (!e'|2 + 7(/)12) le|? — (’6‘2)I&>7’d7’.
0 1 0 P1 P1

Integrating by parts, we obtain

+o0 / +oo , 1t ’
—/ (|e|2)'ﬂ7“dr: / (p—1+&)|e|2rdr.
0 0

P1 pL  TP1

Indeed, the boundary terms vanish. This follows from Lemma A.1, as well as the
fact that a function e € Hy satisfies ¢(0) = 0 and has an at most logarithmic growth
at infinity. In particular, this latter property guarantees that |e(r)[?/r? = o(1) as
r — +oo. Identity (38) then follows from using the equation (77) for the function
p1- O

We next compare the quadratic forms Qg ; with Q.

Lemma 7. Let j € Z\ {—1} and e € H; C Hy. We have

Qr,j(e) > Qo(e) > 0.
More precisely, for j # —2, we have

+oo ;2
Qnile)=Que) = 3 [ ke rar (39)
while for j = —2,
+o0 2
Qrale) = Qo) =1 [ R0 =Sy v (40)

Proof. We compute
le|?

+oo
QRJ(e) — Qo(@) = /0 (]2 + 2j(1 — (1 — XR)Q)P%>?T'C[T7

which gives (40) for j = —2. For j > 0, the conclusion follows from the inequality
§2+2j(1—(1—xr)?)p? > j2 For j < —3, we instead write j2+25(1—(1—xr)?)p? >
4%+ 24, and then 52 + 25 > j2/3. ]
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As a consequence of the formula (38) for @y, we obtain the following coercivity
result for this quadratic form.

Corollary 1. There exists kg > 0 such that

Qole) +21n(e) = ro(Jlellf, + Inle) ).

for any e € Hy. Moreover, if e satisfies the orthogonality condition

+o0
| xwewmmyrar =o,
0
then we have
Qo(e) > rollell,-

Proof. We deduce from Lemma 6 that the quadratic form e — Qo(e) + Ii(e) is
positive definite. Moreover, it is as Qg associated to a compact perturbation of the
identity in Hy. Therefore, there exists some constant x > 0, independent of R, such
that

Qo(e) + Ir(e) > Qole) + Ni(e) > rlelF,,
so that
Qo(e) + 2Ir(e) > kllellzy, + Ir(e).

Similarly, the quadratic form e — Qp(e) + ( 0+°O x(r)e(r)p1(r)rdr)? is positive

definite and associated to a compact perturbation of the identity. The conclusion
follows for some suitable kg < min{x, 1}. O

Similarly, we derive from (38) and (39) the following coercivity result for the
quadratic forms Qg j, with j # —2,—-1,0.

Corollary 2. There exists kg > 0, independent of R, such that
Qryle) > rolell?,.
for any j € Z\ {—2,—-1,0} and any e € H;.

Proof. As for the proof of Corollary 1, the quadratic form e — Q0(€)+i fol p3lel? rdr
is positive definite. Moreover, it is as )y associated to a compact perturbation of
the identity in Hy. Therefore, we infer the existence of kg > 0 such that

1 1
Q) = rallelly, = 5 [ pileran (41)

for any e € Hy. Since H; C Hy for j # —1, the summation of (39) and (41) yields
the conclusion for j # —2, and for some possibly smaller value of kg, but that can
be chosen independently of j. O

We next consider the more tedious case j = —2.

Corollary 3. There exists kg > 0, independent of R, such that we have

Qra(e) + Qra(f) + Inle = ) = o (llelf, + 1/ I3, + Inle £ 1)),

for any e € Hy and f € H 5.
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Proof. We derive from Lemma 7 that
+o0o ﬁ +00 ) Qﬁ
Qr2(e) + Qr—2(f) > Qole) + Qo(f) + - rdr+ ; pi(1 = xr) 2 rdr.

Since 0 < p; < 1, we can split
+Oo’ ‘2 oo 2.2 |@’2 oo 2 2’ ‘2
/ — rdr>/ PIXR 5 rdr—i—/ p1(1 —xRr) rdr.
0 r 0 T 0 72

After summation of (42) with the inequality

+o0 9 o 9 o0 9 9
IR(ej:f) :/ p1XR|6:|:f‘ rdr > / P1XR 2 Td?“,
0 1

we obtain the estimate

+00 o2 2
Qr2(e)+Qr—2(f)+Ir(e£f) > Qo(e)+Qo(f)+é/1 P71 (u—kﬁ) rdr, (43)

using that e? + (e £ f)? > /2 + f2/3 and x% + (1 — xg)? > 1/2. The quadratic
form in the right-hand side of (43) is positive definite by Lemma 6 and independent
of R. It is associated to compact perturbations of the identity for norms that are
equivalent to the ones in Hy and H_». It follows that

Qra(e) + Qr2(f) + Inle % £) = n(llelfy, +1£1% ).

for some k > 0. We conclude by observing that

Qrae) + Qns() +Inle= ) > £ (Qrale) +Qns() +Inlex ) + S Inle+ 1),

by Lemma 7, and therefore choosing ko = min{x, 1}/2. O

We finally establish some coercivity for the quadratic forms (g +1 under suitable
orthogonality conditions.

Proposition 8. There exist kg > 0, Rg > 2 and C' > 0 such that, given any R > Ry
and any real-valued functions e € Hy and f € H_1 satisfying the orthogonality
conditions

“+oo
| (e ns - exn)rar=o, (44
0
we have
Qra(e) + Qr-1(f) + Ir(e £ f)
2R 2 2
> ol + 11, + Inte 2 1)) — € [ ar

Proof. We split the quantity Qr1(e) + Qr—1(f) + Ir(e £ f) as

Qit.(xre, XRS) + Qoo (1 — xR)e, (1 — xr)f) + Ri(e, f),

where
+ oo 12 /12 4 2 2 2 2 2 2
Qo) = [ (WP 1P+ g lul® = (1= ) (o (o) + g o)
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Qulwo) = [ (WP (g = (=od) (= (=) ) l?)

and
+oo
Ran(u,0) = [ 2( () (a1 =) + (o) (o1 = xa)) )

Hoo 4 2 2 2 2
[ 2w (Gl = (= D) (P o))

We now control each of the previous quantity separately.

Step 1. If u and v are supported outside of the interval [0, R], and Ry is larger
than some universal constant, then we deduce from the decay properties of 1 — p%
in Lemma A.1 that

400 1
Quoliw) = [ (W P10+ g (ul?+ o)) > o (el + ol (45)

Step 2. We next claim that there exists a universal constant C' > 0 such that

2R |, |2 2
Rr(u,v) > —C’/ |u|:;|v|rdr. (46)
R

for any w € Hy and any v € H_;. Concerning the second integral in the definition
of Rr(u,v) , this estimate follows from the fact that yr(1 — xg) is supported in
[R,2R] and from the decay properties of 1 — p? in Lemma A.1. For the first one, an
integration by parts provides

+o00 2R
/ Q(UXR)’(U(l —XR))/TdT:2/ XR(l—XR)|u'\2rdr
0 R

2R 20\
- / (20¢R)% + (en = 3" + M) [ul? r dr,
R

where the first term is non-negative and

C

(xe—x3)|_ C
= RQ)

r

’2(X/R)2 + (xr — xR)" +

pointwise on [R,2R]. The analogous inequality holds for v, and inequality (46)
therefore follows.

Step 3. We finally claim that, if w € H; and v € H_; are real-valued, compactly
supported, and satisfy the orthogonality condition

“+o00
/ v((w ) — @ o)) rdr =0, (47)
0 T
then

+oo
O (u,v) > Ho(HUHJqu ol + /0 Plut v|2rdr). (48)

In order to prove this claim, we first recall that it was proved in [10] that the
quantities Qic(u,v) are non-negative and vanish if and only if v + v = ¢p] and
uF v = —cpy/r for some constant ¢ € R. As a consequence, the quadratic forms

ot w0 = @ + [ x(ront -~ w0 2)rar)

r
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are positive definite on the Hilbert spaces G* associated to the norm

—+o00
2
s 0) s 1= e, + 0l + /0 PRlu =+ of? rdr.

The conclusion will follow from Lemma 5 if we can check that the quadratic forms
Qljgc are associated to a compact perturbation of the identity in G* for some equiv-
alent norm.

We choose the norm given by

2 oo 12 12 4 2 2
exs= :—/0 (10 + 1/ + 5l + Ju £ o] )rdr—A

We can readily check that |||(u,v)|||g+ < C||(u,v)|g+ for some universal constant
C > 0. The converse inequality requires some explanation, actually even the fact
that ||| - |||g+ defines a norm. For that purpose, computing the discriminant gives
the pointwise inequality

2 1\, 1 3y .
<ﬁ+§)|ul iuv+(§—ﬁ>\vl >0,

> Jul® + [vl?

r2

rdr.

for (u,v) # (0,0) and r > +/12. Therefore, we obtain

1
o[,

4 9 1,9 9 1 o9, 1, 9
ﬁ|u| +u £ vl —,,TQ(|U| +|U\)Z§|U| +§P1|Uiv| +272

for » > 4. On the other hand, there exists some universal constant C' > 0 such that
49 2 L4 o 2 2 2
S+ fut o = = (Slul+ o + pllu o),

when 0 < r < 4. Combining the previous estimates is enough to guarantee that
|| - |||g= is @ norm and is equivalent to || - [|g+. Next, we write
1

“+o0o
Qo) = [llwolliZ= = [ (2

4 +o0o
—/ (1—p%)(u2+v2)rdr—/ (1—p%)’u:|:v‘2rdr,
0 0

— (1= p8)) (Jul® + [v]2) 7 dr

and each of the three terms on the right-hand-side is compact in view of the decay
properties of p1. Finally, QiC—QiC is also compact as the square of a scalar product.

We are now in position to complete the proof of Proposition 8. We apply Step 3
to u = xge and v = ygf. Since xg = 1 on the interval [0, 2], the orthogonality
condition (44) implies the orthogonality condition (47). Therefore, we have

—+00

QF (xnesxf) no(HxReu%h T laflE .+ /0 apile £ f\Qrdr)- (49)

Next, we apply Step 1 with u = (1 — xg)e and v = (1 — xg)f so as to obtain

Qoo (1= xr)es (1= xm)f) = o ([|(1 = xmely, + [0 =xm)f |5 ). (50)
The summation of (49) and (50) combined with Step 2 yields the conclusion. O

We finally conclude the
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Proof of Proposition 5. In view of (6), we first note that the orthogonality conditions
in (20) translate into

“+oo
/ x{e,iVh)c = / xbop1 7 dr =0,
R2 0

1 [t
/ x(€,0:V1)c = / X((a1 +a_1)p| — (a1 — a—l)&> rdr =0,
R2 2 0 T

and

1 [T
/ x(e,0,Vi)c = —2/ X((bl —b_1)p) — (b1 + b_l)&> rdr =0.
R2 0 r

As a consequence, we can estimate the terms in (36) and (37) using Corollaries 1, 2
and 3, and Proposition 8 in order to obtain the lower bound

2 I e O et
Qnr(e) > ro( D llgjllsr, +Zr(e) ) - C e rdr,
R

: r?
JEZL

for some constant xg9 > 0 independent of R. Fix Ny > 1. By the pigeon-hole
principle, we can find Ry < R < 2No Ry such that

2 lea]? 4l 127080 gy 2 4 ey 2 2
i=-r ==-1 d < _ d < 7( 2 _ 2 )
[ e & [ R < (e el

We therefore choose Ny such that 2C' /Ny < k/2 and the conclusion follows with xg
replaced by kg /2. O

7 Modulation parameters - Proof of Proposi-
tion 7

The proof of Proposition 7 is classical (see e.g. [2] and the references therein). How-
ever, we have to handle with care the norm || - ||z since it is not left invariant by
translation. This is the reason why we provide the following detail.

The main ingredient is to apply the implicit function theorem to the map

=(w0.0) = ([ xeoie [ xeame [ xeivie). 61

The function ¥ in this expression belongs to H, the vector b is in R? and the number
¢ in R. As above, we have set ¢ = e ¥U(- + b) — V4. The map Z is well-defined
from H x R? x R to R? and it satisfies

Z(e¥Vi(- —b),b, ) = 0. (52)

Applying the implicit function theorem, we can expect to construct parameters
a(¥) € R? and ¢(¥) € R so as to guarantee the orthogonality conditions in (20)
for any function ¥ in a neighbourhood of any vortex solution e?V;(- — b). We first
perform this construction for the original vortex solution Vj.

Lemma 8. Set By, (r) :={¥ € H s.t. ||¥ —Vi||g <r} for anyr > 0. There eist
p > 0 and A > 0 such that the following statements hold. There exist two maps
b := (by,b2) € C1(By,(p),R?) and ¢ € C'(By,(p),R) such that, given any function
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U € By, (p), the pair (b,p) = (b(¥), p(¥)) is the unique solution in the product set
(=Ap, Ap)? of the equations

/ x(€,0:Vi)c = / x(€, 9 Vi)c = / x(e,iV1)c = 0,
R2 R2 R2
where ¢ = e P (- + b) — V4. Moreover, the maps b and ¢ satisfy
01(W2) = b1(W1)| + |b2(V2) — b2(V1)[ + |o(W2) — o(¥1)| < A[[Wy — Wilm, (53)

for any functions (U1, V) € By, (p).

Proof. Since the map = is continuously differentiable from H x R? x R to R?, we
can compute

VoE(P, b, ) = (/ x<ewV‘1’(~+b),6xV1>c,/ X(e¥VE(- +0),9,Vi)e,
R2 R2 (54)

/ X(eTPVU(-+ b)>iV1>(C)>
RQ
and

0,2(0, b, ) = —(/ X(ie_i“"\ll(-+b),6mvl)<c,/ e #U(- 4 b),8,Vi)e,
R2 R2 (55)

/ e (- +b), ¢V1>C>.
RQ
Since

/ (0aV2. 0, Vi) = / (Vi B, Vi)e = /
R2 R2

- x(iV1, 0, Vi)c = 0,

we deduce from the previous formulae that the differential

fRz X|8xvl|2 0 0
dbl,b2:¢E(V17 0, 0) = 0 f]R? Xlayvl‘Q 0 ) (56)
0 0 Jr2 xIV1[?

is a continuous isomorphism from R? x R to R3. In view of (52), we infer from the
implicit function theorem the existence of some p > 0, of an open neighbourhood U
of (V1,0,0) in H xR3 and of two functions b € C'(By, (p), R?) and ¢ € C}(By, (p),R)
such that, for any datum (¥,b, p) € U, the equation =(V¥, b, ) = 0 owns a unique
solution given by (b, ¢) = (b(V),p(¥)). By continuous differentiability of the map
v := (b, p), we can decrease the value of p such that the operator norm ||dy(¥)|| of the
differentials dy (V) is less than A := 1+ ||dvy(V1)|| on the ball By, (p). Inequality (53)
then follows from the mean value inequality. In turn, we infer from (53) that the
map 7 is valued into the ball By, and we can decrease the value of p, if necessary,
so as to replace the open subset U by the product set By, (p) x Ba,. This ends the
proof of Lemma 8. 0

We now extend the previous construction to the neighbourhood of any fixed
vortex solution €’”Vj(- — a) by using the translation and phase invariances.

Corollary 4. For a € R? and ¢ € R, consider the balls By (r) = {\II €
H s.t. |le®¥(-+a) = Vi|lg <r} for anyr >0, and set

bag() = a+b(e (- +a)) and us(¥) = a+ p(e PP(- + a)),

26



for any function 1 € B(q4)(p). Given any function ¥ € B, 4)(p), the pair (b, ¢) =
(ba,(¥), 0a,6(¥)) is the unique solution in the product set (a1 —Ap, a1+ Ap) x (a2 —
Ap,as + Ap) x (6 — Ap, ¢ + Ap) of the equations

[ xearie= [ xeavie= [ xeivie=o
R2 R2 R2
where e = e~ W (- 4+ b) — V4. Moreover, the maps ba s and pa ¢ satisfy

|[ba,p]1(2) = [bapl1(P1)] + |[ba,g)2(¥2) = [bagl2(¥1)] + [0a,6(¥2) = ap(P1)|
<A[[Ws(- +a) — Vi(-+a)|

for any functions (¥1, ¥s) € By, ¢) (p)?.

Proof. Corollary 4 is a direct consequence of Lemma 8 once we have observed that
the map (U,b,¢) — (e7@W(- + a),b — a,p — ¢) is a bijection from the product
set B(a,qﬁ)(p) X (al - Apv a1 + Ap) X (a2 - Apv az + Ap) X ((]5 - Ap7¢ + Ap) onto
By, (p) x (=Ap, Ap)®. O

The next step in the proof of Proposition 7 is to extend the previous construc-
tion to a neighbourhood of the orbit of Vj of the form V(«). By definition, this
neighbourhood is equal to

V(Oé) = (a,¢L)JeR3B(a’¢)(a).

For o < p, the existence of modulation parameters so that the orthogonality condi-
tions in (20) are satisfied results from Corollary 4. In order to complete the proof of
Proposition 7, it essentially remains to establish that the choice of these parameters
can be made in a continuously differentiable way.

In this direction, the main difficulty is to prevent the possibility that a function
¥ € V(p) belongs to two balls B4, 4,)(p) and B, ,)(p) for points a; and az at a
large distance from one another. In this case, the translation parameter a can be
chosen either close to a; or to ag in view of (53). Hence it is not so direct to find a
continuously differentiable choice for this parameter.

In order to by-pass this difficulty, we first show the following lemma.

Lemma 9. There exist ag > 0 and Ry > 0 such that, if
B(a17¢1)(a0) N B(a2,¢2)(a0) 7é Q),
for points (a1,as) € RY and numbers (¢1, ¢2) € R?, then
]al — CL2| S Ro.

Proof. Let a > 0 and consider a function ¥ € By, 4,)(a) N Byg, ¢,)(a) for two
points a1 and ag, and two numbers ¢; and ¢9. By definition, this function first
satisfies

/RQ (1—|V1|2)‘V(\I/(-+a1)—ei‘mVl)‘Q <’ (57)

In view of Lemma A.1, the integral

b= Wil = [ (SR - ),
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is finite and positive. Moreover, we can find R > 0 such that

_31L

[ (vmPP+ a-mplvif) = 2. (58)
B 32
Hence we infer from (57) and the inequality (o — 3)? > o?/2 — 3? that
311
| =PIl = 25t -l
B 32
Since p1 = V1] < 1, we are led to
311
/ Vo’ > 22 a2, (59)
Br(a1) 64

Here we have set, as in the sequel, B,(a) = {x € R? s.t.|]x — a| < 7} for any r > 0
and any a € R?.
Similarly, we know that

/.
/BR(az)c

Assuming that |az — a1| > 2R, we obtain

1 I

s oo P 2w at) o [ PR -
BR(al) BR(al)

At this stage, we can increase, if necessary, the value of the number R such that

|Vi(z)|? > 1/2 for |x| > R. In this case, we obtain

2 g(h 2 o2
/BR(al) ‘V\m S8(32 ta ) +4/B V| ‘vvl( GQ)‘ .

r(a1)

V(Vi(T(- + az) — €9°17)) )2 <a? (60)

so that, by (58),

V(Vi( — az)\p)‘Q < 2(3% +a?).

In view of the existence of a universal constant C' > 0 such that |VVj(z)]? <
C/(1 + |z|?), we next have

VU <8l—=+a" )+ Ple,
/BR(lll) ‘ | (32 ) 14+ (|CL2 - (11| — R)2 Bpg(a1) | |

Going to the proof of Lemma B.2, we next find Kr > 0, depending only on R, such
that

0 < Krl| 9]}, < 2KR([|0 - (- a)f, + 1),
Br(a al al

for any number ¢ € R. Hence we are led to

/BR(al) vl < 8(?% +a?) 4 + (Iagg(iliﬁ — R)? (®+1) o)
Combining (59) and (61) next gives
% —a?< 8(?% + 042> + g <‘a28€[2f’ mynE <a2 + 1'1)’
and we can choose o = g := /11 /64 in order to obtain
lag —a1] < R+ 10\/071(3.
The conclusion follows for Ry = max{2R, R + 10/CKRg}. O
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We next refine the bound in Lemma 9 for o small.

Lemma 10. Let o > 0. There exists v > 0 such that, if
B(a1,¢1)(y) n B(a2,¢2)(V) 7& Q)v

for points (a1,az) € R* and numbers (¢1, ¢2) € R?, then
|a2 - a1’ + }ew? - ei‘m‘ < p.

Proof. We argue by contradiction assuming that the statement in Lemma 10 is
wrong. In this case, we can find p > 0, as well as sequences (an)nen, (bn)nen,

(‘bn)neN and (Son)neN such that

Bay ¢n) (zin) N B, on) (zin) # 0, (62)

and . '
‘bn - an‘ + ‘eupn - eld)n{ 2 , (63)
for any n € N. Up to a subsequence, there exist two numbers ¢ and ¢o such that

eiPn _y oi®  and  en ei‘p‘x’, (64)

as n — +oo. For n large enough, we also infer from (62) that the difference a,, — by,
is bounded by the number Ry in Lemma 9. Up to a further subsequence, we can
assume the existence of a point ds € R? such that

by — ap — doo, (65)
as n — +00. Since the norm |do| is positive by (63), it follows that
b — an| < 2|d|, (66)

for n large enough.

Consider next a sequence of functions W, in By,, 4,)(1/2") N B, ,,)(1/2").
Going back to the proof of Lemma B.2, we can find C' > 0, depending only on |d|,
such that

i 2 i 2 C
/B (‘6 wanjn(‘kan)*‘/l’ ‘I"e upn\l’n(%’bn)*‘/l} ) §277
3|doo]

for any n € N. In view of (66), we observe that
‘2

B3jdo |

/ ‘ei(¢n*¢n)v1(. — bn -+ an) — Vl}z < 2/ }eiid)nlpn(‘ + an) - Vl
Blag|

2

)

+ 2/ =m0 (- + @) = VA(- — by + )
B3|doo| (bn—an)

so that

A 4C
/ ‘ez((pn_¢n)vl(._bn+an)_‘/1’2 < o
B

ldoo|

Combining with (64)and (65), we are led to
/ |6i(¢2_¢1)‘/1(‘ _ doo) o ‘/1‘2 — 0,
Bldoo|

in the limit n — +o00. We conclude that ¢ #2=¢UV; (- — d,.) = V; on the ball Big..|-
Since the function V; only vanishes at the origin, we infer that do, = 0, and then
¢'2 = %1, This is a contradiction with the inequality |deo| + 7?2 — €1| > p, that
follows from (63) in the limit n — +o00. This completes the proof of Lemma 10. O
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We are now in position to conclude the

Proof of Proposition 7. Without loss of generality, we can assume that the numbers
p and A in Lemma 8 and Corollary 4 satisfy pA < 1. We consider the number v
provided by Lemma 10 for p = pA/8 and we set v := min{p/2, v}.

Given a function ¥ € V(a), we can find a point a and a number ¢ such that ¥
belongs to the ball B, 4)(). Since a < p, we infer from Corollary 4 the existence
of a point a(¥) = by 4(¥) € R? and of a number p(¥) = ¢, 4(¥) € R such that the
orthogonality conditions in (20) are satisfied. We claim that the value of a(¥) does
not depend on the choice of a and ¢. The number ¢(¥) is also independent of this
choice, but modulo 27.

Assume indeed that the function ¥ is in By, g)(a) for another point b € R? and
another number ¥ € R. The intersection B, 4)(v) N By 9)(v) is then not empty, so
that by Lemma 10,

‘b—a‘%—‘ew—eid" <u:%. (67)
Recall here that |e® — 1| = 2|sin(t/2)| > 2|t|/7 when t € [~ 7|. Hence, there exists
an integer k € Z such that
mu  pA
PR
On the other hand, we also infer from Corollary 4 that

0 + 21k — ¢| < (68)

a1 () — o + [aa(0) — as] + (%) — 6] < A (- +a) ~ Vi +a—a) |y < .

Combining with (67) and (68), we obtain

a1 (W) = b1| + |ag(¥) — bo| + |@(¥) — 9 — 27k| < Ap.
Since Z(V, a(¥), p(¥) + 2km) = 0, we deduce from Corollary 4 that a(V) = by »(¥)
and (V) = ¢p (V) + 2kn. In conclusion, the choice of a(¥) and ¢(¥) (modulo
2m) does not depend on the choice of a and ¢ such that ¥ € B, 4)(«). Therefore,

the maps a and ¢ are well-defined from V(a) with values in R? x R/27Z. They are
continuous differentiable on V(«) due to the continuous differentiability of the maps

by, and @g 4.

We now turn to the proof of (23). When ||e”™¥(- 4 b) — Vi||,; < a, we have
a(V) = byy(¥) and p(¥) = @p (V). As a consequence of Corollary 4, we first
obtain '

|a(T) — b + |p(T) — 9| < V2A|e ™ T(- +b) — Vi u. (69)
On the other hand, we know that
lellyr = le™™ @ + a(w)) = Vil
Since |a(¥) — b] < V2Aa < 1/v/2 by (69), we can invoke the uniform boundedness
of the translation operators in Lemma B.3 in order to find C' > 0 such that
e]| ;; < Clle™™ V(- +b) — Vi (- — a(®) + )| -

In particular, we obtain
el < (e W 4+8) = Vally + 0= 1| VAl s+ Vi~ (= a(@) +8)], ).
Again since |a(¥) — b < 1/4/2 by (69), we can infer from Lemma B.4 the existence
of a further C' > 0 such that

lell;p < ([l 9 +8) = Vil + 9 (®) = 9|IValli + [a(®) = 1]).

Estimate (23) then follows from (69). This completes the proof of Proposition 7. 0O
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8 Evolution of the modulation parameters - Pr-
oof of Proposition 4

Let 7 > 0 to be fixed later. Under the assumption dg(V;, ¥g) < 7, we can go back
to the proofs of Theorems 1 and 2 in order to check that the solution W; lies in a set
V(o) for any t € R. Here, the numbers a; tend to 0 when 7 — 0. In particular, we
can apply Proposition 7 for 7 small enough. This provides modulation parameters
a(t) := a(¥;) € R? and ¢(t) := ¢(¥;) € R/27Z that satisfy all the statements in
Proposition 7.

Recall here that the solution W lies in C(R, ¥+ H*(R?)) by Proposition 3. Going
back to the proof of Lemma B.1, we check that it remains continuous with values
in the Hilbert space H. As a consequence of Proposition 7, the previous maps a
and ¢ are also continuous from R to R?, respectively R/27Z. Up to the choice of
a constant in 277Z, we can therefore reduce the map ¢ to a continuous real-valued
function.

In order to prove the continuous differentiability of a and ¢, we rely on the
decomposition of any function in E given by Lemma B.8. We first assume that the
initial datum Wy takes the form Uy +wg, with Uy € U and wy € H3(R?). In this case,
the corresponding solution ¥ belongs to C°(R, Uy + H3(R?)) by Proposition C.1. In
view of (3), it is also in C1(R, Uy + H3(R?)), so in C}(R, H) by Lemma B.1. In view
of Proposition 7, the functions a and ¢ are then in C*(R, R?), respectively C*(R, R).
In order to extend this property to all initial data in E, we now compute the time
derivatives o’ and ¢’ by differentiating the orthogonality conditions in (20). We will
eventually rely on these computations and a standard density argument in order to
complete the proof of Proposition 4.

Before going into to the computations of the derivatives a’ and ¢’, we deduce from
the previous smoothness properties of the maps a and (¢, as well as of the solution ¥,
and from equations (1) and (3) that the function e(z, t) := e~ O W (z+a(t), t)— Vi (z)
in (22) satisfies

0 + Ae + (1 — |V1|2)5—i—17€ (Vi+e)—¢'(t)(Vi+e) —id'(t)- (VV1+ Ve) =0, (70)

where 7. = 1 —|Vi +¢|? — (1 — |V1]?), as before. With this equation at hand, we can
differentiate the three orthogonality conditions in (20) in order to obtain the system

a (t)
M(t) | ah(t) | = Fo(t). (71)
¢'(1)

Since

/ (V1 0, Vi) = / ViVL, DV = /
R2 R2

R2 X<Z‘/17 ayV1>(C = 07

the matrix M. in this formula is given by

fRz X<8wV17 (9m€><c fRQ X<amvla 8y5>(c fRz X(iamvla 5>(C
M = Mo+ fRz X<ay‘/la 8x5>(C fRQ X<8yV17 ay€>(C fR2 X<i8y‘/17 5>C y (72)
Jre X(V1,idee)e  Jpe x(V1,i0ye)c Jpe x(Vi,€)c

with
Jre x|0=VA)? 0 0
My = 0 Jrz x10, V1|2 0 ) (73)
0 0 fR2 X|V1|2
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Similarly, the right-hand side F; is equal to

fR2 ( 1 - |V1| )<iaocvl’5>(c + 77&<i8xV1;V1 + 5 (C) <Z (X3IV1)7V6>(C
Fe = ng ( 1 - |V1’ Wiy V1, €)c + ne(idy V1, Vi + ¢ c) (A% (Xa Vl),Va“)C

Jee (X((U= VAP)(Vi, €)c +0(Vi, Vi €)c) = (V(xV2), Vebe)
(74)
At this stage, recall the existence of a constant A > 0 such that

leC D]l < Aar,

by (23). Combining the definition of the norm || - ||z, Lemma B.2 and the fact
that the function yx is smooth and compactly supported, we deduce from (72) the
existence of C' > 0 such that

[Me(t) = Mo|| < Car. (75)

Hence we can choose the value of 7 small enough, so that the matrix M. is invertible
and its operator norm is less than a number C' > 0 (depending only on ).
Since 1. = —2(g, Vi)c — |¢|?, we can similarly invoke the definition of the norm
I -l 77, Lemma B.2, the fact that the function x is smooth and compactly supported,
as well as the Sobolev embedding theorem, in order to control the right-hand side
Fe by
Fo ()] < ClleC D)l (76)

for a further choice of the constant C. In view of (71) and (75), we obtain

o' ()] + 1" (0)] < Clle(, )] -

Estimate (5) then follows from the proofs of Theorems 1 and 2.

We are now in position to complete the proof of Proposition 4 by a density
argument. Consider an arbitrary initial datum ¥Y € £(R) and the corresponding
decomposition ¥y = Uy + wg provided by Lemma B.8. We can find a sequence
of functions wf in H3(R) that tend to wy in H*(R?) as n — +o00. Moreover, the
corresponding maps a, and ¢, are in C'(R,R?), respectively C*(R,R), and their
time derivatives are given by (71).

Recall here that the Gross-Pitaevskii flow is globally continuous with respect to
the initial datum in Uy + H'(R) by Proposition C.1. Going back to the proof of
Lemma B.1, we observe that the flow map Wy — (-, ) remains continuous from
Uo+H(R) to C°([~T,T), H) for any T > 0. In view of Proposition 7, we first deduce
that the maps a, and ¢, converge in C*([-T, T], R?), respectively C°([-T,T], R), to
the maps a and ¢ corresponding to the initial datum ¥y. We also deduce that the
function ¢ in (22) also depends continuously in C°([~T,T], H) on the initial datum
in Uy + HY(R). Going back to the proofs of (75) and (76), it follows that the time
derivatives a!, and ¢/, are convergent in C([—T,T], R?), respectively C°([-T,T], R).
This is enough to guarantee the continuously differentiability of the maps a and
¢, and that their time derivatives @’ and ¢’ satisfy (71) in the limit n — +oo.
Reproducing the proofs of (75) and (76), we obtain (5) as before. This completes
the proof of Proposition 4. O

A Properties of the vortex solution

Recall that the vortex solution V; takes the special form Vi(z) = p1(r)e? for any
point @ = (rcos(#),rsin(f)) € R2. Several properties of its profile p; are useful in
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the course of our proofs. For the sake of completeness, we have collected them in the
next lemma, as well as their consequences on the algebraic decay rate of the lower
order derivatives of V.

Lemma A.1. (i) There exists a unique solution py : [0,00) — R to the ordinary
differential equation

)+ A0 ) ) (1= g (r9?) =0, )

with p1(0) = 0, and p1(r) — 1 as r — +oo. The function p; is smooth, increasing

and it satisfies
3

p1(r) = Ay (7‘ - % + O(r5)) as T — 0,

with A1 = p}(0) > 0.
(1i) Moreover, the function py satisfies the asymptotics

1 9 1
- 1 92 gpd <7>7
pi(r) 2r2  8rd +0 76
as well as
1 9 1 3 45
/ /!
pl(r):r73+2r5+o<r77)’ pl(r):_rj_%@

i the limit 1 — +o0o. In particular, we have

1 12
+O<T—8) and p’l”(r)wﬁ,

1 2 1
1—P1(7")2:72+74+O(76)7

as r — 400.
(1i1) As a consequence, there exists a universal constant C > 0 such that

[VVi(2)] <

1+ |z
for any = € R2.

Proof. Statement (i) is proved in [6, 13]. Statement (ii) is given in [6, Theorem
3.4], except the expansion of the function 1 — p? that is a direct consequence of
the one for p1, and the asymptotics for the third derivative p{” that is obtained by
differentiating (77).

Since the vortex solution V; is smooth on R?, the proof of Statement (i) reduces
to quantify the algebraic decay of the lower order derivatives of V. Going back
to (6), a direct computation provides the existence of a universal number such that

v <oz + 2D 2y < o (1) + Az elzhy
[VWi(@)| < (1)) VA (a)| (o))

|z || |2

and

i) < ¢ (lgy (ab] + AT o ATED 20D,

for any 2 € R%. The bounds in Statement (iii) then follow from Statement (i7).
This concludes the proof of Lemma A.1. O

B Properties of the function spaces

In this appendix, we gather some properties related to the Hilbert space H and the
metric space F that are useful in the course of our proofs.
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B.1 Properties of the Hilbert space H

Recall that the vector space H is defined as
H = {1/1 € L2 (R?) s.t. V(¥1h) € LA(R?) and (1 — [Vi|?)% Ve € LQ(RQ)},

and that it is naturally endowed with the scalar product

()= [ | ((96178), P aTle + (1= P)(Tor, Vi),

Concerning its topological properties, we show

Lemma B.1. The vector space H is a Hilbert space for the scalar product (-,-)p.
Moreover,
H'(R*) C H.

Proof. Consider a Cauchy sequence (¢, )nen of H. Fix R > 0 and denote by

1
77TR2 Bgr

mg(f) £

the average mean of a locally integrable function f on the ball Bg. As a conse-
quence of the Poincaré-Wirtinger inequality, the sequences (¢, Vi — mg(¥nV1))nen
and (1, — mpg(¢¥n))nen are Cauchy sequences, therefore convergent sequences, in
L?(Bg). Hence, the sequence (mp(1n)Vi —mpg(¥nV1))nen is also convergent in this
space. Taking the scalar product in L?(Bg) with the function Vi, we deduce that
(mR(¥n))nen is a convergent sequence, so that (1,,)nen is convergent in L2(Bpg),
and more generally in L2 (R?).

Let us denote by 1 its limit. Going back to the definition of a Cauchy se-
quence in H, we know that the sequences (V (1, V1))nen and ((1— V1|22V ) nen
are convergent in L?(R?). Testing them in front of smooth compactly supported
functions and taking the limit n — 400 in the sense of distributions, we check that
their limits in L?(R?) are equal to V(oo V1), respectively (1 — |V;]?)/2Vhs. Hence
the function 1o, lies in H and it is the limit of the Cauchy sequence (1, )pen in this
space.

When ¢ € H*(R?), we also have

V(y¥h) = VY + Vi € L*(R?),

since Vi and VV) are bounded functions. For the same reason, the function (1 —
[V1[2)1/2V4) is in L?(R?). This proves that 1 belongs to H and concludes the proof
of Lemma B.1. O

A drawback of the previous definition for the Hilbert space H lies in the property
that its canonical norm |[|¢|| g does not provide any direct control on the function
under consideration, but only on its gradient. In order to recover such a control, we
next establish that the Hilbert space H compactly embeds into suitable weighted
Lebesgue spaces. As a consequence of this result, we especially gain a local control
on the functions in H that turns out to be very useful in our proofs.

Lemma B.2. Let s > 1. The Hilbert space H continuously embeds into the weighted
Lebesgue space

o _ ¥ (@)
12 (R?) = {w € L3 (R?) st ]2, = /}R2 Axapy < oo}.

Moreover this embedding is compact.
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Proof. Let ¢ € H. In view of Lemma A.1, there exists a universal constant K > 0
such that

/W\QSK VL 2.
B2 BQ

Since V1V = V(V1¢) — V1V, we obtain

/32 )2 < 2[(/]32 (‘v(vﬂ/))’? n \V1\2!V1M2).

Invoking once again Lemma A.1, we can find a further universal constant K > 0
such that

[Pk [ (WGP + - MPITUR) < Klvlh.  (79)
Bs Ba

In particular, there exists a universal constant K > 0 such that

Vi)l e @2y + Vil 2y < Kol llar- (79)
Let us now show the existence of K > 0, depending only on s, such that

|f ($)|2 2 2
L s e < K9 g + 11 ) (50)
for any function f € H'(R?). Consider, as previously, a smooth, decreasing cut-off
function y : Ry — [0, 1] that satisfies x = 1 on [0,1] and x = 0 for r > 2. We first
show the existence of Ky > 0 such that

/ IO (1 v(fal)) do < Ko (19 11y + 1 25) (81)
i x(|z])) dr < K L2(R2?) L2(B2)/*

9 ‘ZE‘|25

Indeed, we can combine the use of polar coordinates and an integration by parts in
order to compute

|f (@) 1 e 21 ()
/R2 FE (1= x(|z])) dz = 2(3—1)/0 /0 300 (|F2(1 = x(r)) dr db.

We deduce that
)2
[ 0 ety s
R

5 |:II’25

1 S@F oo @UTF@] L 0oy
< /RQ( MR (1= x(|2]))) da.

2(s = 1) Jro o T o

Estimate (81) then follows from the Cauchy-Schwarz inequality that provides

@INVF@] L0 I@P 3 ey de )
[ ey do < ([ O @ xqetyae) 195l

’33|28

when 4s — 2 > 2s. In turn, estimate (80) follows from checking that

z)|? 2
[ e < K (1 s+ [ 0= x(ie) ).

for a further K > 0. In view of (79), we finally deduce from (80) for f = V41 and
from (78) that the space H continuously embeds into L? ,(R?). Let us now show
that this embedding is compact.
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Consider a bounded sequence (¢, )nen of H. Given any R > 0, it follows from
the previous embedding that this sequence is also bounded in H!(Bg). Invoking the
Rellich-Kondrachov theorem and performing a diagonal argument, we can construct
a function ¢ € Hl _(R?) such that, up to a subsequence,

[n = PllL2(Bg) — 0, (82)

when n — +o0, for any R > 0. By weak convergence, the function v also belongs
to H. In particular, since (1 + s)/2 > 1 for s > 1, we can invoke the previous
continuous embedding in order to find A > 0 such that

[l W,
w (1+]a2) 5 e (14 o)

for any n € N. Now, take any § > 0, and let us conclude the proof of the compactness
by showing the existence of a number Ns € N such that

[Yula) — ()
fo e <h (%)

for any n > Ns. Indeed, we have

[¥n(2) — v(x)l” 2 @)+ (@) _ 24
dz < — dr < =2
/R?\BR S /R2\BR A+ep® T RE

for any R > 0. Since (s —1)/2 > 0, we can choose Ry such that 2A/R((5$_1)/2 <0/2.
Furthermore, we compute

[Yn() — 0@ 2
/BR6 L) d g/BRélwn e

Hence, we deduce from (82) the existence of an integer Ny such that

0
/ |¢n—¢‘2 S 57
BR&

for any n > Nj. This concludes the proof of (83) and of Lemma B.2. O

Another crucial property of the Hilbert space H lies in the fact that it is left
invariant by translations and phase shifts. More precisely, we can show the following
estimates for these two classes of operations.

Lemma B.3. Let d € R? and ¥ € R. Given any function v € H, the functions
e~y and U(- 4+ d) also belong to H. Moreover,

le™ g = ¥l

and there exists C(|d|) > 0, depending continuously on the norm |d| in Ry, such
that

[+ D)7 < CUdD[4]] -
Proof. Let ¢ € H. By definition, we have

le™ g = 141l
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so that the function e~ is also in H. Similarly, we will prove that the function
(- + d) belongs to H by bounding the quantity

o+l = [ (906 + (0= Vit - ) [vu]*) = 100)

In this direction, we will split the integral I(v) as I(v)) = I1(¢) + L(v) + I3(1),

where

L) = /B V(TA( - )
|d|+1

L) = / V(T — dy)?

C
By 41
and

W) = [ 1=i¢ =)o

Concerning the integral I;(v), we check that

B <2 [ (IVAC - P + G- DF1TuP)
|d|+1

1
AWl [ P+ s [ G- PIVeE
ld]+1

Bjaj41

In view of the proof of Lemma B.2, there exists a positive number C(|d|), depending
continuously on |d| in Ry, such that

/ 2 < )l

Big)41

so that
1

ST LS (84)

In order to estimate the integral I5(1)), we use the property that the function V;
only vanishes at the origin. We obtain

)= [ (A D)

1) < (200d)VVA= +

By 41
Vl(' — d) 2 21,112 |V1( |
<2 ’V —_ ’ Vi ——— V(W
<2 [ (WD) e+ ME= wmep
ld]+1
The second term in the last integral of the previous inequality is bounded by
Vil —d)P
——— |V (W < —————= 85
/Blcdle Vi|? | } (\d| + 1)2HwHH (85)

Concerning the first term, we compute

v (M=) = FEMTVC =0 = Vit - vl

so that by (6), we obtain

xr — 2
P (UE D) <o T e 0+
przx—d)z-(z—d)
pi(z)|z||z —d|
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We check that
1 < |d| + 1

o —d = x|
when |z| > |d| + 1. In view of Lemma A.1, we deduce that

View—d)y2 _ ldP0dl 12 (d)+ 1) i
MY ()l <+ o * g o) 9

for some C > 0, not depending on d. Going back to the proof of Lemma B.2, we
infer the existence of a further C(|d|) > 0, depending continuously on |d| in Ry,
such that

[ (=D P < call, 87)

C
Blaj1

Similarly, we bound the integral I5(¢)) by

Ay TR

When |z| < |d| + 1, we observe that

‘1—\V1(x—d)]2‘ 1
1L—Vi@)P? |7 1—=pu(ld +1)*
On the other hand, we deduce from Lemma A.1 the existence of C' > 0, not depend-
ing on d, such that
1 - [Vi(z —d)]?
1—|Vi(z)?

|z
jz —d|* ~

|d|”
|z —df?

‘<o 20(1+ )§2C(1+Idl2)7

for |x] > 1+ |d|. As a consequence, we obtain

1
1—pa(ld]+1)*

I5(®) gmax{ 2(3’(1+\d\2)}H¢}|§{.

The conclusion then follows from (84), (85) and (87). O

Concerning translation, we can refine the estimate in Lemma B.3 in the special
case of the vortex solution Vi. In the next lemma, we establish some local Lipschitz
continuity of the function Vi (- +d) with respect to the translation parameter d. This
property is useful in the previous construction of the modulation parameters.

Lemma B.4. Let d € R?. There exists C(|d|) > 0, depending continuously on the
norm |d| in Ry, such that

Vit +d) = Vil < C(ldl) |d.

Proof. By definition, we have
HVI +d HH /]R? ‘?Vl(x,d)dz‘ = IV1(d)¢

where

Oy, (z,d) == |[V(Vi(2)(Vi(z+d) = Vi(2) "+ (1 = Vi(@)P) |V (Vi (z + d) — Vi())|?

)
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for any pair (z,d) € R? x R2. The proof is then based on the property that the
integral Iy, is of class C? on R?, with Iy, (0) = 0 and VI, (0) = 0. In this case, we
can apply the Taylor formula in order to obtain

IVi(- +d) — i[5, < M(|d])d)?,

with M(|d]) := max;>|q |d? Iy, ()| being continuous with respect to |d|. It is then
enough to take the square root of this inequality in order to complete the proof of
Lemma B.4.

Hence, we are reduced to check the second order continuous differentiability of the
integral Iy, by applying the dominated convergence theorem. In view of Lemma A.1,
the function ®y, is smooth on R? x R?, with

04, Py, (x,d) ::2<V(V1(V1(x + d) —Vi(2))), V(Vi(2)0z,Vi(z + d)) )

(88)
+2(1 = [Vi(@) PV (Vi(z + d) = Vi(2)), 02, VVi(z + d)) s

and
04,04, Pv; (x,d) :=2(V (V10y; Vi(z + d)), V (Vi(2)02, Vi (x + d)) )
+2V(Vi(Vi(z + d) = Vi(2))), V (Vi ()0, 02, Vi (2 + d)) ) o
+2(1 — [Vi(2)){(8s, VVA(z + d), 85, VVi (2 + d) ).
+2(1 = Vi(@) PV (Vi(z + d) — Vi()), 02,00, VVi(2 + d) ),
(89)

for 1 <i4,j <2 and (z,d) € R? x R% Recall that

1 <|d\+1
|l +d = |z

)

when |z| > |d|41. In view of Lemma A.1, this inequality is enough to find C'(|d|) > 0
depending continuously on |d| in Ry, such that

Vi(z +d)| + (1 + |z])|[VVi(z + d)|
+ (L+ [z} |d*Vi(z + d)| + (1 + [2)|d*Vi(z + )| < C(|d)).
We then infer from (88) and (89) the bounds

C(ld))

‘ad (I)Vl x, d ‘—i— l—i-\x] }801 6d (I)Vl(x d)‘ TW,

Arguing as for the proof of (86), we also obtain the refined bound

c(ld)

14 [zt

}@Vl(x,d)l <

Applying the dominated convergence theorem with d lying in bounded subsets of R?,
we conclude that the integral Iy, is of class C* on R%. The facts that Iy, (0) = 0 and
V1, (0) = 0 follows from the identities ®y, (x,0) = 94, Py, (x,0) = 0y, Py; (2,0) =0
for any & € R?. This completes the proof of Lemma B.4. O
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B.2 Properties of the metric space FE

We now turn to the energy set
E={yeHst 1-[p” € L*(R?)},
that we have endowed with the distance

de(1,12) = |1 — v2| 5 + [[Iv2® = [01]?]] -

Recall that the classical Hamiltonian framework for the Gross-Pitaevskii equation is
given by the set of functions with finite Ginzburg-Landau energy (see e.g. [1, 11] and
the references therein). The introduction of the energy set F is reminiscent from
this framework. Roughly speaking, this set is composed of functions with infinite
Ginzburg-Landau energy due to a topological degree equal to 1 at infinity, but of
finite Ginzburg-Landau energy when this degree is suitably brought back to 0. This
interpretation can be made more effective through the following observation.

Lemma B.5. Let ¢» € E. The function ¥)Vy has finite Ginzburg-Landau energy.

Proof. By definition of the energy set E, the function V(1V}) is square integrable.
For the potential term, we write

1= [Wi]? = Vi1 = [9*) + 1 = [

The right-hand side of this formula is also square integrable since the function |V;| =
p1 is bounded by 1 and the function 1 — |V1|? is square integrable. Hence, the
Ginzburg-Landau energy of ¥V is finite. O

As a consequence of Lemma B.5, it is natural to rely on earlier results about
the functions with finite Ginzburg-Landau energy (in particular in [11]) in order to
describe the main properties of the energy set . Our first result in this direction is

Lemma B.6. The energy set E is a complete metric space for the distance dg.
Moreover, it satisfies

E c LY(R?) + L™(R?) c L*(R?) 4+ L*(R?), (90)

as well as
E+ H'(R? = E. (91)

Proof. Observe first that a Cauchy sequence (¢, )nen of E is a Cauchy sequence of
the Hilbert space H. As a consequence of Lemmas B.1 and B.2, it is convergent
in H and in L2 (R?) towards a limit function o, € H. Since (1 — |thy|*)nen is
a Cauchy sequence of L?(IR?), it is also convergent in L?(R?). Moreover, its limit
function is necessarily equal to 1 — [tso|? by almost everywhere convergence. Hence,
the function ¥ is in E and it is the limit of the sequence (¢,)nen in this metric
space that is therefore complete.

In order to prove (90), we write a given function ¥ € E as ¥ = Wl y> +
VU 1g|<2- The second function in this decomposition is bounded. The first one is
in L*(R?). Indeed, we know that |¥| < 2(|®¥|? — 1)1/2 whenever |¥| > 2, and that
(][> — 1)Y/2 € L*(R?) by definition of E. This proves that E ¢ L*(R?) 4+ L®(R?).
The other inclusion in (90) then follows from the general property that L*(R?) -+
L>®(R?) ¢ L*(R?) + L>®(R?).
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Concerning (91), Lemma B.1 guarantees that H'(R?) c H. Therefore, we are
reduced to establish that 1 — |¢ 4+ u|? is in L?(R?) when v € F and u € H'(R?).
For that purpose, we write

[+ ul* —1=[¢]* = 1+ u* + 2(u, ¥)c.

In this formula, the function 1 — [+|? is in L?(R?) by definition of the metric space E,
so as the function |u|? due to the Sobolev embedding theorem. Since u € L?(R?) N
L*(IR?) again by the Sobolev embedding theorem, and ) € L (R?)+ L*(R?) by (90),
the function (u,1)c also belongs to L?(R?). Hence, the function | 4+ u|? — 1 is in
L?(R?), which completes the proof of Lemma B.6. O

In the spirit of Lemma B.4, we also need at some point the following Lipschitz
estimate for translations on Vj in E.

Lemma B.7. Let d € R?. There exists C(|d]) > 0, depending continuously on the
norm |d| in Ry, such that

[VA(- + ) = V|| 1 < C(|dl) |d].

Proof. The proof is very similar to the one of Lemma B.4, and therefore we omit
it. O

In order to tackle the Cauchy problem in the energy set E, we now relate it with
the functional framework introduced in [5] to solve this problem for functions with
non-zero degree at infinity. Recall that this framework was based on the set

UR?) = {U € E st. U e L™(R?),V|U| € L*(R?),

92
and V*U € L*(R?) for all k > 2}. (92)

Given a fixed function U € U(R?), it was proved in [5] that the Cauchy problem
for (3) is globally well-posed in U + H'(R?). This result can be applied in the context
of the energy set E since any function in this set can be decomposed as a function
in U(R?) plus an H'-function.

Lemma B.8. Let ¢ € E. There exist two functions U € U(R?) and w € H'(R?)
such that
v =U+w.

Proof. We fix a smooth, non-negative, compactly supported mollifier p. Given an
arbitrary function ¢ € E, we decompose it as ¢ = U + w, where

U=Vi(1+4px (0= V)T)).
We first show that w is in H'(R?). Setting ¢ := 1) — V4, we compute
w=e— (px (V) Vi = (Vi — px () VA + (1 — A 2).
Since fRQ p =1, we can find C' > 0, depending only on p, such that

If = pxfllz < CIV L2,

for any function f € H 1(R?). We use this inequality for f = £V}, which belongs
to H'(R?) by definition of the vector space H. Combined with the facts that V; €
L®(R?), 1 — V4|2 € L2(R?) N L*°(R?) and € € L?(R?) + L*°(R?) by Lemma B.6,
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we infer that w is in L2(R?). In order to prove that Vw € L?(R?), we use similar
arguments, and the fact that |Ve|(1 — [Vi]?) < [Ve|(1 — [V1|?)Y/2, where the latter
term is in L?(R?) by definition of H.

We next show that U € U(R?). Since |Vi| < 1, we first have

U[ <1+ pxlel.

Since ¢ € L?(R?) + L*°(R?) by Lemma B.6, and p € L°°(R?) N L?(R?), we deduce
that U € L>(R?). Similarly, we compute

VUl < |Vl (14 pxel) + o V(eW))].

By Lemma A.1, V|V;]| belongs to L?(R?), while V(eV;) is in L?(R?) by definition
of H. Hence, V|U]| is also in L?*(R?). The fact that 1 — [U|> € L?(R?) is then a
consequence of the fact that v € E, w € H'(R?) and Lemma B.6. It remains to
show that VFU € L?(R?) for any k > 2. In this direction, standard tame estimates
yield

IV U2 < C(IN VA2 |1+ p 5 (V)| o + IVADLoe [ V520 5 (TA) 2 ).

and this quantity is finite by Lemma A.1 and by definition of H. Finally, the function
U is also in E by (91). O

As a direct consequence of Lemma B.8, we deduce that smooth functions are
dense in the energy set E.

Corollary B.1. Let ¢y € E. There exist smooth functions ¢, € E such that

dg(tn, ) = 0,

as n — +00.

Proof. In view of Lemma B.8, we can find two functions U € U(R?) N E and w €
H'(R?) such that 1y = U + w. Since smooth, compactly supported functions are
dense in H'(R?), there exist functions w, € C>°(R?) such that w, — w in H'(R?)
as n — +o00. Set

Y =U + wy,

for any n € N. Since U is smooth by definition of U(R?), the functions 1), are
smooth. They also belong to E by (91). Moreover, we have ¢, — ¢ = w, — w.
Arguing as in the proof of Lemma B.1, we infer that

[n = ¢llg < Cllwn —wllg — 0,
as n — 4o00. Similarly, we have
1- W}n|2 - (1 - |¢|2) = 2<U7w - wn><C + |’UJ‘2 - |wn|2'

Invoking the Sobolev embedding theorem is enough to prove the convergence of this
quantity towards 0 in L?(R?). This concludes the proof of Corollary B.1. O
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C On the Cauchy problem in the space E

The goal of this section is to make a link with the analysis of the Cauchy problem for
the Gross-Pitaevskii equation in [5], and to prove Proposition 3. We recall that in [5],
the Cauchy problem for (3) is proved to be globally well-posed in U + H'(R2, C) for
any function U € U, where the space U is given in (92). Moreover, (some slightly
different version of) the renormalized energy £ is shown to be preserved along the
flow. In order to prove Proposition 4, we need the following close extension of this
result.

Proposition C.1. Let k > 1 and U € U. The Cauchy problem for (3) is globally
well-posed in U+ H*(R?,C), and the renormalized energy £ is conserved by the flow.

Proof. Global well-posedness for k = 1 and k = 2 was proved in [5]. Concerning the
renormalized energy, it is defined in [5] as

1 1
Euw) = Wwﬁ—/<Aawm+4/<L+U+wm%
R2 R2 R2

for U =U +w € U + H'(R?,C). Moreover, it was shown that

!VU|2>.

Eu(w) = lim <6GL(\I/) -

r—+00 B,

In particular, we have

o) = £(8) - V) + § [ (L= VP

RQ

and therefore, £(¥;) is constant, since U is fixed and &y is preserved by the flow.
Concerning the cases & > 3, ¢ local well-posedness follows as for k = 2, since

the nonlinearity is Lipschitz due to the Sobolev embedding theorem of H*(R?) into

L>®(R?) when k > 2. Global existence for k > 3 is then a consequence of standard

energy estimates and global existence for £k = 2, again using the control of the

uniform norm provided by the H?-norm. O

Proposition 3 is finally a direct consequence of Lemma B.8 and Proposition C.1.
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