On the KP I transonic limit of two-dimensional Gross-Pitaevskii
travelling waves
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Abstract

We provide a rigorous mathematical derivation of the convergence in the long-wave tran-
sonic limit of the minimizing travelling waves for the two-dimensional Gross-Pitaevskii equa-
tion towards ground states for the Kadomtsev-Petviashvili equation (KP I).

1 Introduction

1.1 Statement of the results
The Gross-Pitaevskii equation
i0,¥ = AU+ U(1 —|¥)?) on RN x R, (GP)

appears as a relevant model in various areas of physics: Bose-Einstein condensation, fluid me-
chanics (see e.g. [13, 27, 19, 8]), nonlinear optics (see e.g. [23])... At least on a formal level, this
equation is hamiltonian, with a conserved Hamiltonian given by the Ginzburg-Landau energy,

B =5 [ vpeg [ a-prs [ . 1)

Note that the boundedness of the Ginzburg-Landau energy implies that in some sense,
| (x, )| — 1, as |z| — +oo.

As a matter of fact, this condition provides a richer dynamics than in the case of null condition
at infinity which is essentially governed by dispersion and scattering. In particular, (GP) has
nontrivial coherent localized structures called travelling waves.

The existence of finite energy travelling waves was addressed and established in several papers
(see [20, 22, 21, 6, 5, 7, 3]). Travelling waves are special solutions to (GP) of the form

U(z,t) =u(zy —ct,x)), 1 = (x2,...,ZN).

They are supposed to play an important role in the full dynamics of (GP). The equation for
the profile u is given by
icoyu 4+ Au+u(l — |ul?) = 0. (TWc)
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The parameter ¢ € R corresponds to the speed of the travelling waves. We may restrict to the
case ¢ > 0. Indeed, when u is a travelling wave of speed ¢, the map @ obtained by complex
conjugation is a travelling wave of speed —c.

The existence of solutions to (TWc) was obtained in the above quoted papers through vari-
ational arguments, namely minimization under constraints [5, 3|, or mountain-pass theorems
[6, 7]. In dimensions two and three, a full branch of solutions is constructed in [3] minimizing

the Ginzburg-Landau energy E under fixed momentum p. In this context, the momentum is

defined by

p(u) = ;/RN@'alu u—1). )

This integral quantity is also formally conserved by (GP). A notable difficulty in the variational
approach is to give a meaning to the momentum in the space of maps of finite Ginzburg-Landau
energy (see e.g. [2, 4]). However, the momentum is well-defined for finite energy travelling wave
solutions. Indeed, it is proved in [16] that they belong to the space W (RY), defined as

W(RY) = {1} + V(RY),
where we have set
VRY) = {v:RY = C, s.t. (Vv,Re(v)) € LA(RY)2 Im(v) € L*(RY), and VRe(v) € L3 (RY)}.

Separating real and imaginary parts, a direct computation shows that the quantity (i0;v,v — 1)
is integrable for any function v € W (R"), so that the momentum of travelling wave solutions is
well-defined.

The main focus of this paper is a qualitative description of small Ginzburg-Landau energy
solutions in the two-dimensional case. Such solutions are known to exist in view of the following
result.

Theorem 1 ([3]). i) Let p > 0. There exists a non-constant finite energy solution u, € W (R?)
to (TWc), with 0 < ¢ = c(up) < V2, and

1 .
plup) = 2/ (i01up, up —1) = p,
R2
such that uy is solution to the minimization problem

E(up) = Emin(p) = inf {E(v),v € W(R?),p(v) = p}.

i1) There exist some positive constants Ky, K1 and Sk p, not depending on p, such that we have
the asymptotic behaviours

482

0<
Skp

PP — Kop" < V2p — E(up) < K1p®, (3)
for any p sufficiently small.

A more precise definition of the constant Si p will be provided in the course of our discussion
of the Kadomtsev-Petviashvili equation (KP I). It should be noticed that we have, in view of
(3),

E(up) ~ \/§p7

for small values of the momentum p, so that Theorem 1 provides a branch of travelling wave
solutions with arbitrary small energy. Our aim is to describe the asymptotic behaviour, as
p — 0, of the solutions u, constructed above.



We recall that, in view of [6, 15, 17|, any finite energy travelling waves are subsonic in
dimension two, i.e. any non-constant finite energy solution v to (TWc) satisfies

0 < |e(v)] < V2. (4)

The speed /2 corresponds to the speed of sound waves at infinity around the constant solution
¥ =1 to (GP). Moreover, the quantity

e(v) = /2 —c(v)?

is related to the energy F(v) and the uniform norm of 1 — |v| as follows.

Proposition 1 ([3]). Let v be a non-constant finite energy solution to (TWc) on R?. Then,

e(v)?
10

Hl B |U|HL°°(R2) & (5)

Moreover, there exists a universal constant Ko > 0 such that

E(U) < KQE(U)

In particular, the solutions u, given by Theorem 1, satisfy in view of Proposition 1,
ep=¢e(up) — 0, as p — 0,
so that we deal with a transonic limit. In [20, 22, 21], it is proposed to study this transonic limit
of solutions v in the new anisotropic space scale,
2

e(v)

V2

71 =¢e(v)xy, and Tg =

Zo.

Considering the real-valued function
n= 1- |U|27

and performing the change of variables above, we introduce the rescaled map N, defined by

6 1 V229
(5(1})’ e(v)? )

Notice that the same long-wave anisotropic scaling is performed to derive the Kadomtsev-
Petviashvili equation, for instance in the water-wave context (see e.g. [1, 25]). It is formally
shown in [20, 22, 21] that the renormalized amplitude N, of solutions to (TWc) converges, as the
speed c(v) converges to v/2, i.e. as e(v) — 0, to solitary wave solutions to the two-dimensional
Kadomtsev-Petviashvili equation (KP I), that is

(6)

O + Yo + Oy — 971 (954) = 0. (KP 1)

Our main goal in this paper is to provide a rigorous mathematical proof of that convergence for
the branch of minimizing solutions presented in Theorem 1.

Solitary waves are localized solutions to (KP I) of the form ¢(x,t) = w(xz; —ot,x2), where w
belongs to the energy space for (KP 1), i.e. the space Y (R?) defined as the closure of 9;C°(R?)
for the norm

1
101 vy = (I By + 102 3a )



The parameter ¢ > 0 denotes the speed of the solitary wave. The equation of a solitary wave w
of speed o =1 is given by

ow — wdw — dw + 07 H(3w) = 0. (SW)
When w € Y (R?), the function 9; 'dsw is well-defined (see [10]), so that (SW) makes sense.

In contrast with the Gross-Pitaevskii equation, the range of speeds is the full positive axis. In
particular, there are no solitary waves of negative speed (see [10]). Given any o > 0, a solitary
wave w, of speed o is deduced from a solution w to (SW) by the scaling

we (21, 72) = cw(y/owxy,0x2). (7)

Solitary waves may be obtained in dimension two minimizing the Hamiltonian keeping the L2-
norm fixed (see [9, 10]). Like (GP), equation (KP I) is indeed hamiltonian, with Hamiltonian
given by

Prr(w) =5 [ @+ [ 0@ -5 [

and the L?-norm of ¢ is conserved as well. Setting

S(N) = Exp(N)+ 2 [ N2,
2 Jgr2
we term ground state, a solitary wave N which minimizes the action S among all non-constant
solitary waves of speed o (see [11] for more details). In dimension two, a solitary wave is a
ground state if and only if it minimizes the Hamiltonian Exp keeping the L?-norm fixed (see
[9]). The constant Sk p, which appears in Theorem 1, denotes the action S(N) of the ground
states N of speed o = 1.

Going back to the solutions uy of Theorem 1, we may drop the invariance under translations
of our problem, assuming without loss of generality, since |up(z)| — 1, as |z] — +oo (see [14]),
that np, = 1 — |uy|? achieves its maximum at the origin, i.e.

H”PHLOO(RQ) = |np(0)-

We next consider the map
Np = Ny,.
Notice that the origin is a maximum point for Ny, and that in view of (5), we have

3
Np(0) > 3 (8)
Our main result is

Theorem 2. There exists a subsequence (pp)nen, tending to 0 as n tends to +o0o, and a ground
state Ny of (KP I) such that

N,, — No in WH(R?), as n — 400,
for any k € N and any 1 < g < 4o00.

Remark 1. There is a well-known explicit solitary wave solution to (KP I) of speed 1, namely

the so-called ”lump” solution, which may be written as

3—a?+ a2

we(T1,T2) = 24— "1 72
(w1, 2) (3 + 22 + 232)2

It is conjectured that the ”lump” solution is a ground state. It is also conjectured that the
ground state is unique, up to the invariances of the problem. If this was the case, then the full
family (Ny)p>0 would converge to wy, as p — 0.



So far, we have only discussed properties of the modulus of u,. However, in our argument,
the phase is central as well. More precisely, if p is sufficiently small, then u, has no zero in view
of (5), and we may lift it as up, = gy expipp. Setting

OV (2,

)
€p €p &b

Op(z) 9)

we prove

Proposition 2. Let (py)nen and Ng be as in Theorem 2. Passing possibly to a further subse-
quence, we have
010y, — Np in WHER?), as n — +oo,

for any k € N and any 1 < g < 4o00.

Remark 2. Equation (KP I) is a higher dimensional extension of the well-known Korteweg-de
Vries equation (KdV), which may be written as

O + Yoy + drp = 0. (KdV)

In dimension one, travelling wave solutions v, to (TWc) are related to the classical soliton of the
Korteweg-de Vries equation as follows. Setting € = v/2 — ¢Z, we consider the rescaled function

Ne(z) = gnc(g),
where 7. = 1 — |ve|?. An explicit integration of (TWc) in dimension one leads to
3
ch®(3)’

where N is the classical soliton to the Korteweg-de-Vries equation. Concerning the phase . of
Ve, we consider the scale change

6v/2 (a;)

Oclr) = —eel3

so that we obtain similarly

i1 N@ ey e
0.(z) = /1 T ENG) N(z), as ¢ — 0.

Remark 3. Let u. be a solution to (TWc) in dimension three, which may be written as u. =
0c €Xp i, and denote
X1 \/§$2 \/5.733 . 6\/§

M) = (21 ), and €)= 2

r1 V219 \/51’3)
e’ e’ g )

where 7. = 1 — ¢ and ¢ = V2 — 2. Then, it is also formally shown in [20, 22, 21] that the
functions N, and 010, converge, as the parameter & converges to 0, to a solitary wave solution

w to the three-dimensional Kadomtsev-Petviashvili equation (KP I), which writes
Otp + 1 + 87 — 8y 1 (83 + 93) = 0.

In particular, the equation for the solitary wave w is now written as
w — wdiw — Fw + 9y H(Daw + d3w) = 0.

However, the existence of a transonic branch of solutions is still an open problem, at least on
the mathematical level. This branch of solutions is conjectured in [20, 22] in view of numerical
computations and formal arguments.



1.2 Some elements in the proofs

The first element in the proofs of Theorem 2 and Proposition 2 deals with the asymptotic
behaviour of €, as a function of p.

Lemma 1 ([3]). Let ey = e(up) = /2 — c(up)?. There exist some positive constants Ks and
K4, not depending on p, such that
Ks3p < ep < Kyp, (10)

for any p sufficiently small.

The second step is to derive estimates on the renormalized maps Ny, which do not depend
on p. More precisely, we prove

Proposition 3. Let k € N and 1 < q¢ < 4+o00. There exists some constant K(k,q), depending
possibly on k and q, but not on p, such that

[ Nollwe.amey + 1010l wramey + €pll02O0p[lwr.amey < K(k, q), (11)
for any p sufficiently small.

At this stage, we may invoke standard compactness theorems to assert that there exists some
subsequence (py,)nen, tending to 0 as n tends to 400, and a function Ny such that, for any k£ € N
and any compact subset K of R2,

N,, — Ny in C*(K), as n — 4oo0.

n

In view of (8), we have
No(0) >

I

ol W

so that Ny is not identically constant. Moreover, we also have

Lemma 2. The function Ny is a non-constant solution to (SW).

In order to complete the proof of Theorem 2, it remains to establish strong convergence on
the whole plane. For this last step, we essentially rely on a variational argument, proving a kind
of gamma-convergence of the energies, combined with a concentration-compactness result for
constrained minimizers of (KP I) established in [9].

As a matter of fact, considering scalings (6) and (9), the momentum p(uy) can be expressed
as

g
P(Up) = 7*5 /R? Ny01Oy,

while the energy F(uy) has the expansion

€
E(up) = \/iﬁ (EO(va Op) + epEa(Np, Op) + €5 E4(Ny, @p))-
It turns out that the functions Ey, Fo and E4 are uniformly bounded for p approaching 0.
Moreover, FEy and E5 are given by the expressions

Eo(Np, ©p) = /R (Ng - (81®p)2),

and

(1(81Np)2 + %(329)@)2 - éNp(al@p)Q)- (12)

BV 09) = [ (5

R2



In the course of our proof, we will show that
Np ~ 81®p, as p — 0, (13)

and that the difference is actually of order ag. This yields, at least heuristically,

plu) ~ 25 [ NE and Bup) ~ V22 [ NE~ Vo),
so that the discrepancy term
E(up) = \@P(Up) — E(uy),
tends to 0 as p — +o0.

The (KP I) energy appears when we consider the second order term. Inserting at least
formally relation (13) into (12), we are led to

E3(Np, ©p) ~ Exp(Ny), as p — 0. (14)
Using some precise estimates on the solutions, we will actually show that
E>(Ny,0p) ~ Exp(010y), asp — 0, (15)

since it turns out that it is easier to work, in view of the nonlocal term in the (KP I) energy,
with 010, than with Ny, these two terms having the same limit in view of (13).

The proof of (15) amounts to a careful analysis of any lower order terms, including terms
provided by Ej. In particular, we obtain for the discrepancy functional,

Lemma 3. We have
Vel

Eup) = =4, Prr(010p) + pgo(gi)' (16)

We then use the lower bound on ¥(uy) provided by the left-hand side of (3) to derive a precise
upper bound on Exp(010,). More precisely, we show

Lemma 4. We have

_54(91%@(/@ (ale)p)2>3 < Exp(9,0y) < —5451%GD</R (al@p)2>3+p30(1>' (17)

In particular, the function 910y, or alternatively N, has approximatively the energy of a
ground state for (KP I) corresponding to its L2-norm. The proof of Theorem 2 is then completed
using a concentration-compactness argument of [9]. This result yields the strong convergence of
some subsequence (910, )nen in the space Y (R?).

Proposition 4. There exists a subsequence (pp)nen, tending to 0 as n tends to +oo, and a
ground state Ny of (KP I) such that

0Oy, — Np in Y(R?), and N,, — Ny in L*(R?), as n — +oo.

In order to improve the convergence, we finally invoke the estimates of Proposition 3. This
concludes the proofs of Theorem 2 and Proposition 2 giving the convergence in any space
Wk4(R?) by standard interpolation theory.

To conclude this introduction, let us emphasize that the results in this paper only concern
travelling waves. This raises quite naturally the corresponding issue for the time-dependent
equations. More precisely, in which sense do the Korteweg-de Vries equation in dimension one
and the Kadomtsev-Petviashvili equation in higher dimensions approximate the Gross-Pitaevskii
equation in the transonic limit ? Notice that this question has already been formally addressed
in the one-dimensional case in [24].



1.3 Outline of the paper

The paper is organized as follows. Sections 2 and 3 are devoted to various properties of solitary
wave solutions to (KP I) and travelling wave solutions to (TWc) which are subsequently used. In
Section 4, we perform the expansion of (TWc) with respect to the small parameter € occurring
in the definition of the slow space variables. Terms in this expansion are more clearly analyzed
in Fourier variables. Various kernels then appear, which are studied in Section 5. In Section 6,
we provide Sobolev bounds on N, and prove Proposition 3. Finally, we prove our main theorems
in Section 7.

2 Some properties of solitary wave solutions to (KP I)

We first recall some facts about equation (KP I), which will enter in some places in our proofs.

2.1 Rewriting the solitary wave equation

The existence and qualitative properties of the solutions w to (SW) in the energy space Y (R?)
are considered in the series of papers [10, 11, 9]. In [11], a new formulation of (SW) is provided
which turns out to be also fruitful in our context. Applying the operator 9; to (SW), we obtain

Itw — Aw + %af(uﬂ) = 0. (2.1)

The Fourier transform of (2.1) has the following simple form

2
51 3

mwz(f)y (2.2)

so that we may recast (2.1) as a convolution equation

8 =5

1
w= §K0 * w2, (2.3)
where the Fourier transform of the kernel Ky is given by
Role) = 51 (24)
€12 + &5

In view of (2.2), equation (2.3) provides an equivalent formulation to (SW), i.e. any solution w
to (2.3) in the energy space Y (R?) is also solution to (SW).

Several properties of the kernel Ky are studied in [18]. In particular, it is proved there that
K belongs to LP(R?) for any 1 < p < 3 (see also Lemma 5.1).

2.2 Existence of ground state solutions

Given any g > 0, the minimization problem

et 0 = int {Bicplw).w e YR, | ol =} (Pir(u)

is considered in [9], where the existence of minimizers is established. The minimizers N for this
problem happen to be ground states for (KP I). They are solutions to

00N — NO\N — 93N + 971 (92N) = 0. (2.5)



The speed o appears as a Lagrange multiplier associated to (Pxp(i)). In particular, o is not
necessarily equal to 1. The proof in [9] relies on the following concentration-compactness result,
which gives the compactness of minimizing sequences to (Prp(u)).

Theorem 2.1 ([9]). Let p > 0, and let (wy)nen be a minimizing sequence to (Prp(p)) in
Y (R?). Then, there exist some points (an)nen and a function N € Y (R?) such that, up to some
subsequence,

wp(- — a,) — N in Y(R?), as n — +oo.

The limit function N is solution to the minimization problem (Prp(w)). In particular, N is a
ground state for (KP I).

2.3 Scale invariance

As mentioned in the introduction, if w is solution to (SW), then, for any ¢ > 0, the map w,
defined by (7) is solution to (2.5), i.e. w, is a solitary wave solution to (KP I) with speed o.
Concerning the energy, we notice that

/ wol? = Vo / ol?, / oo = o3 / o, / 1w, ? = o} / Brwl?,
R2 R2 R2 R2 R2 R2
2 2
/ (o (D)) = o3 / (o7 (0ww)
RQ RQ

Exp(w,) = 02 Exp(w), and / wy|? = ﬁ/ w2 (2.6)
R2 R2

and
It follows that

It is shown in [9] that ground states N with speed o = 1 correspond to solutions to (Pxp(u))
for

w=pu" =3Skp.
As a matter of fact, it is proved in [10, 18] that any solution w to (SW) satisfies the relations

1 1
Exp(w) = _G/RQ w?, and S(w) = S/RQ w?,

so that the energy and the L?-norm of ground states N with speed o = 1 are given by

1 *
Exp(N) = —5Skp, and g N? =3Skp = p*.

Relations (2.6) then provide

Lemma 2.1. Let N € Y(R?). Given any o > 0, the map N, defined by (7) is a minimizer for

EKP(\Jou*) if and only if N is a minimizer for EEP(u*). In particular, we have
KP >
Emi =— , V> 0. 2.7
min (1) 5152, (2.7)

Moreover, N, and N are ground states for (KP 1), with speed o, respectively, 1. In particular,
they are solutions to (2.5), respectively, (SW).



Proof. Given any p > 0, we denote Ai(RQ) = {w € L*(R?), s.t. [po |w|* = p}. In view of (2.6),
the function w — w, maps Ai* (R?) onto AZ* \/E(RQ), such that

3
EKp(wg) = O’iEKp(w).

Hence, N, is a minimizer for E£F(1*\/o) if and only if N is a minimizer for E£F(u*). Moreover,
:S
* 3 * 020KP
EL (i) = oHeEKE () = — 5K

Identity (2.7) follows letting o = 0 ;12)2. The last statements of Lemma 2.1 are proved in [9]. [
In the course of our proofs, we will encounter sequences (wp,)neny which are not exactly
minimizing sequences for (Pxp(i)), but which satisfy

Exp(w,) — EEL (1), and / w2 — p, as n — 400, (2.8)
R2

for some positive number p. In this case, we will invoke the following variant (and in fact,
consequence) of Theorem 2.1.

Proposition 2.1. Let g > 0, and (w,)nen denote a sequence of functions in Y (R?) satisfying
(2.8) for = po. Then, there exist some points (an)nen and a ground state solution Ny to (2.5),

2
with o = (:*0)2, such that, up to some subsequence,

wy (- — an) — Ny in Y(R?), as n — +oo.

Proof. We denote
2
2 Ho
= w,, and o, =
i /Rz v TR

and consider the functions
Zn(xla 1'2) = Unwn(\/ Onli, Unx2)-

In view of (2.6) and (2.8),
on — 1, as n — 400, (2.9)

and (zp)nen is a minimizing sequence of (Pxp(u)) for g = pp. Therefore, by Theorem 2.1, there
exist some points (a,)nen and a minimizer N, to (Prp(p)) for p = po such that, up to some
subsequence,

Zn(- — ay) — N, in Y (R?), as n — +oc. (2.10)

It

In particular, it follows from Lemma 2.1 that N, is solution to (2.5), with o = (PRER We now

denote )
I i)
Nn(xlaxQ) = 7NO’( ai)v
On o on

so that, by the change of variables (y1,y2) = (\/onT1, 0n22),

3
|20(- = an) = Noll$ g2y =v/Tnllwn(- — an) = Nul[72ge) + 04 [|01wn (- — an) — 1N |72 g2,
3
+0i |07 Bawn (- — an) — 87 0eNu 172 oy
By (2.9) and (2.10), we have

Wy (- — an) — Ny — 0in Y(R?), as n — 4o0.

10



Proposition 2.1 follows provided we first prove that
N, — N, in Y(R?), as n — +oo.
This last assertion is itself a consequence of the general observation that
)\zp(\/ﬁ-,,u ) —pin L*(R?), as A — 1 and p — 1,

which may be deduced from the dominated convergence theorem, when 1 is in C2°(R?), then,
using the density of C2°(R?) into L?(IR?), when v only belongs to L?(R?). O

3 Some properties of solutions to (TWc)

In this section, we gather a number of properties of solutions to (TWc), which enter in our
asymptotic analysis. Most of these results are available in the literature on the subject.

3.1 General solutions

Let v be a finite energy solution to (TWc) on R?. It can be shown using various elliptic estimates
(see [12, 28, 3]) that there exists some positive constant K, not depending on ¢, such that

[1-1el

<1 1
‘Loo(n@)— ’ (3.1)

and
2.3
2

c
oo < — ). .
190l ey < K (14 5) (3.2)
In view of (4), estimates (3.1) and (3.2) may be recast as

7l oo 2y + VU Lo m2) < K, (3.3)
where we have set 7 = 1 — |v|?. For higher order derivatives, it similarly follows from the proof
of Lemma 2.1 in [3] that there exists some positive constant K (k), not depending on ¢, such
that

[0llerge) < K(k), (3.4)
for any k € N.

More generally, we have

Inllwramz) + [IVUllwramey < K(e k, q), (3.5)

for any £ € N and any 1 < ¢ < 400 (see [16]). Notice that the constant K(c, k,q) possibly
depends on the speed ¢, so that we may have

K(c,k,q) — +00, as ¢ — V2.

Before establishing the convergence of the rescaled functions NN, and Oy, we shall need to es-
tablish their boundedness in the spaces W#4(R?). This requires to get some control upon the
dependence on ¢ of the constant K(c,k,q). The proof of Proposition 3 in Section 6 below
provides such a control.

We will also take advantage of the fact that the maps u, have small energy. Indeed, in view
of (4) and elliptic estimate (3.3), we may show that, if a solution v to (TWc) has sufficiently
small energy, it does not vanish. More precisely, we have

11



Lemma 3.1 ([3]). There exists a universal constant Ey such that, if v is a solution to (TWc)
which satisfies E(v) < Ey, then

1

B <l <2 (3.6)
If v satisfies (3.6), then we may lift it as

v = QE€exp iy,

where ¢ is a real-valued, smooth function on R? defined modulo a multiple of 2. We have in
that case,

ojv = (z’gﬁjap + ng) exp i,
so that 1 1
(idv,v) = —p°d1, and e(v) = §<\VQ\2 + Q2IV90]2) + 1172. (3.7)

Moreover, the momentum p takes the simple form

1
po) =3 [ none.

The system of equations for g and ¢ is written as
g&f+dw@%w):m (3.8)

and
codip— Ao —o(1 - ¢?) + ol Vipl? = 0. (3.9)

Combining both the equations, the quantity 7 satisfies
A%n — 2An + 20in = —2A(]Vv|2 +7? — i) — 2¢o1div(nVe),

where the left-hand side is linear with respect to 7, whereas the right-hand side is (almost)
quadratic with respect to n and V.

Multiplying (3.8) by ¢ and integrating by parts, we obtain a first relation for the momentum

o) = [ 10l (3.10)

In another direction, Pohozaev identities yield
E(v) :/ |O1v]?, and E(v) :/ 020]2 + ep(v). (3.11)
R2 R2

Introducing the quantities ¥(v) = v/2p(v) — E(v), the second identity in (3.11) may be recast as

2 = - —e(v v) = 6(0)2 v
[, 1ol +20) = (V2 V2= 0P )olo) - Noray e O AT

In the case ¥(v) > 0, this yields an interesting estimate for the transversal derivative Oov.
Adding both the equalities in (3.11), we also derive a second relation for the momentum

1
2/#2@@-
RQ

With similar arguments and combining with (3.10), we are led to
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Lemma 3.2 ([3]). Let v be a finite energy solution to (TWe) on R? satisfying (3.6). Then, we
have the identities

1 e(v)?
Ev—{—/v2:v, 3.13
)+ [ 10k = o) (.13
1
Vol (1+ ) = Vo|? 3.14
LweP(1+ ) = [ nivek, (3.14)
and the inequality
E(v) < 7c(v)2/ . (3.15)
R2
In view of definition (1), we have
/ ° < 4E(v),
RQ

so that inequality (3.15) shows that the energy is comparable to the integral of n? for any
solutions v satisfying (3.6). When ¥ (v) > 0, identity (3.13) shows that

e(v)?

V2

where we have invoked Proposition 1 for the second inequality. In particular, we obtain

E(v) ~ V2p(v),

%(v) < p(v) < KE(v)*p(v) < 2Kp(v)°,

as E(v), or p(v), approaches 0.

In several places (in particular, in the proof of Proposition 3), we shall need estimates for
higher order derivatives. For that purpose, we shall use

Lemma 3.3. Let 1 < ¢ < +00, and let v be a finite energy solution to (TWc) on R? satisfying
(3.6). Then, there exists some constant K(q), not depending on ¢, such that

Vol Larey < K (@)l Lar2)s (3.16)

More generally, given any index o = (a1,a9) € N2, there exist some constants K(q, ), not
depending on ¢, such that

107 (Vo) o) < K@) (100 yoguey + D 107022109 (Vo) o). (3:17)
0<p<«

Proof. First notice that in view of (3.4) and (3.5), the functions n and V¢ belong to W#4(R?)
for any k € N and any 1 < ¢ < 400. In particular, the norms in inequalities (3.16) and (3.17)
are well-defined and finite. Lemma 3.3 is then a consequence of the elliptic nature of equation
(3.8), which may be written as

Ap = g({)m + div(anp),

so that, more generally,
c
A(0%p) = 58180‘77 +div(0*(nVe)), (3.18)

for any oo € N2, Using standard elliptic estimates and inequality (4), we derive from (3.18) that
||v(aa<p)”Lq(R2) < K(Q) (HaanHLq(RQ) + Haa (UVQD) HL‘I(]R2)) . (319)

13



For a = (0,0), inequality (3.16) is a direct consequence of (3.19) invoking (3.3). For a # (0,0),
the derivative 0%(nV¢) may be written as

*(Ve) = Y <g>8ﬂn8aﬁ (Ve),

0<f<a

by Leibniz formula, so that

||aa<nw>um<Rz)sK(q,a>(naannma)||W||Loo<Rz>+ 3 Haﬂn||mRz)||aa—ﬂ(W)||Lq<Rz)>.
0<f<a

Estimate (3.17) follows from (3.19) using again uniform bound (3.3). O

3.2 Properties of u,

We now restrict ourselves to the solutions uy provided by Theorem 1. We begin with the

Proof of Lemma 1. In view of (3), we have

48v/2
Yp = N(up) > S? p? — Kop?,
KP
for any p sufficiently small, whereas, by (3.13),
2
Y, < p—E,
p —-p\/§
so that, combining both the inequalities, we obtain
= Skp"

On the other hand, in view of Proposition 1, we have
ep < KFEy,

where we have set £, = F (up). Since F, < \/ip, we conclude that (10) holds. Moreover, we
also have

for any p sufficiently small, and some positive constants K5 and Kg, not depending on p. O

Finally, since ¥, > 0 by (3), we deduce from Lemma 1 that (3.12), (3.13) and (3.14) may be

recast as
<‘V9p’2 + (82%)2) + 1|V op|?
R2 R2

where we denote u, = gp exp ipy. Since (Qaup)® = 0p(D20p)? + (D20p)* and |1y < 307, we deduce
that

< Kp?, (3.21)

/R2 |7pl(B20p)* < 3/]1@2 0p(D2pp)* < Kp®,
so that
‘/R np(&@p)Q’ < Ky”. (3.22)
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4 (TWec) in the slow space variables

4.1 Expansion of the energy functionals

In this subsection, we consider a finite energy map v on R?, satisfying (3.6), and a small given
parameter ¢ > 0. In view of assumption (3.6), we may lift v as v = pexpip. Following the
expansion given in the physical literature, we introduce anisotropic slow space variables 1 = ez,
and T9 = %xg. We then consider the rescaled functions N = N, . and © = O, . defined as

>, and ©(z) = m(p<x1, \@332)

€ e’ g2

follows

N(x):?n E’ c

6 (ﬂ \@2@ (4.1)

We next express the functionals p and F in terms of the functions N, © and . In the course
of the analysis, we will also compute several other integral quantities in the rescaled variables.
For instance,

18v2 18v2 362
N? = - / i, / (IN)* = —5 / (@1m)?, / (9:N)* = =3 (02m)*,
R2 e R2 R2 R2 R2

3 e R2

whereas

[Loer =" [ o, [ @02="32 [ @r

e R2 e

A rather tedious computation along the same lines allows to derive the following expansions.

Lemma 4.1. Let v be a smooth map on R? satisfying (3.6), and let N and © be the corresponding
functions defined by (4.1). The momentum p(v) can be expressed in terms of the new functions

as
9

= — N 4.2

o) = = [ Nore, (42)
while the energy E(v) has the expansion

E(v) = \/iﬁ (EO(N, ) + £2E5(N, ©) + £ By (N, @)), (4.3)

where the functions Ey, Es and E4 are given by

Eo(N,©) = /R2 (N2 + (816)2), (4.4)
B(V.0) = [ (G@V? + @) - sV @:6)). (45)
and
2 2
Eu(N,0) = /R 2 <4(?2%72)N g (_812]:2)N _ 112N(82@)2>. (4.6)

Remark 4.1. Recall that the map u, found in Theorem 1 minimizes the Ginzburg-Landau
energy keeping the momentum p fixed, equal to p. If one takes instead only the first term of the
energy in expansion (4.3), i.e. if one minimizes Ey keeping the momentum p equal to p, then a,
will be a minimizer for the new problem if and only if

o L, T2
Ny= 0,0y, and [ N2=T2F
R2 3
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Notice in particular that g:)p =0y 'Ny, so that 8, (92Ny) = 320,. If we insert these relations
into the definition of E»(Ny, ©,), one obtains

Bl @) = [ (5O + 507 @R - (5F) = (),

This identity gives a first heuristic relation between the (GP) functional and the (KP I) func-
tional, as well as between the solutions u, and the ground states for (KP I).

Specifying the above change of variables to the case v = uy and € = ¢y, setting Ny = Ny, ¢,
and Op = Oy, ¢,, we obtain bounds for the integral quantities appearing in Lemma 4.1. In view
of (1) and (3.20), we have

=" _ =

1 2V2FE
/ (Np)? = 52 mp < 72v2E () <K,
R2 <€p R2 Ep

where K is some universal constant, whereas by (3.6) and (3.7),

/RQ (819;3)2 = 36v/2 (3190P)2

6]3 R2

144[/ (Orpp)? < 288v/2F (uy)

Ep
so that

/R 2 ((Np)2 4 (alepf) <K (4.7)

Similarly, it follows from (3.21) and (3.22) that

/RQ ((ale) (9:0,) ) ‘/ Ny (3:0,)2

For various other quantities, we only have at this stage rather crude estimates. For instance,
concerning the uniform norm of Ny, the bound provided by (3.3) yields

(4.8)

K
[Npll oo (r2) < - (4.9)
p
We also only have for the transverse derivatives
2 o] _ K
R2 R2 5p
It follows from (4.8) that
|E2(Np, 0p)| < K,
whereas for Ey, we only obtain combining estimates (4.8), (4.9) and (4.10),
K
| E4(Np, Op)| <
p
Hence, going back to the expansion of the energy, we deduce
‘E(up) — V2R Bo(N, @p)‘ < Keb, (4.11)

144
This leads to
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Lemma 4.2. There exists some positive constant K, not depending on p, such that

2
/ (Vo - 010y) " < K2}, (4.12)
RQ

for any p sufficiently small.

Proof. Using (4.2), (4.4) and (4.11), we are led to

2 144F (up)  144p )
Ny — 8,0,) = Eo(Np,©p) —2 | N1 O, < - +Kel,
/RQ<p 1p) 0(Np, O5) /R2 p019p Ve, e p

Since E(up) < v/2p, the conclusion follows. O]

Estimate (4.7) provides a first step to compactness. In particular, there exists some map
Np € L?(R?) such that, up to a subsequence,

N, — Ny in L*(R?), as p — 0.
As a consequence of Lemma 4.2, we also have
hOp — Ny in L*(R?), as p — 0.
To improve this convergence and characterize the limit function Ny, we turn to the equations

for Np and ©,.

4.2 Expansion of the equations

We now consider a finite energy solution v to (TWc) satisfying (3.6), so that v may be written
as v = pexpiyp, and the functions p and ¢ satisfy the system of equations (3.8)-(3.9). At first
order, each of the equations (3.8) and (3.9) express the fact that

N ~ 010, ase — 0.
Indeed, we first have

Lemma 4.3. Assume o and ¢ satisfy (3.9), and let N and © be the corresponding functions
defined by (4.1). Then, N and © satisfy

N - 9,0 =¢? (cm(N, 0) + Ro1(N, @)), (4.13)

where the remainder terms L. 1(N,©) and R.1(N,©) are given by

1 g2 1., e
5571(N,@)—?< 1*571>81@+§81N+162N,
and

1 9 g2 9

/R,&l(N, @) :E N —24/1— EN(%@ + (81@)

e (OLN)? 2 2

= (322l N
+72 <31 - %N (81@) + 3(62@) >
et (0aN)? 2
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We similarly have

Lemma 4.4. Assume o and ¢ satisfy (3.8), and let N and © be the corresponding functions
defined by (4.1). Then, N and © satisfy

N — 920 = 2 (cg,g(N, ) + R.a(N, @)), (4.14)

where the remainder terms L. 2(N,©) and R 2(N,®O) are given by

1 2 1
L.5(N,0©) = §<1 - %)81N + 5030,

62

12

and

Re2(N,0) = —gal [N0,1©] — —0,[N3,0).

As mentioned above, equations (4.13) and (4.14) twice express the fact that the functions N
and 010 are equal at the limit ¢ — 0. In order to identify their common limit, we expand some
combination of (4.13) and (4.14) to deduce

Proposition 4.1. Let v be a finite energy solution to (TWc) on R? satisfying (3.6), and let N
and © be the corresponding functions defined by (4.1). Then, N and © satisfy

L(N) = —8? éz\ﬂ + é(ale)ﬂ +2(L(N) + RN, 0)). (4.15)
where L is the linear operator given by
L(N)=0{N — AN,
and the remainder terms L.(N) and R.(N,©) are given by
L. (N)=—0?92N — iagzv,

and

Ro(N,0) =~ (202[N(8,0)?] - 602 [falN);} _2482(N?) — 64/1 — 6220102 [N9,0)]

+12E8§ [Na1@ - 381 [(829) ] - 682 [(819) ])

e? (92N)? (a N)
54
“335[(000)] ) + 5 -39 [@_MN} +a3IN <a2@>2]>-

6

Proof. Equation (4.15) is derived applying the differential operator —07 — %8% to (4.13), the
operator 4/1 — %81 to (4.14), and adding the corresponding relations. ]

Notice that we have at this stage,

OEN — AN + %G%NQ - éa%(NQ —(8,0)?) + 2 (cg(N, 0) + R-(N, @)),
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where we recognize equation (2.1) for N in the left-hand side. Specifying this relation to the
solutions N, and Oy, it remains to prove that the weak limit Ny of the sequence (Np)p>o is a
solution to (SW), and to show some strong convergence. This requires to establish that the
nonlinear remainder term R. is small in some suitable sense. Indeed, the first term on the
right-hand side will tend to 0 in view of Lemma 4.2, whereas the linear term £.(N) presents no
difficulty.

The remainder term R, is a sum of several second order derivatives. We order them according
to the type of second order derivatives, writing

Re(N,©) = Y AR,

itj=2
where
1 (O1N)? 1 (0aN)? g2
R20= —_N(@00)? - ———2— — —(3,0)? - ——"L 4+ —_N(0,0)? 4.16
€ 36 (010) 12(1_%]\[) 24(2 ) 848(1—%N)+144 (020)7, (4.16)
N2 1 82 (81@)2 (alN)Q 82 52
RIZ=—"— + \/1- N3O — —e? ——N(019)* — —(0,0)?
¢ 3 7% 2 2 T -2Zn)  © (0:16)" = 5 (%20) et
4 (BN)? e* 2 '
—et———~5— 4+ —N(0:0
© 96(1—%N)+288 (026)°,
and
Rt =L i iN(?Q@ (4.18)
c 12 2 ' ’
In several places, it will be convenient to write
RY = R + 2,
where Vgl’l =0,
2,0 (02N)? 1 2
O\ L N
6
and
0,2 (1N)? 1 2 1 2 o (02N)? g2 2
= e————"— 4+ —N(010)" — —($0)" —c"————F— + —N(020)".
Ve 24(—%N)+72 (010)7 — 15(:0) 696(—%N)+288 (029)
Notice in particular that
IR20| < K((alN)2 1 (5:0)% + \N(81@)2]>, (4.19)
whereas
|RMY < K|N|0,0], and |R%?| < K(N2 + (81@)2). (4.20)
Similarly, we also have
V2% < K ((02N)? + [N (2:0)?]),
(4.21)

122 < K ((01N)? + IN(@10)2] + (920) + £2((82N)* + [N (220)?]) ).

Specifying the previous quantities for IV, and ©,, we obtain some initial bounds on the nonlinear
remainder terms, which will prove essential to compute the estimates of Proposition 3.
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Lemma 4.5. There exists some positive constant K, not depending on p, such that

1 0,2
L (R 17,

) <K, (4.22)

and

K
[ (2o ntin) < 5 (1.23)

for any v sufficiently small.

Proof. Bounds (4.22) and (4.23) are consequences of bounds (4.7), (4.8) and (4.10), and inequal-
ities (4.19), (4.20) and (4.21). Concerning the term [po Np(916p)? in (4.23), we have to invoke
the crude bound (4.9), which yields

J.

K K
No(010,| < 5 [ (@i, < 5.
€p JR2 €p

4.3 Estimates for the phase O,

In the previous discussion, we did not consider the function ©. In particular, we did not compute
any rescaled equation for this function. Applying the partial differential operator £ — 2L, to
(4.14) and introducing equation (4.15) in the resulting equation in order to eliminate the function
N in the linear part, we compute

1 1
L(370) = =07 (3N? + 5(010)) + €2(L24(0) + Roa(N, 0)). (4.24)
where the remainder terms L. 3(©) and R.3(N, ©) are given by

1 g2
Lo3(0) = L(070) = L(950) + 5 L:(050),

1 2\ /1 1 2
R.a(N.©) = 5 (1 1 2)8{’(3]\72 v 6(81@)2> 41— %GlRE(N, )

— L(Re2(N,0)) + L. (Re2(N, ©)).

and

At least formally, this may be written as
1 1
01(010) — A(010) + 501(210)* = 207 ((910)? = N?) + 207 (£L24(0) + Rea(N, 0) ).

We recognize once more equation (2.1) for 910 in the left-hand side. However, the analysis
of equation (4.24) is substantially more difficult than the study of (4.15), due to the intricacy
of the remainder terms and the necessity to apply the operator 0; 1 to (4.24) to recover (2.1).
Hence, our argument to deal with the phase © does not rely on (4.24). Instead, we invoke the
estimates of Lemma 3.3, whose rescaled versions give bounds on © in function of those on V.

Lemma 4.6. Let 1 < g < +oo. There ezists some positive constant K(q), not depending on p,
such that
1010y La(rz) + €pl|0204 || Larz) < K (q)[| Nyl La(rz), (4.25)
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for any v sufficiently small. Similarly, given any o € N2, and denoting
Ep(q, ) = Haaalgpqu(Rz) + 5pH8a32@p”Lq(R2),

there exists some positive constant K(q,«), not depending on p, such that

=0(0,0) < K(q,0) (\aaNp\Lq(Rz> 12 3 07Nyl ey Bl — m), (4.26)
0<p<a

for any p sufficiently small.

Proof. Inequalities (4.25) and (4.26) are rescaled versions of (3.16) and (3.17). In view of scalings
(4.1), given any 1 < ¢ < 400, the Li-norm of the function 9N is related to the LI-norm of
9%n by

K(q, o
L . (127

¢ —
”8 PJHL%RQ)__€2+a1+2a2—

q

where K(q,a) denotes some positive constant, not depending on . Similarly, we compute for
the functions 04010 and 0“0»0,

100l = 5 e 100 ey, o0 10°0: ety = 5 s 10° ey

(4.28)
Inequalities (4.25) and (4.26) then follow from rescaling (3.16) and (3.17), specifying identities
(4.27) and (4.28) for the functions N, and ©,. O

In view of Lemma 4.6, we will not invoke equation (4.24) to bound the function ©,. Instead,
we will take advantage of the regularizing properties of equation (4.15), and rely on the initial
estimates of Lemma 4.5, to bound the L?-norm of N, (and actually, its first order derivatives)
independently on p. We will then deduce from (4.25) and (4.26), Li-estimates of some low order
derivatives of ©. This in turn will provide new bounds on the nonlinear terms Répj , and on their
first order derivatives, improving the estimates of Lemma 4.5. Using in particular, the inductive
nature of (4.26), we will iterate the argument to obtain L?-bounds on any order derivatives of N,
and ©,, and complete the proof of Proposition 3 (see Section 6 below). Notice that this strategy
will first require to analyse the regularizing nature of (4.15) which becomes more transparent
taking its Fourier transform.

4.4 Kernels of the rescaled equations
We derive a new formulation of (4.15) which brings out its regularizing properties. Taking the
Fourier transform of the previous rescaled equations, we deduce

Corollary 4.1. Let v be a finite energy solution to (TWc) on R?2 satisfying (3.6), and let N
and © be the corresponding functions defined by (4.1). Then, N and © salisfy

2 4 N 2 —
(1+ 56+ 58)N(©) — i1 - S68(E) = 2R (©), (4.29)
2 52 N\ A . 52 g 2005
(6 + 58)8(0) +iy/1 - TaN(© = Raa(©), (4.30)
and
4 2 200 €\ e _ 2l ETY 275"
(66 + 16l + %163 + S8 N©) = F (3N + @OP(©)) + £2Re(e). (43D)
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Proof. Equations (4.29), (4.30) and (4.31) follow from taking the Fourier transform of equations
(4.13), (4.14) and (4.15). O

At this stage, it is presumably worthwhile to compare equations (4.31) and (2.2). This leads
us to consider the perturbed kernel K., whose Fourier transform is given by

o 2
Ke(§) = 2 ¢4 % 262 | eted’
|£| +€1 +e€ 5152 + Zfz

The kernel K. is a regularization of the kernel Ky, since it belongs to H i(]RZ) (see Lemma 5.1
below), and tends to Ko in L?(R?), as € — 0, by the dominated convergence theorem. We will
extensively use this additional regularizing property of K. to compute estimates of the function
N.

More generally, since -
— ey
Re(§) == > &G&GR (9,
i+j=2
we also introduce the kernels K27 defined by
p_y 8

K: = — 4.32
O g eag T 94 3

for any 0 < ¢,7 < 4 such that 2 < i+ 75 <4 (so that, in particular, K, = KE’O). We then recast
equation (4.15) as a convolution equation

Np=K20« fo— Y KL« RE, (4.33)
it+j=2
where ) 1

In view of the multiplier properties of the kernels Ké;j (see Lemma 5.2 below), equation (4.33)
provides a control on the L9-norm of N, in function of the L-norms of the nonlinear terms f,
and Répj This control is the starting point of the proof of Proposition 3, which follows combining
the superlinear nature of the nonlinear terms f, and Répj with the estimates of © provided by
Lemma 4.6 (see Section 6 below).

5 Properties of the kernels K/

We now turn to the analysis of the kernels Kéj . In particular, we provide a number of estimates,
which are required by the proof of Proposition 3.

5.1 H%estimates of the kernels

For given 0 < « < 1, we establish H%-estimates for the kernels Kgﬂ . We first consider their
H“%-semi-norms defined in the Fourier space by

ey

e MGl
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Lemma 5.1. Let 0 <e <1 and 0 < a < 1. Then,
20N o ey < K (@) (1+ 372, 2 ey < K (@) (1+ g3, (5.1)

and \
”Kg’2HHa(R2) < K(O‘)(l + 575720‘)- (5.2)

Proof. The proof is an explicit computation. In view of the definition of the semi-norms, we
compute using polar coordinates, and noticing that ¢ + j = 2,

e ¢Poere’
H £ ” Q(RQ) - 2 4 94242 €4 4 2
RR2 (|§| + &7 + 6785 + 152)

_ /+°° /27r (2041 cos(6)% sin(6)% drdd
0 0 (1+r2cos(0)* + 2r2 cos(0)2sin(0)2 + 52 sin(9)4)2

+oo  ptoo 2j 1 2\3—i—j
— 4/ / 7,,204+]. u ( +u ) . 2d7’du,
0 0 ((1 + u2)2 + 742 + 62742,“2 + %7’21,1/4)

where we have set v = tan(#) in the last integral. The previous computation leads us to introduce
the quantity

dg

+0o0 u2B
- | S
0 ((L+u?)?+7r2+e2r2u? + Sriut)
so that
i3 |2 T et
1K 2y < K/O r2 T (T2 (1) + Ty e (1)) dr, (5.3)

where 1 = j and B2 = 3 — i. We now claim that

+0o0 1
2a+1
/0 r + Jﬁ,a(r)dr < K(Oé, 6) <1 + 54(1—&—2,6’—3)’ (54)

forany 0 < 8 < % and any 0 < a < 1. We postpone the proof of Claim (5.4), and first complete
the proof of Lemma 5.1. Combining identity (5.3) with (5.4), we obtain

. 1 1
2,7 (|2
K] 7o (R2) = K<1 + cda+2j-3 + 54a+3—2z’)’
and the conclusion follows applying this inequality for the various choices of 7 and j. O

Proof of Claim (5.4). In order to estimate the integral in the left-hand side of Claim (5.4), we
first compute some bounds for the function Jg.. When 0 < r <1, we have

400 253
o) < [ P < K, (55)

since 0 < 8 < % On the other hand, when r > 1, we compute
1 1 23 +oo 23-8
du E U U

J <K —_— ——d ———d

.2l < (/0 1+r4+/1 (ut + r2)2 u+/1 (14 r2e4)? u),
so that, since 0 < 3 < %,

1 _z _
[Tpe(r)] < K(B)( 5 +777% +772), (5.6)
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when 1 <r < 8% Similarly, when r > E%,

1 1 g2
Estimates (5.5), (5.6) and (5.7) finally provide Claim (5.4), when 0 < « < 1. O

Since inequalities (5.1) and (5.2) are also valid for a = 0, i.e. for the L2-norm, we may remove
the dots in inequalities (5.1) and (5.2). Notice in particular that we have the bounds

K2 gare) + el K22

mowey + I K22 goge) < K (o), (5.8)

1
for any 0 < a < 3.

5.2 Multiplier properties of the kernels

We now provide some multiplier properties of the kernels K;J . Our analysis relies on a theorem
by Lizorkin [26] ! , which we first recall for sake of completeness.

Theorem 5.1 ([26]). Let K be a bounded function in C2(R2 \ {0}), and assume that
10 057 K (€) € L¥(R?),

for any 0 < ki,ky < 1 such that ky + ky < 2. Then, K is a multiplier from LI(R?) to LI(R?)
for any 1 < g < +00. More precisely, given any 1 < q < 400, there exists a constant K(q),
depending only on q, such that

1K * fllpa@e) < K(@)ME)||f| Loz, Vf € LI(R?), (5.9)

where we denote

~

M(R) = sup { |6 "ol | 02 K (¢)

,EeRz,OSkl§1,0§k2§1,k1+k2§2}.

Applying Theorem 5.1 to the kernels Kb , we obtain

Lemma 5.2. Let 1 < ¢ < +00. Given any integers 0 < 4,5 < 4 such that 2 < i+ j < 4, we
denote
Kij = max{i+ 2j — 4,0},

Then, there exists some positive constant K(q), not depending on e, such that

K(q)

chi,j

|52 % fllzame) < £l a(r2), (5.10)

for any function f € LY(R?) and any € > 0.

—_

Proof. Inequality (5.10) is a consequence of (5.9) once we have checked that the functions K27
satisfy the assumptions of Theorem 5.1, and established the dependence with respect to € of the

quantity M(K27).

!Estimate (5.9) in Theorem 5.1 is more precisely a consequence of Lemma 6 and of the proof of Theorem 8 in
[26].
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First notice that the functions K27, which are bounded on R2, and belong to C2(R2 \ {0}),
may be written as

o _ G

K(€) )’

where Q(€) = |€]? + &} + £262¢2 + %53‘. We therefore compute

e S8 48 0Q(¢) e S8 8 ©0Q(©
QOEEO =100 700 a2 O=I00 o a0 B
and
. & < L 801Q(E) + £:Q(6)  £16£018:Q(€) 518162(5){282@(5))
0,05 K7 = — — .
§162010:K7(8) = ey | 9= (04) G QO L Qo Q)

On the other hand, we check that

e |G )" &l < 4Q(E), |&I10:Q(E)] < 4Q(€), and |&1][&]|0192Q(8)] < 4Q(€),

so that, by (5.11) and (5.12), there exists some universal constant K such that

—

e M(K2) < K.

Inequality (5.10) then follows from (5.9) applying Theorem 5.1. O

6 Sobolev bounds for N, and ©,

This section is devoted to the proof of the Sobolev estimates of Ny, 010, and 9,0, stated in
Proposition 3. As previously mentioned in Section 4, we focus on Sobolev bounds on Nj.

Proposition 6.1. Let a € N? and 1 < ¢ < +o00. There exists some constant K (q, ), depending
possibly on o and q, but not on p, such that

0% Nyl Lawey + [[010% Np|| La(r2) + [|020% Ny || La(re2)

N o N (6.1)
+]|o70 Nyl La(r2) + €pl|01020% Np|| Lo (r2) + 5;23”3223 Nyl Lam2) < K(q, ),

for any p sufficiently small.

Remark 6.1. The proof of Proposition 6.1 is by induction on the derivation order «. The
inductive assumption is given by (6.1). This explains the redundant form of this inequality.

Proposition 3 is a direct consequence of Proposition 6.1 invoking rescaled inequalities (4.25)
and (4.26) to bound the functions 9,0, and 0,0,.

Proof of Proposition 3 (assuming Proposition 6.1). In view of (6.1), given any k € N and any
1 < ¢ < 400, there exists some positive constant K (k,q), not depending on p, such that

[ Nollwr.amey < K(k, q), (6.2)
for any p sufficiently small. In particular, by Sobolev embedding theorem,

[ Nollck 2y < K (k). (6.3)
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Using (6.2) and (6.3), inequality (4.26) becomes

Sh(0.0) < Kgo) (146 Y Siaa-0). (6.4

0<B<a

where we have set as in Lemma 4.6,
Ep(q, @) = [|0%01Op|| La(r2) + €pl 0% 0204 || La(r2)-

By (4.25) and (6.2), the quantity Z,(q, (0, 0)) is bounded independently on p, so that it follows by
induction from formula (6.4) that Z,(q, ) is bounded independently on p for any 1 < ¢ < 400
and any o € N2. Inequality (11) follows invoking Sobolev embedding theorem for ¢ = +o0c. This
completes the proof of Proposition 3. O

The remainder of this section is devoted to the proof of Proposition 6.1. As previously
mentioned in Subsection 4.4, the proof relies on decomposition (4.33). Recall that it is proved
in [16] that the functions 7 and ¢, and therefore N, and Oy, belong to W*4(R?) for any k € N
and any 1 < ¢ < +o0o. Hence, we can differentiate (4.33) to any order o € N? to obtain

I*Ny = Kf);o * 0% fp + 53 Z K;;j * 8“7?,?5. (6.5)
i+j=2

Taking the L?-norm of this expression and invoking the regularizing properties of the kernels
provided by Lemma 5.2, we are led to

10° Nollogezy < K (@) (110° foll ogrry + 23 3 10°RE
itj=2

Lq(R2)>- (6.6)

In view of definitions (4.16), (4.17), (4.18) and (4.34), the derivatives 0% f, and 80‘732’5 in the
right-hand side of (6.6) are nonlinear functions of the derivatives of N, and ©y, so that we may
estimate their L9-norms using Sobolev bounds on N, and ©.

This provides an iterative scheme to estimate the Sobolev norms of N,. Using the available
information on the nonlinear source terms f, and Rzgpj , which is initially reduced to Lemma 4.5,
we improve the regularity and integrability properties of N, using inequality (6.6). This in turn
provides improved bounds of the nonlinear terms f, and Répj

As a consequence, we prove (6.1) by induction on the derivation order cv. We first compute L?-
estimates of the nonlinear terms f;, and Rég , and of convolution equation (4.33). In particular,
this requires to bound some derivatives of the phase ©,, which is made possible invoking Lemma
4.6. Using the initial bounds given by Lemma 4.5, we conclude that inequality (6.1) holds for
a = (0,0). We then turn to higher order estimates. Assuming that (6.1) holds for any index «
such that |a| < k, we derive Li-estimates of the derivatives of order k + 1 of the functions f,
and stpj In view of (6.6), this provides bounds for the derivatives of order k 4 1 of N, so that
we can prove that (6.1) is also valid for any index « such that |a| = k + 1. This completes the
sketch of the proof of Proposition 6.1, which is detailed below.

6.1 [LY-estimates of nonlinear terms

We first compute Li-estimates on the nonlinear terms fy, Re) and vz,

26



Lemma 6.1. Let 1 < g < +o0. There exists some universal constant K such that

I foll Loy + 1R | Lar2) + €pll RE | o(e) < K[| Noll720 g2y (6.7)
1R2 ) zacez) < K (25 20N I Z2agm) + 1Np I aey + 101 Npl a0 ey ), (6.8)
1120 Larey < K<€§2HNPH?£34(R2) + H82NpH%2q(R2))a (6.9)
and
12221 Larey < K<€§2HN;J”%2¢1(R2) + | Np || 7 sagmzy + 101 Npl|720 (2 + 6;23“82NPH2L24(R2)>' (6.10)

Proof. Bounds (6.7), (6.8), (6.9) and (6.10) are consequences of inequalities (4.19), (4.20) and
(4.21) using Holder inequalities. For the quantities involving the functions 010, and 0,0, we
also use (4.25) to compute

1(010p)?[| La(®2) + €pl| NpD2Op| La(m2) + €5l (820p)? (| Lar2) < K ()| Npll720 g2y
whereas
INp(010p)% || Lo (r2) + €3l Np(020p) || La(r2)
< K(q)|| Nyl L34 (r2) (Hal@PH%SQ(R?) + 5,2;.”82®p||%3q(R2)) < K(q)|Npl| 330 (g2)-

6.2 LY-estimates of the convolution equation

We now compute Li-estimates of equation (4.33) invoking the multiplier properties of the kernels
K’ given by Lemma 5.2, and the previous L?-estimates on the nonlinear terms f,, Re) and
ve!. This provides

Lemma 6.2. Let 1 < ¢ < +00. There exists some constant K(q), depending only on q, such
that

[ Npllpar2) + 1101 Nyl a2y + |02 Npll a(r2)
+[10F Nl La(re) + €pl|0102Np | La(re) + €4 1|05 Nyl La(r2) (6.11)
< K(a) (V53 20qaz) + 21 Npll 350 gy + €210 Npll a0 o) + pllO2 Nl 2au ey )

for any p sufficiently small.

Proof. Given any a = (a1, a2) such that 0 < a1 + as < 2, we estimate the L9-norm of 9*N,
using equations (4.33), so that

10 Nl parey <IO“EZL % foll parey + &5 Y 1107 KL x RE
itj=2

4 4
+epll 0 K20 % 120\ aqre) + €pll0“ K22 % 122 | Lare)-

La(R2)

Since by (4.32),
aocKj,k‘ — ,L'al+042Kj+a1,k+042
Ep Ep )

the multiplier properties of Lemma 5.2 provide

[ Npll a2y < K(Q)(prHLq(]R2) +ep Y IR | pame) + pllv20 | Lare) +€§HV£;2||L<1(R2)),
i+j=2
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101 Npllaqezy <K (a) (Ifpll aces) + 31 B2

Lae2) + €| RE  Lare) + el RO || Loy
+ g2 Loy + eV oqe) )

and
102Npl| La(r2y + 1107 Npll Lare) + €pll0102Npll a2y + €pll03 Npll Larey < K(q) (Iprqu(Rz)
+epll R20| Lo(re) + epll R M Lare) + 1RE? | Larey + epllv2ll Laqre) + 6§HVS;QHL«1(R2)),

Estimate (6.11) follows invoking nonlinear bounds (6.7), (6.8), (6.9) and (6.10). O

6.3 Initial bounds on N, and its first order derivatives

In view of (6.11), some preliminary L?-bounds on Ny, 01Ny and 02N, are required to inductively
estimate the L?-norms of these functions. These preliminary bounds are consequences of the
uniform estimates given by (3.3), and the L2-bounds provided by (4.7), (4.8) and (4.10).

Lemma 6.3. Let 2 < g < %. There exists some constant K(q), depending only on q, such that

[Npll Lar2y < K(q), (6.12)

for any p sufficiently small. Moreover, given any % < q < 8, we have

2
g [[NpllLar2y < K(q), (6.13)

whereas, given any 2 < q < 400,

6

§_3
101Nyl ages) + <ol 0Nyl ey < K)o (6.14)
Proof. For estimate (6.14), we have in view of (3.3),

K
and [|02 N[ oo (r2) <

K
|01 Np|| oo (m2) < o
P

3>
€p

so that (6.14) is a consequence of (4.8) and (4.10) using standard interpolation between L%-
spaces.

The proofs of (6.12) and (6.13) are more involved. The first step is to compute H“-estimates
of N combining equation (4.33) with H“-bounds (5.8) on the kernels.

Step 1. Let 0 < a < i. There ezists some constant K (a) such that
| Npll e r2y < K(av), (6.15)

for any p sufficiently small. In particular, there exists some constant K(q) such that (6.12)
holds.

Applying Young inequality to decomposition (4.33), we have

INpleez) < IE2C N o ey (1ol ey + gl B2 ey + eplvE0l e )

el Ko ey IRy o2y + el K02 ez (I\R?;,QIILl(R2> +epllv?

Ll(R2)>'
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Combining (5.8) with (4.7), (4.22) and (4.23), we derive (6.15), whereas (6.12) is a consequence
of Sobolev embedding theorem,
H®(R?) — LU(R?),

forany2§q§%.
The second step is to compute uniform bounds on NV, using Sobolev embedding theorem.
Step 2. Let v > 0. There exists some constant K(v) such that
Il < K0) (145777), (6.16)
for any p sufficiently small.

In view of (6.12) and (6.14), there exists some number ¢ > 2 such that

INpllwraez) < K@) (1+577).

Estimate (6.16) follows by Sobolev embedding theorem.

Combining with (6.12), and invoking standard interpolation between L9-spaces, estimate
(6.16) yields (6.13). O

6.4 Proof of inductive assumption (6.1) for o = (0,0)

We now rely on Lemma 6.2 to improve the preliminary estimates of Lemma 6.3. This gives

Lemma 6.4. Let 1 < g < +00. Then, assumption (6.1) holds for a = (0,0), i.e. there exists
some constant K(q), not depending on p, such that

[ Npll Loy + |01 Npll La(m2) + |02Npl| La(r2)

) oo (6.17)
+[|07 Npll Lar2) + €pl|O102 Ny || La(m2) + €,l|02 Npll La(r2y < K(q),

for any p sufficiently small.

Proof. The proof relies on some bootstrap argument. Given any 1 < ¢ < %, we deduce from
(6.11), (6.12), (6.13) and (6.14),that

[ Npll a2y + |01 Npll a(m2) + |02Npl| La(r2)
+[|07 Nyll £a(m2) + €pl|0102 Nyl pa(m2) + €pll05 Npll 1o m2) < K (q),

so that by Sobolev embedding theorem,
INpll a2y + pll 01 Npll Lare) + €pllO2Npll Lo (re) < K(q),
for any 1 < ¢ < 4. Invoking (6.11) and (6.13) once more time, we are led to

[ NpllLa®2) + |01 Npll La(r2) + |02 Npl| Lo w2y
+[|07 Nyll £a(w2) + €pl|0102 Nyl Lo (m2) + €4l105 Npll Lo m2) < K (q),

for any 1 < ¢ < 2. In particular, we have by Sobolev embedding theorem,
Vol Larz) + €pll 01 Npll Lar2) + €pll02Npl| 1o (r2) < K(q),

for any 1 < ¢ < +00, so that (6.11) now yields (6.17) for any 1 < g < +o00. This completes the
proof of Lemma 6.4. 0

29



6.5 Higher order estimates of the nonlinear terms f, and R’E‘f

We now assume that assumption (6.1) holds for any 1 < ¢ < 400 and any a € N? such that
|a| < k, and prove that it remains valid when |a| = k + 1. Invoking again equation (4.33), we
first derive improved Sobolev bounds on the nonlinear terms f, and Répj In view of definitions
(4.16), (4.17), (4.18) and (4.34), this requires to compute L¢-bounds on the derivatives of ©,.
Hence, we show

Lemma 6.5. Let k € N, and assume that (6.1) holds for any 1 < q < +oco and any o € N? such
that |o| < k. Then, there exist some positive constants K(q,«), not depending on p, such that

10°010p | acre) + <1000y o) < K (g0, (6.18)
for any 1 < q < +o00, any a € N2 such that || < k+ 1, and any p sufficiently small.

Proof. Inequality (6.18) is a consequence of (4.26). Applying Sobolev embedding theorem to
assumption (6.1), we have
[Npllorgz) < K(k),

where K (k) is some positive constant, not depending on p. Therefore, given any o € N? such
that |a| < k+ 1, (4.26) may be written as
10%01Oy|| Lar2) + €pl| 0% 020y || La(r2)
< K(q,) (HaaNPHLQ(R?) +e; Z (Haa_ﬁal@p”Lq(RQ) + 5pH3a_ﬂa2@pHLq(R2))>-
<8<«

Denoting

Si= 3 (10°0:0plLaze) + £pll0°020p ooy ),
|a|<k+1

we deduce that

St < K(ga) (538 + D 10" Nyllpaes))-
|| <k+1

Combined with assumption (6.1), this provides (6.18) for any p sufficiently small. O
We now turn to L?-estimates of the functions f, and Répj

Lemma 6.6. Let k € N, and assume that (6.1) holds for any 1 < q < +oco and any o € N? such
that |o| < k. Then, there exist some positive constants K(q,«), not depending on p, such that

10% foll La(r2) + ||‘9a738;2

La(rR2) + 5pHaaR;,’g1HLq(R2) + 53"8aR§;0“Lq(R2) < K(q,a), (6.19)
for any 1 < q < +00, any o € N? such that || < k + 1, and any p sufficiently small.

Proof. Lemma 6.6 is a consequence of assumption (6.1), and Lemma 6.5. For instance, applying
Leibniz formula to definition (4.34), we have

0°f] < K@) 3 (10°N][0° 0N, | + [090104][0* P 0n0,

0<f<a

so that, by (6.1), (6.18), and Holder inequality,
10 foll Larzy < K (g, ).
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The proof is identical for the function Ri;l, which verifies, in view of (4.18) and Leibniz formula,

|0°REN < K(a) Y [0°N,]|0%P0,0,).

0<B<a

Similarly, for (90‘7?,?;,0 and 80‘7?,2';2, it follows from (6.1), (6.18) and Leibniz formula, that

(6.20)
Lar2) )’

so that the proof of (6.19) reduces to estimate the L%-norms in the left-hand side of (6.20). In
view of (6.1), we deduce from Sobolev embedding theorem that

10°RE2 | Loy + el O“RE N Lare)

aa<<81Np>2)’ aa<<62Np>2)’

2
< K(q, a)(l —|—€p‘ = =
1- 2N, 1- 2N,

4
+5p‘

La(R?)

10° Nyl oo (r2) < K(B), (6.21)

for any 3 € R? such that 3 < k and any p sufficiently small. When || < k, the chain rule
theorem combined with (6.1) and (6.21) again provides estimates (6.19). When |a| = k+ 1, this
argument yields

o] o ( (O1Np)? 2| 9o
il <1 - Eng) L4(R?) < K, a)(l +€PH8 alNPHLq(RQ)> < K(g, ),
and
Do N,)2
8143 8a< ( : p) ) S K(q’a)(l+6;§Haaa2NpHLq(R2)> S K(Q7a)7

1 EgN 2
— 5 AVp " LR

where we have used the estimates in the second line of (6.1) for the second inequalities. Combined

with (6.20), this completes the proof of inequality (6.19). O

6.6 Proof of Proposition 6.1

We are now in position to conclude the inductive proof of Proposition 6.1.

Proof of Proposition 6.1. Given any k € N, we assume that (6.1) holds for any 1 < ¢ < 400 and
any o € N? such that |a| < k, and consider some index v € N? such that |y| = k + 1. Invoking
equation (6.5) and the kernel estimates of Lemma 5.2, we compute

0701 Np|| La(r2y < K(Q)<HmprLq(R2)+€§(\\37733;0HLq(R?)JerR;;lHLq(R?))Jr%HmRBf \Lq(ﬂz@)),
(6.22)

and
10705 Np | arzy + 10707 Nyl La(rz) + €pll 070102 Np | acrz) + €5l107 05 Nyl 1o (m2) (6.23)

<K(q) (\Wfp!!Lq(Rz) + O RE | pae) + epll T RE N parey) + [107RE?

LQ(RQ))

In view of inequalities (6.6), (6.22) and (6.23), and estimates (6.19), assumption (6.1) also holds
for a = . This completes the inductive proof of Proposition 6.1. O
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7 Convergence towards (KP I)

This section is devoted to the proofs of Theorem 2 and Proposition 2. As mentioned above in
the introduction, our strategy is to prove that the sequence (010y)p>0 is, for p sufficiently small,
a minimizing sequence for minimization problem (Pxp(p)) We then invoke Proposition 2.1 to
obtain the strong convergence of some subsequence towards a function Ny, which is a solution
to minimization problem (Pgp(p)), i.e. a ground state for (KP I). Finally, we improve the
convergence using the previous Sobolev estimates.

7.1 Weak convergence towards (KP I)

We first use the Sobolev bounds provided by Proposition 3 to establish the weak convergence of
some subsequence (Np, )nen to some non-constant solution Ny to (SW), as p, — 0.

Proposition 7.1. There exists a subsequence (pn)nen, tending to 0 as n — +oo, and a non-
constant solution Ny to (SW) such that, given any 1 < ¢ < 400,

Np, — Np in WH(R?), as n — +oo. (7.1)

n

In particular, given any 0 < v < 1, we have
Ny, — Np in C*7(K), as n — +oo, (7.2)

for any compact subset K of R?.

Proof. In view of bounds (11), there exists a subsequence (p,)nen, tending to 0 as n — +oo, and
a function Ny such that (7.1) holds for any 1 < g < +o00. Convergences (7.2) follow by standard
compactness theorems. The proof of Proposition 7.1 therefore reduces to prove Lemma 2, i.e.
to establish that Ny is a non-constant solution to (SW). O

Proof of Lemma 2. Denoting
1
0 2,0
Ny = §KEP * fos

we deduce from (4.33) and Lemma 5.1 that

.. L. 3 1
N NSl oy < € 3 IR | mey < 2IRZC ey +ef [RE ey +ef [RE2

‘LI(R2).
i+j=2
In view of estimates (6.7), (6.8), (6.9) and (6.10), and L?-bounds (11), we obtain
1
INp — NPl r2rey < Keg,
so that
Ny — NJ — 0 in L*(R?), as p — 0. (7.3)
We now claim that, up to some subsequence (p,,)nen satisfying (7.2),
1
Np — 3 Ko x Ng in L*(R?), as n — +oo. (7.4)

Invoking the weak L2-convergence provided by (7.1), we deduce from (7.3) and (7.4) that the

function Ny satisfies

1
Ny = 51(0 * N2,
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so that, in view of (2.3), the function Ny is solution to (SW).

Finally, in view of (8) and convergences (7.2), we have

3
NO(O) Z ga

so that Ny cannot be a constant solution to (SW). This ends the proof of Lemma 2. O

We now show Claim (7.4).

Proof of Claim (7.4). Claim (7.4) follows from (7.2) after the following simplification.

Step 1. We have

1
Ny - 5KO*N,S — 0 in L*(R?), as p — 0.

In view of (4.34), we have
NO— LR w N2 = (K20 K N2 4+ 10,0, + 1Ko« ((0:0,)? — N2
p_ﬁo*p_ 5p_0*§p+6(1p) +60*(1p)_pa
so that, by Young inequality, and estimates (11),

1
0 2 2,0
|39 = 580 N3, gy < B (120 = Bolluageey + 1 Kollzague |10 — Nloagee) - (75)

In view of definitions (2.4) and (4.32), we have

K20() — Ro(€), asp — 0,
and _
0 < K2°(€) < Ko(€),

for any £, > 0 and any £ # 0. Since Ko belongs to L*(R?) by Lemma 5.1, it follows from the
dominated convergence theorem that

J.

Hence, by Plancherel formula, the first term in the right-hand side of (7.5) tends to 0, as p — 0,
whereas the second term also tends to 0 by (4.12). This completes the proof of Step 1.

—

2,0 = ]2
K27 (€) — Ko(§)| d§ — 0, asep — 0.

Invoking Step 1, the proof of Claim (7.4) reduces to

Step 2. Given some subsequence (pp)nen such that (7.2) holds, we have

Ko N7 — Ko+ N§ in L*(R?), as n — +oc.

First notice that, in view of (11), there exists some constant K, not depending on n, such
that
1Ko * (Ng, = N§)ll2@2) < 1Kol 2@ INg, = Mgl @2) < K,

so that by density of C°(R?) into L?(R?), the proof of Step 2 reduces to prove that

/R2 (Ko * (N — N§)>¢ — 0, as n — 400, (7.6)
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for any function ¢ € C2°(R?). Moreover, given any 6 > 0, the density of C2°(R?) into L?(R?)
also implies the existence of a function x5 € C2°(IR?) such that

| Ko — 56”[,2([[{2) < 4.

Given any function ¢ € C2°(R?), this gives by Young inequality,

Ko (N2 — N2 ) <

[ (Ko (53, - )| <
which may be written as

[ (o (02 = 30| < | [ ey o9, - 59

denoting &s(x) = ks(—z), and invoking (11) and Fubini theorem. Since the function &g x ¢
belongs to C°(R?), we deduce from (7.2) that

/}R2 </€5* (N2, — NOZ))¢’ +0|IN2 = N3l ey 19 2 ey,

+ K9,

/ (Bs*x ) (N2, — N§) — 0, as n — +oo0,
R2

so that (7.6) holds. This completes the proof of Step 2 and of Claim (7.4). O

7.2 Convergence of the energies

In order to apply Proposition 2.1 to the family (010;)p>0 to deduce its strong convergence in
the space Y (R?), we first prove

Proposition 7.2. Let (p,)n>0 denote some subsequence, tending to 0 as n tends to +oo, such
that (7.1) and (7.2) hold. Then, up to some further subsequence, there exists a positive number
o such that

Exp(910y,) = Enin (o), and / 10104, [> = po, as n — +o0. (7.7)
R2

Proposition 7.2 is a consequence of Lemmas 3 and 4, so that we first address the proof of
Lemma 3.

Proof of Lemma 3. In view of formulae (4.2) and (4.3), the discrepancy quantity X(up) =

V2p(up) — E(uy) may be recast in the slow space variables as

144

(02Np)® | Np(01Np)* 1 2>>
+ 4/ + — —Ny(320 .
P e <4_423Np 12 — 22N, 12 »(026)

= (up) = — \/§5P</RQ (Np — 010p)° + 2 /}R2 (%(&Np)? + %(826);0)2 - éNp(61@P)2)

Hence, we deduce from Proposition 3 and estimate (4.8) for the function 0,0, that
_ p 2, 2 1 2, 1 2 1 2 2
Sl = V2 ([ 01048 [ (G0N (@0, N0i0n) + o (D))
(7.8)
Let us now recall that the value of Exp(010y) is given by

Exr(010y) = [ (50007 + (0.0, - §(@16,)%).

R2

34



In particular, provided we may prove that
161 Np — 87Op|l 22y — 0, as p — 0, (7.9)
we have, in view of (11) and (4.12),

/]1@2 (%(ale)Q + %(52@;1)2 - éNp(31®p)2) — Exp(01©y) — 0, as p — 0. (7.10)
Hence, by (7.8),
E(up) = _\65:4(/]1@ (Np — 81®p)2 +e3Exp(010y) + pgo(ag)) (7.11)
We then claim that )
gRJMr@@@%*Q%pHQ (7.12)

which gives (16) using (7.11).

In order to complete the proof of Lemma 3, it only remains to prove Claims (7.9) and (7.12).
For Claim (7.9), we invoke equation (4.14) and the Sobolev estimates of Proposition 3. Taking
the L2-norm of (4.14), we deduce from (11) that

101Ny — 07Oyl 122y < Kep,

where K is some universal constant. Claim (7.9) follows taking the limit p — 0. Similarly, for
Claim 7.12, we take the L2-mnorm of equation (4.13), and obtain by (11),

INp — 910p| 2 @2y < Key,

so that )
) (Np—81®p)2§KEg—>O, asp—>0.
Ep R2
This concludes the proof of Lemma 3. O

Remark 7.1. Equivalence (15) is a consequence of inequality (7.10), since it will be proved in
the sequel that the quantity Fx p(010,) has a nonzero limit as p — 0.

We now turn to the proof of Lemma 4.

Proof of Lemma 4. Lemma 4 is a consequence of estimate (3) of Theorem 1. Combining (3)
with (10) and (16), we obtain

6912p3
Exp(019y) < ———+ 1),
KP(010y) < SIQQDS% +pgo()

so that by formula (4.2),

] 3
FE QS N, 1).
KkP(016p) < 543[2@( o p819p> +p00( )

In view of (4.12), we have

1 3
E < 2 1).
kpP(010p) < 5152, </R2(81@p) > +pgo( )

On the other hand, it follows from Lemma 2.1 that

1 3
~ ¢KP 2\ _ _ 2
Exp(10yp) > Enin </R2(319p) ) 5152, </RQ(619P) > ;

which completes the proof of Lemma 4. O
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We finally deduce Proposition 7.2 from Lemma 4.

Proof of Proposition 7.2. In view of (4.12) and (7.1), we have

lim inf 9,0, )2 > [ N2
it [ (010" [ 06,

so that we may assume up to some further subsequence, that

/ (81@pn)2 — [, as n — +00, (7.13)
R2
where
Lo > / Ng > 0.
R2
Assertion (7.7) is then a consequence of (17), (7.13), and formula (2.7) of EEL. O

7.3 Strong convergence towards (KP I)

We now show Proposition 4. i.e. the strong convergence of the family (Np)p>o in L*(R?) (up to
some subsequence).

Proof of Proposition 4. In view of Proposition 7.2, we may construct a subsequence (p,)nen,
tending to 0 as n — 400, and some positive number pg such that

Bxp(0105,) — EXE (o), and [ 10185, = po, as n =+
RQ

By Proposition 2.1, up to some further subsequence, there exists some points (a,)nen and a

2
ground state solution Ny to (2.5), with o = (5*0)2’ such that

010y, (- — an) — No in Y(R?), as n — +o0.
By (4.12), we are led to
Np, (- = an) = No in L*(R?), as n — +o0. (7.14)

Invoking Proposition 7.1 for the subsequence (Np, (- — an))nen, there exists a non-constant
solution Ny to (SW) such that weak convergences (7.1) hold, up to some further subsequence.
In particular, by (7.14), Ny = Ny, so that Ny is a ground state of speed 1 of (KP I).

In order to complete the proof of Proposition 4, it is now necessary to drop the invariance by
translation, i.e. to prove that convergences in Y (R?) and in L?(R?) also hold for the sequences
(0109p, Jnen, respectively (N, )nen. Assuming first that, up to some further subsequence, there
exists some number a such that

an, — a, as n — 400,

we obtain that
MOy, — No(- +a) in Y(R?), and Ny, — No(- + a) in L*(R?), as n — +o0,

using the continuity of the map a + (- — a) from R to any space L4(R?) (with 1 < ¢ < +00).
Since the function x — Ny(z + a) is still a ground state of speed 1 of (KP I), this completes the
proof of Proposition 4.
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Hence, it remains to prove that the sequence (a,)nen contains some bounded subsequence.
Assuming by contradiction that this is false, we may construct some subsequence, still denoted
(@n)nen, such that

an — 400, as n — +00. (7.15)

In view of (8) and (11), there exists some positive number ¢, not depending on n, such that

/ Nj > 20,
B(0,1)

for any n sufficiently large. By (7.14), we also have
/ |No(z + an) — Ny, (x)[*dz — 0, as n — +o0,
B(0,1)

so that
/ |No(z + ap)|?dz > 6,
B(0,1)

for any n sufficiently large. However, it is proved in [18] that there exists some positive constant
K such that

No(z) < vz € R?,

~ 1+ |22
so that
10K
— >,
1+ |ap? —

for any n sufficiently large. This provides a contradiction to (7.15) and completes the proof of
Proposition 4. ]

7.4 Proofs of Theorem 2 and Proposition 2

We finally conclude the proofs of our main theorems.

Proof of Theorem 2. In view of Propositions 3 and 4, given any ¥ € N and any 1 < ¢ < +0o0, the
family (Np)p>o is bounded, uniformly with respect to p small, in WH4(R?), and converges, up
to some subsequence, to some ground state Ny of (KP I) in the space L?(R?), as p — 0. Hence,
by standard interpolation theorem, it actually converges to Ng in W*4(R?). This concludes the
proof of Theorem 2. O

Proof of Proposition 2. The proof is identical to the proof of Theorem 2, considering the function
D10y, instead of Ny, and noticing that Y (R?) continuously embeds into L?*(R?). O
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