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Abstract

The specific geometry of a strip provides connections between solitons and solitonic vor-
tices, which are vortices with a solitonic behaviour in the infinite direction of the strip. We
show that there exist stationary solutions to the Gross-Pitaevskii equation with k& vortices
on a transverse line, which bifurcate from the soliton solution as the width of the strip is
increased. After decomposing into Fourier series with respect to the transverse variable, the
construction of these solitonic vortices is achieved by relying on a careful analysis of the
linearized operator around the soliton solution: we apply a fixed point argument to solve
the equation in the directions orthogonal to the kernel of the linearized operator, and then
handle the direction corresponding to the kernel by an inverse function theorem.

1 Introduction

Our manuscript is devoted to the analysis of the Gross-Pitaevskii equation
iy + AU + U (1 —|P]?) =0,
in an infinite strip R x (0,d) of width d > 0, with Neumann boundary conditions
0, ¥ =0 on R x {0,d}. (1)

We focus on solutions of the following stationary Gross-Pitaevskii equations, also called Ginzburg-
Landau equation in the mathematical literature:

AT + U (1 - |T*) =0. (GP)

A specific solution is the one-variable black soliton Sy which tends to +1 as = tends to +oo. It
is given by the explicit formula

x
So(x) = tanh (\/5>
It is known that for d small, this soliton is the unique stationary solution [1]. For d large, it has
been proved in [1] that the ground state of the energy under the condition that there is a zero
at x = y = 0 is a solitonic vortex, that is a solution with a zero at the origin but which looks
like the soliton in the infinite direction: a solitonic vortex does not have an algebraic decay but
an exponential decay at infinity.
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The general mathematical pattern of solutions as d is increased is still not clear though it has
been the focus of many experimental and numerical papers. Our aim is to characterize solutions
as d is increased. More precisely, we are going to show that, as the width d of the strip is
increased, there exist stationary solutions close to the black soliton, but with k vortices on the
line z = 0, k£ depending on the width of the strip.

1.1 Physical motivation

Black solitons are observed in systems that combine dispersion with a defocusing or repulsive
interaction. Solitonic structures arise in many physical systems such as surface water waves,
nematic liquid crystals, mechanical lattices of coupled pendula, electrical transmission lines,
nonlinear Kerr media and more recently in atomic Bose-Einstein condensates (BECs) [5]. There
are different ways to create solitonic states in BECs: either by dragging a laser beam through
a BEC, or phase-imprinting, or matter-wave interference [10]. Recent experiments focused on
exploring two-dimensional (2D) and three-dimensional (3D) solitary waves in detail. The in-
triguing resulting structures, including their breakup into vortical patterns in both bosonic and
Fermi gases, is the subject of wide investigation and has a wide variety of potential applications
ranging from atomic matter-wave interferometers to producing two-level qubit systems.

In this paper, we are interested in the instability of solitons in reduced dimensions following
recent experimental and numerical studies. Quite a few experimental groups have recently at-
tempted to study solitons by imposing a phase shift in an elongated condensate for respectively
bosonic atoms (rubidium [4] and sodium [9, 19]) and for fermionic atoms (lithium [3, 18, 22|).
One of the issue was to observe solitons and analyze their decay or instability. From the first
picture, they thought they had observed solitons [19, 22|. Further investigations were needed to
fully understand the phenomena: in the case of lithium, they realized it was not a soliton but
thought it was a vortex ring [3], until [18] argued that in fact it was a single straight vortex called
solitonic vortex. In sodium, it was also confirmed it was not a soliton but a solitonic vortex [9].
Therefore, the issue to determine the existence and stability of solitons in a strip is a main one.

Numerical simulations to study the stability of solitons rely on the time-dependent Gross-
Pitaevskii equation to obtain solitary wave solutions for infinitely elongated 2D or 3D traps.
According to the width of the trap, or the strength of interactions, the soliton is either stable or
exhibits bifurcation patterns. The full mechanism of decay of solitons at the onset of instability
is still not completely clear. In a series of studies, Komineas et al. [15, 16, 17| analyze how the
soliton destabilizes according to the strip width. For narrow traps, the soliton is stable. In some
intermediate cases, the soliton initially deforms to become a pair of vortex-antivortex in 2D or a
vortex ring in 3D. This structure eventually decays into a stable solitonic vortex. The numerics
reveal that the vortex-antivortex pair or vortex ring is unstable, but it is sufficiently long lived
to be observed both in the numerics and the experiments. As the transverse size of the trap is
further increased, more pairs of vortex-antivortex solutions are exhibited.

In [2], they analyze numerically the linear stability of solitons and find that the soliton insta-
bility is associated with the formation of one, two, and three vortices in the regimes where one,
two, and three imaginary eigenvalues are present for the linearized operator, as the transverse
size of the trap increases. It is this pattern of one, two, three, etc vortices that we want to
investigate in this paper.

Our aim is to analyze the eigenvalues of the linearized operator to better understand the type
of bifurcation to one or several vortices and prove the existence of such solutions close to the
soliton according to the width of the strip.

Similar questions arise in the simulations for solitary waves, that is existence of solutions



with several vortices close to the soliton, but moving at velocity ¢ [15, 17]. The mathematical
treatment of such issues seems to be more involved even though [6, 7| have settled the framework
for the construction of minimizing solitary waves.

From a mathematical point of view, the instability of solitons is a key question. Rousset
and Tzvetkov [21] have proved for instance the instability of solitons in the whole space but
nevertheless nothing is known about the mode of destabilization: whether it turns into a single
vortex, a pair of vortices in dimension two or a vortex ring in higher dimension. Here the
specificity of the geometry of the strip and the existence of solitonic vortices leads to new and
different mathematical issues.

1.2 Main result

Our aim is to solve the stationary Gross-Pitaevskii equation (GP) with Neumann boundary
conditions (1) for solutions having the symmetry properties

¢(_$7y) = —@Z)(IE,y). (2)

This property corresponds to the physical technique leading to the production of solitons, namely
phase imprinting: a phase shift of # around the z = 0 axis is imposed, leading to this property.

Our starting point (see e.g. [8]) is to observe that the linearized operator of the one-variable
stationary Gross-Pitaevskii equation around the soliton Sy has a unique negative eigenvalue
—1/2, whose eigenspace is spanned by the function

1
Xo(x) = w' (3)

Moreover, the kernel of this operator is spanned by the geometric invariances of the equation,
namely translations and constant phase shifts.

If we consider this linearized operator in the two-dimensional setting, things are different. As
we will show below, when

d= dk = \/57‘(/6‘, (4)

the restriction of this operator to the Fourier sector of order k in the transverse variable y has a
nontrivial kernel (excluding the invariances of the equation), which is spanned by the function

i) = i xofa) cos (T2, 6

We point out that the soliton Sy is odd with respect to the variable z, whereas the eigenfunction
Xo is even, so that Sy and yj; have the symmetry in (2). For any k& > 1, this suggests the
possibility of a branch of stationary solutions bifurcating from Sy as the parameter d varies and
hits the value dj. This is what we are going to prove.

The Hamiltonian framework corresponding to (GP) is the Ginzburg-Landau energy

s =g [ [ weeeg [ [ -y

which we will always assume to be finite in sequel. It is then natural to introduce the function
space

X = {1/; ‘R x (0,d) — C s.t. o satisfies (2), Vop € L2(R x (0,d)) and 1 —||? € L2(R x (o,d))}.



For ¢ > 0, we also let
Lf:{¢ﬂRx@@%ﬁCst@wwéw@yﬁﬁﬂeﬁﬂRme»}

and we denote by W2 the space of bounded functions (not necessarily decaying exponentially
in the x variable), whose derivatives and second derivatives belong to L°. With these definitions
at hand, we can state our main result.

Theorem 1. For k € N*, let dj, = \/2nk. Then, there exist positive numbers £y, and oy, and a
smooth branch d — Uy, 4 from (dy, di+y) to XDWE,;OO such that the functions Uy, q are solutions
to (GP), with Neumann boundary conditions (1).

For |d—dy| < £y, the functions Sy, ¥y, q and @k,d are the only solutions in a neighbourhood of
Sy in XN WUZ,;OO. In particular, the black soliton Sy is an isolated solution for d — < d < dy,.

As d ™, dy, the following expansion holds in W*>(R x (0,d)):

d — dg

Ura(z,y) = So(z) +i0 4/ —
k

Xo(x) cos (%) + O(d — dk),

for a universal positive number A. In particular there exists a universal positive number £ such
that the energy of Yy q can be expanded as:

(d — dy)?

E(Vy.q) = E(So) — i

5+O«d—@ﬁ> (6)
It turns out that the symmetries of the equation and the uniqueness statement in this theorem
allow us to describe more precisely the dependence on k and the vortex structure of ¥y, 4.

For any function ¥ : R x (0,d) — C, we define the map RW¥, which is the conjugate reflection
with respect to the line y = d/2:

RY(z,y) = V(z,d —vy), VY(z,y) €R x(0,d). (7)

If U is a solution to (GP), with the Neumann boundary conditions in (1), then so is the function
RU. If, moreover, we have R¥ = ¥, then we may extend ¥ to a solution Y of (GP) on R? by
setting, for any integer j € Z,

Y(z,y+jd) = (R'¥)(z,y), V(z,y) € R x (0,d). (8)

Indeed, the symmetry condition given by the identity R¥ = ¥ together with the Neumann
boundary conditions in (1) imply that the values of T and its derivatives match on the boundary
of the strips R x (jd, (5 4+ 1)d).

We are then able to deduce from the above and Theorem 1 the following
Corollary 1. With the same notations as in Theorem 1, for k = 1, the function ¥4 has a
single zero, which is a vortex of degree —1 located at (0,d/2). Moreover, Uy 4 is symmetric in
the sense that
RV 4= V4,
when d € (di,dy + £1).

Similarly, for d € (dy,dy + lx), where d, = kdy, the function V4 has exactly k vortices,
located on the line x = 0 at the ordinates

di(25 +1)
Y; = ok )



for 0 < j <k, and with degree (—1)7*1. Moreover, when d € (dj, dy, +min{kly, £y }), the solution
Vg is equal to Wy g/, in R x (0,d/k) and is the restriction of the function Yy q/; to the strip
R x (0,d).

Remarks. 1. The solutions ¥}, 4 have constant limits in the x direction, and their differences
with their respective limits decay exponentially. This behaviour is specific to the strip
geometry, since in R?, the difference between a travelling wave and its limit at infinity
decays algebraically [12, 13|. This is a consequence of the fact that the strip geometry is
closer in behaviour to R rather than R?, as should be expected.

2. The bifurcation profile and the vortex structure of bifurcating branches are fully consistent
with the numerical simulations and experiments described above, especially in 2, 15], where
the soliton destabilizes and turns into a solution with k vortices, the number k& depending
on the width d. The critical width for &k vortices is indeed roughly proportional to & in [2].

3. A subtlety of our results is that, while Ty g4/, exists for any d € (d,dy + k1), our fixed
point argument does not yield the uniqueness of the branch in this interval. Thus we have
not proved that £ = kf1, even though we strongly suspect this is true.

4. Tt is known that if d is small enough, then Sy is the unique non constant stationary solution,
up to the invariances of the equation [1]. We conjecture that this uniqueness holds up to d;
among solutions with Neumann boundary conditions and symmetries. This is substantiated
by the above bifurcation analysis, which shows a local uniqueness result.

5. The bifurcation analysis implies that the bifurcating branch is more stable, at least at the
linear level, than Sy. The linearized operator around Sy has k + 1 negative eigenvalues for
d slightly larger than dj, whereas the stationary solutions ¥y, 4 are expected to have only
k negative eigenvalues. Note also that the energy of Wy 4 is strictly less that of the soliton
So. In particular this suggests that the bifurcating branch at d;, which has a single vortex,
is the most stable one in a sense to specify.

6. Our analysis should hold if we replace the natural boundary conditions by a harmonic trap
as in some physical experiments. This would change the critical values of the width. Indeed,
the sine and cosine functions have to be replaced in this setting by Hermite functions, which
changes the spectrum and critical widths.

7. Our analysis should be applicable in higher dimensions, where vortex rings are observed in
spaces of the type R x (0,d1) x ... x (0,dy—1) for N > 3, with similar possible changes in
the critical values for the widths dy, ..., dy_1.

8. A mathematical question is to investigate the evolution of the bifurcating branches when
the width d increases. When the domain is R?, no solutions of (GP) with k > 1 vortex
of alternate degrees £1 are known to exist. This does not contradict our result since, as
d — 400, even if one could prove that the branches of solutions persist, we expect the
distance between vortices to tend to +oo.

9. In contrast we expect the bifurcating branch with a single vortex to exist for any width
d > di, and to converge to the vortex solution of degree —1 for the two-dimensional
stationary Gross-Pitaevskii equation (see [20] and the references therein).

2 Sketch of the proofs

In this section we describe the main elements in the proofs of Theorem 1 and Corollary 1, and
then complete these proofs.



2.1 Construction of the solutions V¥, 4

It is classical to solve boundary value problems in the strip R x (0,d) with Neumann boundary
conditions by relying on a decomposition into Fourier series of the possible solutions. There
indeed exists a one-to-one correspondence between smooth functions ¢ : Rx (0,d) — C satisfying
the Neumann boundary conditions in (1), and the functions, which are 2d-periodic and even in
the y variable. This correspondence is obtained by extending first the function v to the strip
Q4 := R x (—d, d) by reflection with respect to the x axis, and then to R? by 2d-periodicity with
respect to the y variable.

In the sequel, we take advantage of this correspondence by working with functions now defined
in Q4. More precisely, we consider the natural energy space in this context

X(Qa) := {¥ € Hio(24,C) s.t. Vip € L*(2g) and 1 — [¢h]* € L*(Qa) },

and we look for solutions to (GP) (in ©4) in the closed subset with the relevant symmetries, that
is
X(Q) = {¢ € X(Qq) s.t. Y(x,—y) = P(z,y) = —¢(-z,y) for any (z,y) € Qf.  (9)

Here as in the sequel, we use the calligraphic notation F(€2;) in order to denote the subset of a
function space F'(€y) formed by the functions satisfying the symmetries in (9).

One advantage to work in this setting lies in the possibility to decompose a function ¢» € X ()
in a Fourier series with respect to the y-variable. More precisely, we set

Yo(z / ¥(x,y)dy, and Y (z / ¥(x,y) cos y) dy, (10)

so that the function 1 can be written as

-5 o s (),

for any (x,y) € Qq4.

In the sequel, we often use the decomposition 1) = 1y + w of a function ¥ € X(Q4). By
the Poincaré-Wirtinger inequality, the function w in this further decomposition belongs to the
Sobolev space H'(£y), while the function 1 is in the one-variable energy space

X(R) = {y € Hp.(R,C) s.t. ¢ € L*(R) and 1 — [¢]> € L*(R)},

or more precisely in its subset X(R) corresponding to functions with odd real part and even
imaginary part. Note here again that, given a function space F(R), we always use in the sequel
the calligraphic notation F(R) to denote the subset of functions with odd real part and even
imaginary part.

When a function ¢ = 1g + w is a solution to (GP), the functions ¢y and w solve the system

{— 0 —o(1—[ol?) = —fo, (11)

—Aw —w(1 = [¥o]?) + 2 (Yo, w)c Yo = —2 (tho, w)c w — [w[* (Yo + w) + fo,

where we have set

d
fol) = - /0 (2 (wo(@), wiw,y))c wlz, y) + (e, y) PWo(x) + w(z.y)) dy,  (12)



for any « € R. A natural strategy to construct solutions is therefore to invert first the left-hand
side of the two equations in (11), at least in the neighbourhood of the soliton Sp, and then to
handle the nonlinear terms in the right-hand side by a fixed point argument.

This strategy is complicated on the one hand by the fact that the left-hand side of the first
equation in (11) is nonlinear. We will by-pass this difficulty by implementing a variational
argument in order to construct a solution )y for any suitable right-hand side — fy, and then rely
on coercivity estimates in order to establish the uniqueness of this solution.

On the other hand, it turns out that the linear operator
T(w) = =Aw —w(1 — |¢ol*) + 2(v0, w)c Yo, (13)

in the left-hand side of the second equation in (11) is not always invertible. We rely on this
property to construct our bifurcating branches of solutions Wy, 4. More precisely, we first observe
that since the function g is independent of the variable y, we can decompose the operator 1" in
the previous Fourier sectors as

+o00
T(w)(r,y) = Y Tl ) cos (T2, (14)
P
where )
o, T k2 2
Ty (Yr) == =) + —Vk V(1 = |0]”) + 2(¢0, Vi) c Yo,

and put the focus on the one-variable operators T} in this identity.

In order to analyze T}, we rely on our previous assumption that the function 1y is a small
perturbation of the black soliton Sy. Hence the main properties of T can be inferred from the
ones of the operator

Lo() = —¢" — (1 = S) + 2(So, ¥)c So = Lgj (u) +iLg (v),
where we have set ¢ := u + v, as well as
Lf(u):=—u"—u(1-3S3), and Lj(v):=—v"—0v(l-S53).

In the previous decomposition, the Sturm-Liouville operators L; and L, are self-adjoint on
L?(R), with domain H?(R). As a consequence of the Weyl criterion, their essential spectrum is
equal to [2, +00), respectively [0, +00). Moreover, the function S}, is in the kernel of the operator
Lar. Since this function does not vanish, it follows from classical Sturm-Liouville theory that 0
is the lowest eigenvalue of L(')F and that the kernel of this operator is spanned by the function
Sy. Given any integer k > 1, the operator Lar + m2k? /d? is therefore positive definite, and as a
consequence, invertible from H?(R) to L?(R).

Similarly the function Sp belongs to the kernel of the operator L. Since this function has a
unique zero, this operator has a unique negative eigenvalue —)\g. A direct computation shows
that Ag = 1/2 and that the function xo in (3) is a corresponding eigenfunction of the operator
L. As a consequence, the invertibility properties of the operator L, + 72k%/d? depend on the
precise values of the integer k£ > 1 and on the width d. When d # dj, the operator L +2k? ) d?
is invertible from H2(R) to L?(R). On the contrary, when d = dj, the kernel of this operator is
spanned by the function xg. This self-adjoint operator is invertible only when restricted to the
orthogonal of its kernel.

This analysis is the starting point for developing a bifurcation argument. Indeed, when the
function 1) is close enough to the black soliton Sy, the operators T) have invertibility properties



similar to the ones of the operators L, + 72k?/d?, so that a bifurcation onset is expected for

d = dy.

Now that our strategy to obtain bifurcating branches is clarified, we enter in more details
dealing first with the invertibility of the first equation in (11). Solving this equation is complicated
by the fact that the functional framework corresponding to the set X(R) is quite involved.
Since we eventually look for perturbations of the black soliton Sy, we can benefit from the
analysis in [14] to prove the orbital and asymptotic stabilities of Sy for the one-dimensional
time-dependent Gross-Pitaevskii equation. In this direction, we introduce the weighted Sobolev
norm

[eley = [ (17 + =S 1vr), (15)

and we endow the set X (R) with the complete metric structure associated to the distance d given
by
2 2 2
A, 0)? 1= s — gy + 1~ Wl = (1 = ) sy (15

In [14, Proposition 1], this functional setting was used to establish a coercivity estimate for the
one-dimensional Ginzburg-Landau energy & in the neighbourhood of the black soliton Sp. In
the sequel, we rely on a similar coercivity estimate for defining properly the local minimization
problem from which we solve the first equation in (11). In order to state precisely this alternative
coercivity estimate, we introduce the subset

Xo(R) := {v € X(R) s.t. ¥(0) =0},
We are then able to show

Lemma 2. There exists a number Ag > 0 such that, given a function ¢ € Xp(R), we have

1 3
E(1h) — €(So) > Ao llelm + |2 — —le : 17
() = €(50) = Ao (I e + Il eey) = 3 el a7
where € == — Sy and n:=1— [|> — (1 — SZ) = —2(So, e)c — |e|*.

With Lemma 2 in hand, we can describe our strategy to solve the first equation in (11). This
strategy is first variational. Fix a function fy € L'(R,C) N L?(R,C), and consider the functional

Iy (4) = €() + /R ow e

Since

|(fos ¥)e| < fol + |1 = 1¥1?] 1 fol, (18)

the functional Iy, is well-defined in Ap(R). Given a number a > 0, we can introduce the subsets
U(a) == {¢ € %(R) s.t. d(¥,S) < a},
and consider the local minimization problems

Tp(e) = inf Ip (). (19)

Lemma 3. There exist two numbers ag := A%/Q, and By > 0, depending only on Ag, such that,
for 0 < B < By and any continuous function fo € LY(R,C) N L3(R,C) satisfying

[ foll ) + I foll L2y < B, (20)



the minimization problem Ly (cg) given by (19) has a minimizer 1o € U(ap). This minimizer is
of class C? in R, and it satisfies

— 4 — o(1 = [¢hol*) + fo = 0. (21)
Moreover, there exists a positive number Cy, depending only on Ag, such that

d(1o, S0)* < Cops. (22)

In view of Lemma 3, the function Ny := 1 — |[yg|? corresponding to the minimizer vyq is also
of class C2 on R, and we can check that it decays exponentially at 400 when the function f
also decays exponentially. In order to prove this claim, we first introduce the weighted Lebesgue
spaces

LE(R) := {¢ € L, (R,C) s.t. HwHL‘;(R) = H¢60|-IHLP(R) < +OO}7
for any numbers ¢ € R and 1 < p < co. Note that these function spaces reduce to the classical
Lebesgue spaces for o = 0.

We next derive from (21) the equation
—Ng + 2Ny = 2([p[* + NG + (fo, to)c)- (23)
By taking the complex scalar product of (21) with the derivative ¢, we also obtain

NG/
(ol = 52 ) = 2o, vhhe.
Recall at this stage that any function in the energy space X (R) is bounded (see e.g. [11]). As a
consequence, the function Ny belongs to the Sobolev space H(R), and by (21) again, so does
the derivative 1(. In particular, both functions tend to 0 at +oo, and we obtain the equation

¥ol* = ]\f + 290, (24)
where we have set
T +o0
w@) = [ otorvinedt = [ w0 (25)

Going back to (23), we are led to the differential equation
—Ng + 2Ny — 3Ng = 2((fo,%0)c + 290)- (26)
Relying on this further equation, we can show the following estimate for
go=vo— S0, and o= (1—[vo*) — (1—15l*) = |So|* — [o|*. (27)

Lemma 4. Let 0 < 0 < /2. There exists a number 0 < B, < By such that, given a function
fo € LX(R) satisfying the condition in (20) for a number 0 < f < fB,, and the corresponding
manimizer o of the problem Ly, (c), the functions No and iy, belong to the weighted Lebesgue
space L (R). Moreover, there exists a number Cy > 0, depending only on o and Ay, such that
the functions ng and €g defined above satisfy

Hnﬂ”igo(]g) + HEOHiW(R) + HEf)Higo(R) < Co (ﬁ + HfOHigO(R)> (1 + B8+ HfOHigO(R))' (28)

Note that €o is bounded in L*°(R), not in LY (R).



A difficulty with the variational construction in Lemma 3 lies in the property that the min-
imizer vy is not necessarily unique. Since this function is in Ap(R), we know that 1(0) = 0,
and also that Im(¢()(0) = 0, but this is not enough to apply the Cauchy-Lipschitz theorem. In
order to by-pass this difficulty, we rely on the coercivity estimate in Lemma 2 to establish some
Lipschitz dependence of the function vy on the function fy. In the sequel, this property will also
be useful to solve the complete system in (11) by a fixed point argument.

In order to show this Lipschitz dependence, we first recall that the minimizer v is a pertur-
bation of the black soliton Sy due to (22). Define £y and 79 by (27). Then we check that

—ep — (1= 55)e0 — (So + €0)m0 = — fo- (29)

Similarly, we derive from (26) that

—nh + 2n0 — 6(1 — S3)mo — 303 = 2(fo,Yo)c + 290- (30)

We then consider another function f; € L£3°(R) satisfying the condition in (20) for the same
number 0 < # < B,, and we denote by ¥; € U(ap) a minimizer of the minimization problem
Z¢ (o) given by Lemma 3. Introducing the function g; given by (25), and setting as above
g1 =11 —Spand n; = Ny — (1 — Sg), we first control the differences €1 — ¢g and 71 — 19 in
H(R), respectively in L?(R).

Lemma 5. Let 0 < o < /2. There exists 75, Ay > 0 such that for any v < vs, if fo, f1 € LL(R)
are such that

ol gy + 191 ey < (31)

then the differences V1 — g and n1 — 1y satisfy the estimate
1 = olla®) + lIm — nollLew) < Asllfi = foll oo (r)- (32)

In particular, under the assumptions of Lemma 5, there exists a unique minimizer ¢y €
U(ay) for the minimization problem Zz (ap). Indeed, given any other possible minimizer 1, the
inequality (32) holds for fi1 = fo, so that 1; = .

We next upgrade the previous control on the differences ¢} — ¢f, and 11 — 7y from L?*(R) to
L°(R). More precisely, we establish the following Lipschitz dependence of the functions 1 and
Ny on the function fy.

Lemma 6. Let 0 < 0 < /2. Assume that two continuous functions fo and f1 in LO(R) satisfy
the condition in (31) for a number v < ~,. There exists a positive number B,, depending only
on o, such that the differences 11 — g and n1 — 1y satisfy the estimate

[v1 — %HLgo(]R) + ¢ - ¢0HLOO(R) +|jm — 770”Lgo(R) < By fi — fOHLgo(R)'

This concludes our analysis of the first equation in (11). We now turn to the second equation.
In view of Lemma 3, we assume that the function v is fixed in Xp(R), and that it belongs to
the open set U(p) for some number g > 0.

Our goal is now to invert the operator 7" in (13). Decomposing it as in (14), we put the focus
on the one-variable operators Ty. We first claim that we can restrict their analysis to the space
H'(R). Invoking the Poincaré-Wirtinger inequality (again with respect to y)

d
HwHL2(Qd) < }HaywHLQ(Qd)’

10



we indeed check that the function

Z@bk cos (ka>

does not only belong to H' (), but actually to H'(£), so that the functions 1y, are in H(R).

We next recall that, when the function g is close to the black soliton Sy, the operator T}
appears as a perturbation of the operator Ly + 72k?/d?, which we have previously analyzed in
this sketch of the proof. Summarizing this analysis, we can claim that the operator Lo+ m2k?/d>
is invertible, when d # dj, whereas it is not for d = di. In this latter case, it is however invertible
when restricted to the intersection of H2(R,C) with the orthogonal space

Ho = {¢ € L*(R,C) s.t. (¥,ix0)2®) =0}
In the two cases, we can also check that the norm of its inverse, as an operator from L?(R) to
L?(R), is bounded uniformly with respect to k > 1.

We claim that the operators T} have similar invertibility properties when the function g
is close enough to the black soliton Sy. By using the Parseval identity, this provides a precise
description of the invertibility properties of the operator T

In order to state them precisely, we now fix an integer k£ > 1 and introduce the subspace
Hy = {¢ € L2(Q4,C) st v = 0 and ¥y € Ho},

where 1y and 1), are given by (10), as well as the corresponding orthogonal projection 7 given
by
(¥, Xk) L2(0)

Vi € L2(Qy,C), =1 —
Y € L7(Qq,C), mp(¢) =1 o

Xk (33)

where xy, is the function in (5).

We also introduce the weighted Lebesgue spaces

L5 (S0) = {4 € Lo (2. ©) st [0l 50, = [19(0) €] (g, < Foo.

for any numbers 0 € R and 1 < p < o0.

When d and g are close enough to di, respectively Sy, we obtain the following invertibility
properties for the operator T

Lemma 7. Let k > 1. There exist three numbers §g > 0, uo > 0 and kg > 0 such that, for any
width d, — §p < d < di, + 09 and any function ¥y € U (o) such that

170 oo gy + l1£0l] o gy < 0, (34)

where €9 and ng are defined by (27), the following holds:

(i) The operator T given by (13) is invertible from H*(Qq,C) N Hy to L2(Qq,C) N Hy, : Given
any function g € L2(Qq, C), there exists a unique function w € H?(Qq, C) N Hy, such that

T (T(w) — g) = 0. (35)

Moreover this function satisfies
HwHHQ(Qd) S “OHQHB(Qd)- (36)

11



(1) There exist og, 61, vg > 0 such that, if 0 < T < 0 < 09 and d, — &1 < d < dj + 1 then,
assuming that

HUOHLgo(R) + HeOHLOO(]R) + H56HL3<>(R) < 10, (37)
the condition in (34) is satisfied as well, and for any g in LY (4, C), the function w given by (35)

satisfies the following estimate

H“’HLgo(Qd) < “THQHLgo(Qd)’ (38)

where k; > 0 depends on k, 41, vy, 09, 0 and T.

In the sequel, we invoke this invertibility property in order to write the second equation
in (11) as a fixed point equation, and then solve it by a fixed point argument. The fact that this
argument must be combined to a similar one for solving the first equation in (11), in view of the

Lipschitz control in Lemma 6, is why it is natural to perform this second fixed point argument
in the spaces L ().

With Lemma 7 at hand, we are in a position to settle the fixed point argument which we apply
in order to solve the system in (11). We fix a number k& > 1 and a width dy — §1 < d < dj, + 01,
where §; is the positive number given by Lemma 7. For 0 < o < 0(/2, we also introduce the set

Ve (R) = {wo € Hy(R) s.t. vf € LFR)},
Note that this set is not a vector space, but it is a subset of the vector space
Wos®(R) i= {w € C'(R,C) s.t. 4o(0) = 0 and v € LF(R)},
which we can endow with the norm

ollwace ey = 19715 ey:

In particular, the set Y3°(R) is naturally endowed with the metric structure given by the distance
corresponding to this norm.

Given a function g € Y°(R), and a map w € L£3°(2g), we next denote by fy(o, w) the
function given by (12), and we also define the nonlinearity

9(¥o,w) == =2 (o, wyc w — |w|* (o + w) + fo(tho, w). (39)

We claim that these functions are in £3°(R), respectively in £55(£24), and have Lipschitz con-
tinuous dependence on the functions )y and w. More precisely, we show

Lemma 8. Let 0 < o < 0¢/2. The maps fo and g are well-defined from Y3°(R) x LX(q) to
5o (R), respectively to L35(2q). Moreover there exists a universal constant K > 0 such that

Hfo(izoaﬁf) - f0(1/107w)HLSO(R)JFHQ(”LEO,@) - g(%,w)‘ I (0a)
= K(H% - 1/~JOHL°°(]R) HwHigo(Qd)Jer - wHLgO(Qd) (HwHLgo(Qd) + HwHLgO(Qd)) X (40)
X (H%HLw(R) + HwHLgO(Qd) + HwHLgO(Qd))>’

for any pairs (o, ®) and (Yo, w) in Y (R) x L3 (Qq).
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It follows from (40) that, if we restrict ourselves to pairs (1o, @) and (g, w), which are close
enough to the pair (Sp,0), the Lipschitz constant of fy and g are small. This last observation
allows to implement a fixed point argument, which we now detail.

We first introduce a small parameter p > 0 and the closed ball B((Sp,0),p) with center
(So,0) and radius p in Y°(R) x (£LL(Qq) N Hg). Given a pair (1)p,w) in this ball, and a real
number |A| < p, we deduce from the definition of the function fy(¢o, w + Axx) and its Lipschitz
continuity in (40) that this function satisfies the conditions in (20) (with § = f2,) and in (31)
(with v = 72,) when p is chosen small enough. As a consequence of Lemma 4, there exists a
unique minimizer ¢y € U(ap) of the minimization problem Tty (who,w+rxx) (@0).  Moreover, the
corresponding functions 7y and (g))’ are in L°(R) and satisfy the estimate in (28). Decreasing
if necessary the value of the number p, we can assume that these functions satisfy the condition
in (37) with v < 1, and then that the function v} is in U (uo).

Invoking Lemma 7, we next consider the function w* € £3°(R) corresponding by (35) to the
function g(1g, w + A\xx), and then the map Zj given by

Ek(¢07w7)\) = (Tbé\ﬂﬂ)\ - )\Xk)

Going back to Lemmas 6 and 7, we claim that for p small enough and |A| < p, the map Z(-, -, \)
is a contraction on the closed ball B((Sp,0),p). This property is enough to show the following
existence result in which we also use the vector space

WosP(R) i= {wo € Wy (R) st 0§ € LX(R) },
which we naturally endow with the norm
H@Z’OHW&;%R) = HQ'Z)OHW&’?’(R) + |90 Lo gy
as well as the vector space
W (Qq) = {w = o +w € L2(Qg,C) s.t. 1o = 0, Vo € LP(Qy) and D*w € LgO(Qd)},
similarly endowed with the norm

Hd}HWf"x’(Qd) = vaHLgO(Qd) + HD2wHLgo(Qd)'

Proposition 9. For k> 1, let 0 < 0 < 09/2 and d, — 01 < d < dj, + 61, where oy and &1 are
defined in Lemma 7. There exists a number p; > 0 such that, given any real number |\ < p,
there exist maps (U3, W*) € Y2 (R) x (L(y) N Hy,) such that V) and WA are smooth on Qg4
and solve the equations

()" =y (1 — [W3?) = — fo (T, W + Axi), (41)
and
wk( — AW+ xxi) — (W + ) (1= [T5]%)

(42)
+2 (U5, WA Axi)e U — g(Lg, WA + AXk)) =0.

Moreover, these maps are the unique solutions of the previous equations in Y5°(R) x (L°(Qq) N
Hy,) such that

|wo — SOHWOI’,?(R) <p1, and HW)\HLgO(Qd) < PL

and the map A — (U3, W?) is smooth from (—p1,p1) to W&’;’O(R) X W&?(Qd), while the map
A= 1 — |WQ|? is smooth from (—p1, p1) to L3(R).

13



Equation (42) may be written
™ (T(WA + k) — g (W), W+ Axk)) — 0,

where 7, is defined in (33), hence W + Ay, satisfies the second equation in (11) if and only if
(T(W* 4+ Ax1), X&) 2 = 0. Therefore, the function ¥ = W) + W* + \yy, is a solution to (GP)
whenever the quantity

J(d,A) == (= AW + ) — (W + M) (1= [95 )

(43)
+2 <\Ij())\? W)\ + )\Xk>(c \Il())\ - g(\IIS" W)\ + AXk)vXk>L2(Qd)7

vanishes. For dp — 01 < d < di + 01 and A = 0, the function W is, by uniqueness of the fixed
point, equal to the black soliton Sy, so that

J(d,0) = 0.

Invoking this property, it is natural to implement a perturbative argument in order to describe
locally the set Z of widths d and of parameters A for which the function J vanishes. Note that this
is the reason why we make the dependence on d of the function J explicit. In practice, applying
such a perturbative argument requires to establish first some smoothness for the function J.
This can be done by invoking some fixed-point theorem with parameters. In this direction, we
show

Lemma 10. Let k > 1 and 0 < o < 0¢/2 be fized as in Proposition 9. There exist two
numbers 0 < d3 < 61 and 0 < po < py such that the function J defined by (43) is smooth on
(d — 02,dg, + 62) X (—p2, p2), and odd in its second variable \. Moreover, the following holds:

J(dy,0) = 04J(dy, 0) = OxJ (g, 0) = 0g,4J (dy, 0) = O\ 1J(d,0) =0, (44)

and

OarJ(dr,0) = —2v2, and O\ \J(dy,0) == wdy, (45)

where w > 0 is a universal constant.

Invoking Lemma 10, we are in position to apply the Morse lemma in order to characterize
the vanishing set Z of the function J in the neighbourhood of the point (dg,0). In view of (44)
and (45), this set is locally diffeomorphic to two secant lines. This property eventually provides
the existence of two smooth branches of solutions to (GP), the first one corresponding to the
black solitons. The final point in the proof of Theorem 1 is to establish that the second one
provides truly two-dimensional solutions on strips with widths close to the critical width dy.

2.2 End of the proof of Theorem 1

Our starting point is the fact that the black soliton Sy is a solution to (GP) in any strip 4.
As a result, the pair (Sp,0) is a solution of equations (41) and (42). By the uniqueness of this
solution in Proposition 9, we infer that ¥J = Sy and W° = 0 for d, — & < d < dj, + 6. This
guarantees that

J(d,0) =0,

for any dy, — 61 < d < dj, + d1. We can therefore write the function J as
1
J(d, ) =AT(d,N) = )\/ OxJ (d, At) dt, (46)
0
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where, invoking Lemma 10, the function J is smooth on (dy — d1,dx + 01) X (—p2, p2). Using
Lemma 10 again, we compute

J(dy,0) = 0zJ(dy,0) =0, and  9gT (d,0) = dgrJ (dg,0) = —2v/2 < 0,

Applying the implicit function theorem, we can find two numbers 0 < do < §; and 0 < p3 < p9,
and a smooth function d : (—ps, p3) — (di — 02, di + d2) such that, for any dy —d2 < d < dj, + 2
and any —p3 < A < ps,

J(d,\) =0<«=d=d(N). (47)

In view of (46), this equivalence means that the intersection of the vanishing set Z of the function
(d,\) — J(d,\) with the subset (di — d2,di + J2) X (—p3, p3) is the union of the smooth curves
A =0 and d = d()), which intersect at the point (dg,0).

Concerning the function d, we first recall that the function J is odd with respect to the
variable A. Hence it follows from (46) and (47) that d is an even function. In particular, its
derivative d'(0) is equal to 0. Observing that

1
DT (d,\) = / M (d, \t) £ dt,
0
we deduce from applying the chain rule to the identity J(d(\), A) = 0 that

dy,
d’(0) = —°k >
© 6v2

where w is a universal constant, which comes from (45). As a consequence, we can reduce the
value of the number ps (if necessary) so that

0, (48)

d'(\) >0,

for any 0 < A < p3. The function d is then smoothly invertible from (0, \3) onto its image
(dy, dy, + %), and its inverse X := d~! satisfies

J(d.A(d)) =0,

for any d, < d < dj, +¢x. Note here that this inverse is actually continuous on [dg, d + (). Note
also in view of (48), that d(\) — di ~ wdy, A2/(121/2) as A goes to 0, so that

A(d) ~ 4 W’ (49)

It then follows from Proposition 9 that the functions

as d — dy.

Upg = gA@) . \I/g‘(d) + WD £ \(d) xp, (50)

are solutions to (GP) on 3. Concerning the smoothness of the map d — ¥y 4, we have to
deal with the property that they are not defined on the same strips. We settle this difficulty by
applying the change of variables z = dyy/d, and introducing the rescaled functions

\i/k,d(a;, z) =W (a:, Z:),

which are all defined in the strip Qg,. Letting similarly U@(z) := \I'S‘(d) (z) and w%(z,2) =
WA (z, dz/dy) + X(d) xx (2, dz/dy), we derive from Proposition 9 and the fact that the function
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A is smooth that the map d +— (U¢, %) is smooth from (dy, dy, + £4) with values into (Y°(R) N
Wg (R)) x Wg >°(Qyq,,) for some number 0 < o < 0¢/2. Since the function A remains continuous
when d — dp., the smoothness of this map on (dg,dy + ¢) extends to a continuity property on

(i, dip + Ck;).

We now conclude the proof of Theorem 1 by observing that the restrictions of the functions
U}, 4 to the half-strip R x (0, d) remain solutions to (GP), but with Neumann boundary conditions.
Note also that these restrictions are in X' N W§7°°, with a smooth dependence on d in view of the
previous analysis of the map d — (\ifg, zi)d). The fact that Sy, ¥y 4 and m are the only solutions
of the equation in a neighbourhood of Sy in X' N WUQ’OO, follows from the previous description of
the vanishing set Z, which is diffeomorphic to two secant lines. The solutions m correspond
to the case of negative values for the number A.

Note finally that we can derive from (6.3) and (6.4) that the functions ¥3 and W in Propo-
sition 9 satisfy, as d — dj and A — 0,

Uy =So+0(ld—di|> + [N\?), and W?*=0(|d—d]> + |\?), (51)

these convergences holding in W(i >°(R), respectively W(ifo(ﬂd). In view of (49) and (50), this
can be rephrased as the fact that

12v/2(d — dy,)

i, Xo(x) cos (%) + O(|d — di|), (52)

Via(z,y) = So(z) +

as d — dg, these convergences holding in particular in W2°°(R x (0,d)). This is exactly the

asymptotic description of the solutions ¥y, 4 in Theorem 1, with A := 4/ 12v/2 /w. Finally we use

these asymptotics in order to expand the Ginzburg-Landau energy E(¥y, 4) as in (6). We refer to
Subsection 6.2 below for the detailed computations. This concludes the proof of Theorem 1. [

2.3 Proof of Corollary 1

The first step in the proof is to describe the possible vortices of the solution ¥y 4 in the regime
in which d is close to di. This description is based on the expansion in (52). Recall that these
asymptotics hold in W2°°()4), hence are uniform in Q4, and the corresponding expansions for
the derivatives with respect to x and y also hold uniformly in Q.

Note also that the function yg takes positive values, so that the first two terms in the right-
hand side of (52) vanish if and only if z = 0 and y = (25 + 1)d/2k, with —k < j < k — 1.
In the limit d — dj, by uniform convergence, the function ¥y ; cannot vanish except in the
neighbourhood of the corresponding 2k points (0, (25 + 1)d/2k). Moreover, the Jacobian matrix
of the function Wy ;5 uniformly satisfies the asymptotics

DPpaley) = (ﬁsg(k) it d;,f%?o( >sm(”’;”)>+0(‘d_d’“')' o

As a consequence, it is invertible in the neighbourhoods of these 2k points. Invoking the inverse
function theorem is then sufficient to guarantee that the function ¥y, 4 has exactly 2k zeroes for
d close to dj, which are located close to the 2k points (0, (25 + 1)d/2k), —k < j < k — 1. Note
here that due to the symmetry properties of the function ¥y, ;5 the horizontal component of these
zeroes is exactly 0. Note also that the fact that these zeroes have alternate degrees £1 follows
from the uniform asymptotic expansion in (52) and (53).
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Restricting our attention to the restriction of the function ¥; 4 to the strip R x (0, d), we first
claim that the ordinate of its unique zero is exactly d/2. Consider indeed the function R¥; 4
given by (7). This function is by construction a solution to (GP) with Neumann boundary
conditions. Moreover it remains in the neighbourhood of Sy in X' N WE’“’, in which the unique
solutions are Sp, U1 4 and ¥y 4. Since R¥; 4 has a unique zero in the strip R x (0, d), this function
is either equal to Wy 4, or to @Ld. By uniqueness, the zero of R¥; 4 is moreover equal to the one
of ¥y 4 and Wl,d‘ However, the ordinate of the zero of RV 4 must be equal to d — yo, if yo is the
ordinate of the zero of ¥y 4. Hence we have d — yg = yo, so that

d
Yo = =-

2
In view of (52), we next check that the zero of the function ¥, 4 has degree —1. Concerning
the degree of the zero of the function RW 4, it is by construction equal to the one of the function
VU 4, whereas the zero of Wy 4 has opposite degree. As a conclusion, the function RV, 4 is
necessarily equal to the function ¥y 4.

Using this property, we can define the function Ty g/, for k > 2 and dy < d < di, + k{1 ac-
cording to (8), and check that it remains a solution to (GP) with Neumann boundary conditions.
When di < d < dj, + lg, this function is in the neighbourhood of Sy in X' N T/Vc,z’OO in which the
unique solutions are Sy, ¥y 4 and Ek,d Considering as before the location and the degree of
the zeros of Ty /1, we check that this function is equal to the function Wy 4. As a consequence,
the zeroes of this function are located at the points (0,dy (25 + 1)/(2k)) for 0 < j < k and their
degrees are equal to (—1)7*!. This completes the proof of Corollary 1. O

2.4 Outline of the paper

In the next sections, we provide the detail of the proofs of the various lemmas and propositions
stated in the previous sketch of the proof of Theorem 1. Section 3 is devoted to the resolution of
the first equation in (11), and more precisely, to the proof of Lemmas 2, 3, 4, 5 and 6. Section 4
deals with the invertibility properties of the operator T' given by Lemma 7. In Section 5 are
gathered the proofs of Lemma 8 and Proposition 9 concerning the main fixed point argument.
Finally, Section 6 provides the detail of the proof of Lemma 10 regarding the differentiability
properties of the function J, and of the computation of the expansion of the energy E(Vy 4) as
in (6).

3 Analysis in the zero Fourier sector

In this first section, we collect the proofs of the results related to the zero Fourier sector, that is
dealing with the function .

3.1 Proof of Lemma 2

The proof of the coercivity estimate in (17) is reminiscent to the proof of [14, Proposition 1].
Consider a function ¢ € X(R), and set € = ¢ —Sp and = 1 —|¢|> — (1 - SZ) = —2(Sp, &)c — |e|?
as in the statement of Lemma 2. Since Sy is a critical point of the energy €, we can expand the
energy (1)) as

€(1) = €(So) + Qo(e1) + Qole2) + % /an’ (3.1)
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where the quadratic form Qg is given by

Q(h =3 [ (17 -a-sh)

When ) belongs to the set Xy(R), the real part €1 and the imaginary part €5 of the function e
are odd, respectively even, and both of them are in the space

Hy(R) := {f e C°(R,R) s.t. f(0) =0 and Il ey < —l—oo},

where || f||g(r) is defined in (15). By the Sobolev embedding theorem, this vector space is
a Hilbert space for its natural norm || ||g(g), and the quadratic form Qg is well-defined and
continuous on it. In particular, we can define a self-adjoint operator Qy on Hy(R) such that

Qo(f) = (Qo(f), [ um);

for any function f € Ho(R). Arguing as in the proof of [14, Proposition 1], we can check that this
operator can be written as Qy = I/2 — Ky, where K is the self-adjoint non-negative compact
operator defined by

(Ko(f), 9) ewy = /R (1-82)fg.

for any functions (f, g) € Ho(R)2. As a consequence, we can apply the spectral theorem in order
to find a non-decreasing sequence of eigenvalues pu,, of the operator Qp, with p, — 1/2, and a
corresponding Hilbert basis (e, )n>0 of Ho(R) such that

Q0(6n> = Hn€n, (32)

for any n > 0.

We next claim that the operator Qg is non-negative so that
iun Z 07

for any n > 0. Consider indeed a function f € Hg(R), which is of class C! on R. Since f(0) = 0,
we can continuously extend the function g := S, f/Sp to the whole line R by setting g(0) = f’(0).
Since f is in Hp(R), the function g belongs to L?(R), and we are allowed to derive from (GP)
that

L=y = (02 -220r+ Sy = [ (02 + E2) = aun,

0

by integrating by parts. Hence the quadratic form @ is non-negative on the subspace Hy(R) N
C!(R). The non-negativity of the operator Qy on Hy(R) then follows from the property that
Hy(R) N CH(R) is a dense subspace of Hy(R).

We now claim that the kernel of the operator Qg is spanned by the function Sy. Indeed, when
a function f belongs to this kernel, it solves the second order differential equation

—f"=(1-8)f =0,

and it moreover satisfies the initial condition f(0) = 0. We observe that Sy is a special solution
of this problem. Therefore, it follows from the Cauchy-Lipschitz theorem that the kernel of the
operator Qy is spanned by this function.
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As a consequence of the two previous claims, we obtain that ug = 0 and puq > 0. Going back
to the orthogonal decomposition in (3.2), we conclude that

(f3S0) m¢ R)SOH

Qo me— 1Sl (3.3)

for any function f € Hp(R).

We are now in a position to estimate the various quantities in the decomposition (3.1). Since
the function €9 is even, we first compute

<€2, SO)H(R) = 2/ €2S0(1 — Sg) =0.
R
Hence we deduce from (3.3) that
Qole2) > pmlle2ll7m

In particular, it follows from (3.1) and the non-negativity of the operator Qq that

1
() ~ €(0) = mllealfyey + 7 [ (3.4)

Concerning the real part €1, we argue as in the proof of [14, Proposition 1]. We first compute

1 1 1
Lotz fa-she= [a-spsise [ (- shsieleP + 01— sl
R R R R

Using the identity S) = (1 — S2)/+/2, and invoking the Sobolev embedding theorem for the
function (1 — S2)!/2¢, we obtain

/( — 52)Spe1|e]? = \f/ — S2) 81(351 +e3) + 2818282) <C|le HH
for some universal positive number C'. Hence we have

1= [0 sorsiet = Clele,

We next deduce from the Cauchy-Schwarz inequality that
(€1,50) By < 8[/ — 82)82<2.

Since ||50H%I(]R) = 41/2/3, we obtain

2
L[ S g
4 R N 6”5’0”%{(]1@) H(R)

Combining the non-negativity of the operator Qp with (3.3), we conclude from (3.1) that

(€1, 50) H(R) H2 (€1, SO>%{(IR{)

€(y) — €(So) > pafler — L LR s
0 1” 1 HSOH%I(R) o rr(m) GHSOHZ(R) I HH(R)

so that ) 3
(1) — €(S0) > pller| ) — Cllelarmy
for 4 = min{p;, 1/6}. Going back to (3.4), this gives
0 0 1 c
E(¢) — €(Sp) > 5”81“2(@ + 71”52"%1(11{) t3 /R772 - §HEH§{(R)’

and the coercivity estimate in (17) follows for Ag = min{u/2, u1/2,1/8,2/C}. This completes
the proof of Lemma 2. O
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3.2 Proof of Lemma 3

Consider two positive numbers « and 5 to be fixed later, and assume that the function fy €
LYR,C) N L2(R, C) satisfies the condition in (20). Recall that the functional I, is well-defined
on the open subset U (), so that the minimization problem is also well-defined. From (20) and
the fact that ||.So||®r) = 1 we deduce the following upper-bound

Tp, (@) < 15,(S0) < €(S0) + ||| 1o sy < €(S0) + . (3.5)

When 9 is in U (), we derive from (18) that

’ /R<f0’¢><c S HfOHLl(]R) + HfOHL2(R)<H1 - SgHLQ(]R{) + Hl - W‘g - (1= Sg)HLQ(R))

< BT+ =12 = (1= )| oqmy )

so that, by the definition of the distance d in (16), the coercivity estimate in (17), and the upper
bound in (3.5),

1 .
I5)(¥) > €(So) + Ao d(w, S0)° = - d(ib, S0)° — (1 +d(w, S0))
(3.6)
d(v, S
> Ip,(S0) + d(¢, So)? (Ao - (1’[;& 0)> - 5(2 +d(¥, So))~
0
Let ag := A3/2. Then
(7)) A(]
_ Y250
Ao Ao — 2 ’
and, therefore, choosing
o = a0
we deduce that for any 5 < [y, if (20) is satisfied then
d(¥,S)=a0 = Iz () > Is(a). (3.7)

We are now in position to solve the minimization problem T, (ag). We consider a minimizing
sequence (&, )n>0. Since &, € U(a) we have d(&n, 5’0) < ag for any n > 0. As a consequence, we
can find three functions (¢1, %2, 13) € L?(R,C)? such that, up to a subsequence,

¢y, (1-89)2&, =ty and 1-|&)2 =13 in LA(R,C),

as n — oo. Invoking the Rellich-Kondrachov theorem, we can also exhibit a function 1y €
C°(R, C) such that
& — o in CL(R,C). (3.8)

In view of the previous convergences, the function 1y is actually in X (R), with 1 = 9, 12 =
(1-— 58)1/2 o, and ¥3 = 1 — |1)g|?. Moreover, we also have

d(tho, So) < 1inrr_l>géfd(§m So) < ap.

Similarly, we know that
€(¢o) < liminf €(&), (3.9)
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and we additionally claim that

/<f0,§n><c —>/(fo,1/10)<c- (3.10)
R R

For a fixed positive number R, we indeed check as for (18) that

_ . 2 B 9
< [ ol =l s [ 1l(2 1=l + -,

|z

‘ /<f07£n —o)c
R

so that

‘ /<f07€n —o)c
R

< |[foll 41 gy 6n = ¥oll oo (o T 210l 1 (_mopey + 200 1 Foll 121 ey

Due to the local uniform convergence in (3.8) and to the fact that fo is in £L}(R,C) N L3(R, C),
this is sufficient to conclude that (3.10) does hold, and to derive from (3.9) that

Ifo (7/}0) < hnnig.}f Ifo (gn) = Ifo (QO)'
Hence the function v is a minimizer of the problem Zg, (o). From (3.7), we then deduce that

in fact d(1, So) < ap, so that ¥y € U(ayp).

As a consequence of the fact that U(agp) is open, this minimizer is a critical point of the
functional Ig,, so that it is a weak solution to (21). Since the function fy is assumed to be
continuous, and since g is also continuous, we conclude from a standard bootstrap argument
that the function vy is actually of class C? on R. In particular, it is a classical solution to (21).

To establish (22), we note that if d(vg, S9)? > Co/3, then from (3.6) and our choice of ag we
have

I, (o) — I5,(50) = Cos % — B(2+ ay).

Therefore, if Cy is large enough depending on Ag, we obtain a contradiction to the minimality
of It (1ho). Thus (22) is satisfied, which completes the proof of Lemma 3. O

3.3 Proof of Lemma 4

The proof is based on the differential equation for the function 79 in (30). When the function fj
is in £2°(R), the functions (fy,¥o)c and go in this formula decay exponentially. The functions
Y, and Ny indeed belong to H L(R), so that both the functions 1y and Y, are bounded on R,
and we can check that

[[{fo: Y0)c|| oo gy < [|%0]] oo gy [1foll Lo ) (3.11)
as well as 5
HgOHLgO(R) S gH%HLw(R) HfOHLgO(R)' (3.12)

The two previous bounds depend on the function )y, which is not uniformly controlled at this
stage. In order to derive (28), we need to drop this possible dependence. In this direction, we
first establish

Step 1. There exists a positive number My, depending only on Ag, such that
0[] o gy + 140 ]| o ) = Mo (3.13)

Moreover, we also have
1
HWOHLOO(R) + HEGHLm(R) < Mop2. (3.14)
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The proof is based on the bound for the function v in (22), which means that this function
is a perturbation of the black soliton Sy of order 3'/2. We first use this property in order to
control uniformly the function y. Since Ny is in H'(R), we are allowed to compute

+00
No(x)? =4 [ No() (wo(t), ¢6(1)c dt < 4] Noll 2 g [ Voll ooy V0] 122 (3.15)

x

for any x € R. Since Ny = 1 — |tfg|?, we derive from (22) that
[0l gy < 2+ 20 Mol ey
s2+ 8<H1 - Sg”L?(R) + Coﬁo) <HS(/)HL2(R) TV COﬁO) H¢OHL°°(R)’

so that
HwOHLOO(R) < Mo,

for a positive number M)y, depending only Ag. In view of (24), we also have
1 1 1 1 1
H%HLOO(R) < EHNO”L"O(R) + \/§H90||Zoo(ﬂz<) = EHNOHLOO(R) + \/5Hf0||21(R)H1/’6Hzoo(R)7

so that by (20),
H%HLOO(R) < Mo,

for a further positive number My, again also depending on Ag.

In order to establish (3.14), we argue as in (3.15). Since 1 = —2(¢bo, e()c — 2(e0, S})c, with
St = (1 — S2)/v/2, we can compute

1 1
mo(x)? < 2H770HL2(R) <2HwOHL°°(R) HEBHLZ(R) + \@Hl - Sg”iOO(R) (- SS)QEOHB(R))’
so that, by (22),
7017 < 2(2Mo + V2)d(to, So)? < 2Co(2Mo + V/2) . (3.16)
Concerning the derivative (), we recall from (22) that
6|72 < CoB. (3.17)
In view of (29), we also have
1 1
<6l oy < 1= 5602 | ey (1 = S8 20l| gy + 10ll ooy 170l 2y + 10l 2y
so that, by (20), (22) and (3.13),
1
et agey < ((Mo+1)CF +1) 5.

Combining this inequality with (3.17), applying the Sobolev embedding theorem, and then
adding (3.16) provide (3.14) for a possibly larger number Mj, depending only on Ay.

With the estimates in Step 1 at hand, we can invoke (30) to show that the functions Ny and
no decay exponentially at infinity. We first address the case where the decay rate o is small
enough.
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Step 2. Assume that o < \/2/2. There exists a positive number Bo, such that if 0 < 8 < fBy, then
the functions No and ny are in L°(R), and there exists a positive number Cy > 0, depending
only on o and Ay, such that

HnOHLgO(R) < Co (5% + HfoHLgo(R)>- (3.18)

In order to prove Step 2, we first derive from (30) that the function Mg := n3 satisfies
—Y 4 (4 — 12(1 — 52))Ng = 2noho + 670N — 2(1)°,

where we have set hy := 2((fo,%0)c + go). Going back to (3.14), we can bound the first two
terms in the right-hand side of this identity by

|
2m0ho + 610Ny < (5 + GMOﬁ%)mo 4 2h2 < My + 2h2,

when B8 < By := 1/(144 M2). Since 1 — Sp(z)? — 0 as & — 400, we can also find a universal
positive number Ry such that
12(1 - Sola)?) < 1.

when |z| > Ry. Hence we are led to
—MNG () + 2N () < 2ho(x)?.
Arguing as for the variation of parameters, we obtain
/
—((mo(w)eﬁx)/e_Qﬂx) < 2h0($)2€_\/§x,
for x > Ry.
We next invoke (3.11) and (3.12) in order to check that
2ho(2)” < Ag || foll oo my €27,

where Ay 1= 8(||vol oo ) + |46/l < (r)/o)? only depends on o and Ag by Step 1. This gives

/
_ ((m0($)eﬂz)/e—2ﬂx) < A, HfOH%gO(]R) 6_(\/5"_20)9”.

Observing that
(Mo (w)e¥2") e 2V28 — (M)(x) + V2No(z)) eV = 0,

as x — +00, we can integrate the previous inequality in order to obtain

x AU —20)x
(Ro(w)e™)’ < V2t 20 I follZ e gy V227"

Since o < 1/v/2, and MNo(Ro) < MZB by (3.14), we conclude that

AU —20)x —20 — x
Mo(z) < (‘)To(Ro)e‘/iRO—l—i(e(ﬁ 2002 _ (V2-20)Ro) HfoH%go(R))e v

_ 2
2A 40 (3.19)
< (MEBeo 4 0 | fol ey )2

A similar estimate holds for x < — Ry, so that the function 9 belongs to L3S ([—Ro, Ro]¢). Since
Ny = 773, and 7y is already known to be continuous on R, the function 79, and then Ny, are in
L°(R). Concerning the bound in (3.18), we already derive from (3.19) that
1
HHOHL?([_RmRO]c) < Ccr (52 + HfOHLgO(R))a
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for some positive number C, depending only on ¢ and Ag. On the other hand, it follows
from (3.14) that

R 1 oR
H”OHLgo([—Ro,RO]) < HnOHLOO(]R)ea 0 < Mo B2 e
which is sufficient to obtain (3.18) for a larger positive number C,.

We now deal with the case where the decay rate o is more than v/2/2.

Step 3. Assume that v/2/2 < o < \/2. The functions Ny and ng are in L (R), and there exists
a positive number C, > 0, depending only on o and Ay, such that

HUOHLOO = Cs (52 T HfOHLoo R)) (1 + 87 + HfOHLoo R))

The proof is also based on (30). For o < v/2, the function fy is in Lg%(R), with 0/2 < v/2/2.
By Step 2, the functions ng and Ny also belong to L /2( ), and ng satisfies (3.18) with o replaced
by 0/2. In particular, we are allowed to deduce from (3.11), (3.12), and Step 1 that

2
308 + ol -y < 3lmle oy + 20 (14 2) 1l (3:20)

On the other hand, we derive from (3.14) that

16(1 — S§)no < 6/|no < 24My B2, (3.21)

2o ey ooyl = 561l s ey

Going back to (30), we can infer from the variation of parameters that

xr ptoo
o) = mo(0)e ™" + / / (6(1 — So(£)*)m0(t) + 3n0(t)? + ho(t)) e¥2Zt=9) 4t dz,
0 Jz
for any = > 0. Since o < v/2, we deduce from (3.14) that

1
o ()| < My pre v ¢ 52 16(1 — S3)m0 + 3m5 + hoHLgo(R) e 7"

2 —

We can argue similarly for x < 0 in order to obtain that the function 79, and then Ny, are in
L°(R), with

2 2Mp(2+ o)
(5 olsm) 2o

by (3.20), (3.21) and Step 2. This completes the proof of Step 3.

0] ey < 25Mo 6% + 5

We finally conclude the proof of Lemma 4 by deriving the exponential decay of the functions
Yy, and &j.

Step 4. Conclusion.
Our control on the function ¢, is based on (29). This formula indeed provides
H€8||L30(R) <[~ Sg)eUHLgo(R) + HwOHLOO(R)HnOHLgO(R) + HfOHLgo(R)
Since £(0) = 0, we can write

(1= So(@)?) eo(@) < 4lale™ 2 ef | o sy
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for any x € R, so that by (3.14),

H(l_Sg)gOHLgO(R) = B2

e(vV2 —0)
As a consequence, we deduce again from (3.14) that

4M,

1
HESHLgO(R) = mﬁQ + MoHnoHLgo(R) + HfoHLgo(R). (3.22)

By Steps 2 and 3, the right-hand side of this inequality is finite, so that the function ¢f is in
L¥(R). In this case, it is integrable on R. Since ¢(z) — 0 as * — £oo, we can write the
derivative g, as

b =- [ dwa= [ o

—00

so that &f is also in L°(R), with

1
HEBHLgO(R) <z Haf)/HLgO(R)'

The estimate for £ in (28) follows (for a further positive number C,;) by combining with (3.22),
Step 2 and Step 3. Finally we also have

Jeoll ey < lbllney < = It

Ollpeem) = ll€ollr@) = 5 10l Lge my

due to the property that €(0) = 0. This provides the estimate for ¢y in (28) (for another positive
number C,), and concludes the proof of Lemma 4. O

3.4 Proof of Lemma 5

The proof is based on equation (29) for g = ¥y — Sp. Going back to Lemma 4, we recall
that the derivative f, and the function ny are in L°(R). As a consequence, the function &g is
bounded on R. Since the functions 1 — S3 and fj are also in LZ(R), we deduce from (29) that
the second order derivative £ belongs to L3°(R). In conclusion, the functions V :=e; — gg and
U := (1 + €0)/2 are bounded on R, and their first and second order derivatives are in L°(R).
Note that the functions N :=n; —ny and M := (1 + 19)/2 also belong to this space.

Invoking again (29), we check that the difference V' satisfies the equation
V"~ (1-83)V =~-F+(So+U)N +VM, (3.23)

where we have set F' = f; — fo. Multiplying this equation by V', we are allowed to integrate by
parts in order to obtain

L (WE=a-spivE) = [ (= BV + NS+ U Ve + MVF).

Since N =n; —no = —2(Sp + U, V)¢, we can rewrite this identity as

/R (V1P -a-shiviE+ ]22) = /]R (= (FV)e+ M), (3.24)

and we can bound the right-hand side as follows
/R (= (FEVic+MIVE) < IFl2@ Vi @ + IMIz@lVIZ: @ (3.25)
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where 7 = 0/2.

At this stage, we can bound the norm [[V[| 2 gy by the norm [|[V'||g(r). This claim follows
from the fact that V' (0) = 1(0) — £9(0) = 11(0) — 19(0) = 0. As a consequence, we can write

V(x) = /0 Vi) dy,

for any x € R, so that

V(@) < [l V172 (3.26)
This inequality is then enough to establish that
1 , V2
Viiz2 m) < EHV lz2@) < = IVIla®)-

Introducing this bound into (3.25), and adding the inequality

2
£ 2m) < \/:HFHLgO(R)a

1 2 /K
2 2 2
L (=P Vie+ MIVE) < 1Py + 25 (5 + IMlie) IV I3, 320

we are led to

for any positive number x.

We now turn to the left-hand side of (3.24). We control it by using the coercivity of the
quadratic form @ introduced in the proof of Lemma 2. Going back to (3.3), we have

[ (wr-a-sowr) 2 (=Sl - Gps]

), (3.28)

where V; and V5 stand for the real and imaginary parts of V', and p is the first positive eigenvalue
of the operator Qy. Since the imaginary parts of ¥; and 1)y are even, so is the function Vs, and
we have

(Va, S0)w) = 0. (3.29)

Concerning the real part V;, we argue as in the proof of Lemma 2. We first derive from the
formula N = —25,V; — 2(U, V)¢ and the Cauchy-Schwarz inequality that

1 1

3 [vzg [a-shvez [a-shsivi-z [ - shuviz,

2 Jre 2 Jr R R

Using the Holder inequality, we next write

Ja-shwvizs( [a- 53>|U\4)é (fa- s&wﬁ)%.

Since U(0) = (£1(0) + €0(0))/2 = (¥1(0) + 10(0))/2 — Sp(0) = 0, we obtain as in the proof
of (3.26) that
U@)[* < [ U] 72 my-

Using the inequality 1 — Sp(z)? < 46_\/5"”, this gives

1
2 1
( fa- s%>|Ur4) < s Wy
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Arguing similarly for the function V', we obtain

LU= SOV < 0y IV e
which eventually gives the upper bound

L= SHOE < T 10 ey 1V
and then the lower bound

1
3 [N [ SS3VE = S 101y IV e (3:30)
Recall at this stage that S + (1 — SZ) = 0, so that
V1, S0) ) = 2/ ViSo(1 — S3).
R
Hence by the Cauchy-Schwarz inequality in L?((1 — So(z)?) dz), we obtain
(Vi So)hey < 8V2 [ VP31 S5).
R

Combining with (3.30) finally gives

1
9 N2 V7S UI oo V
Q/R 8\f< 1 S0) () 2\[ | HL @ 1V 1w

We next gather this inequality with (3.28) and (3.29). Using again the fact that the quadratic
form Qg is non-negative, this provides

[ (v ==+ ) (- WSOH #Valf) + 5

<V1’SO>H( )
+ U' 7o) VI

In view of (3.24) and (3.27), we are led to the inequality

1 2 /K o
IV gy + /R N?) < 1Py + 5 (5 + 1M ey + o~ 1012 e 0 ) 1V Wy

for g = min{y;,1/12}. It now remains to use Lemma 4 in order to bound the norms of M and
U’ in the right-hand side of this estimate. Under the condition in (31), we first have

2 1
I follzx @ Hifoll 2y + 1l ey il oy < (2 +7)(||foumo(R HAlze) <7(C+75)

In particular, when 5(v) := v(2/0 + 1/\/0) < /35, we are in position to apply Lemma 4 in order
to obtain

HnOHigO(R) + HgE)HigO(R) + HmHigo(R) + Hngigo(R) < Co (5(7) +72) (1 +6(y) + 72)’
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where C, denotes, here as in the sequel, a positive number depending only on ¢. In view of the
definition of the functions M and U, this gives

1 1
1Ml ey + 10y < Co (Bn) +2)7 (14 B() +47)

In particular, we can choose the values of the numbers s and 7, small enough so that, for v < ~,,

we have
2

K o 12 K
22 (5 H Mz + 575 W0 ) < 5

With this choice, we conclude that

2
2 2 2
IVIzr @ + IN]72g) < RMUHFHL?’(R)’

which completes the proof of Lemma 5 for A, = 2/(kuo)/?2. O

3.5 Proof of Lemma 6

The proof follows from controlling the differences V' := ¢} — ¢, and N := n; — 1 in the spaces
L°(R). As in the proof of Lemma 5, this control relies on the differential equations which these
functions satisfy. Concerning the function N, we derive from (30) the differential equation

~N" 42N =6(1 — SZ)N +6MN + 2(F, Sy + U)c + (H,V)c + 2Go := N, (3.31)

with

Gotw) = [ R, Sy(0) + UB)e + (), V' (1))e) dt

—00

+oo
—— [ (F0. 850 + V) + (HE.V @)c) dt
for any « € R. Here, we have set, as above, U := (e1 +¢¢)/2, M := (n1 +n0)/2 and F = f1 — fo,

as well as H := (f1 + fo)/2. We first deal with the function N, which we need to control in
H'(R) before bounding it in L (R).

Step 1. There exists a positive number By, depending only on o, such that

IN'[| 2y < Ball v = Joll g my-

The proof follows the lines of the proof of Lemma 5. Multiplying (3.31) by the function N
and integrating by parts first gives

/ ()2 +28?) = / (6(1 — SN +6MN 4 2(F, 5y + U)eN + (H,V)eN + 26N ),
R R
so that

”N/H%Q(R) < [Nl z2m) (6||NHL2(R)(1 + [ M || Loow)) + 2l Fll 2y (1 + |U || oo (r))

(3.32)
+ [[{H, Vel 2w + 2HG0HL2(R))-

In this inequality, we observe that
1
1M ooy < 5 (I llzge + ol )
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while

[F 2wy < THFHLOO(R)

Since U(0) = (¢1(0) +£0(0))/2 = 0, we also have

Ulz) = /O U dt,

so that ) )
U] oo (m) < ;HU/HLgO(]R) < %(HEIIHL?(R) + ||56||L30(R)>- (3.33)
Similarly, we infer from the formula V' (0) = £1(0) — €9(0) = 0 that
1
V()| < |22 [IV']| 2wy (3.34)
so that
Vel ey <~ 1H ]l 1V 12 (1Al ) + I foll e IV i
’ L(R)—\@J L3( 2\[0 > (R) (R)
Concerning the function Gg, we check that
2v/2¢~ (0 +V2)lz] e—201z] o—alal
G < || F|| poo(r) | —————=—— + ||U"|| 100 + | H|| poo(r) ||V , (3.35
Go(@)] < 1Pl (PP e+ 10 s ) + Wl 1V )= (3:39)
so that
2v/2 1
G <||Fl 700 el roomy + |lEn|| 100
Goll g <1 ||LU<R>(( St et liee * el )

s f (12l y + 1ol ey ) IV ey

Gathering all the previous estimates and using (28) and (31), we can bound (3.32) by
IV By < BIN 2 (IN Lz + 1F ez + IV e ).

where B denotes, here as in the sequel, a positive number depending only on o. Step 1 is then
a direct consequence of (32).

We next control the function N in L°(R).

Step 2. Given any number 0 < 7 < o, there exists a positive number Bo, depending only on o
and T, such that

IV ooy < Bzl 1 = foll o ey

Observe first that the right-hand side A in (3.31) exponentially decays at infinity due to
the exponential decay of the functions ¢/, €(, m and 7y in Lemma 4, the boundedness of the
functions €1, €, and the exponential decay of the functions f; and fo. Applying the variation
of parameters as in the proof of Lemma 4, we are therefore allowed to derive from (3.31) that

+oo x
N(z) = 2%( / V2N (1) dt + /_ V2= \f (1) dt),

for any 2 € R. In case the function N is in L°(R), we infer from this formula that

IVl < 5=

[N £oo () - (3.36)
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Hence proving Step 2 reduces to establish that the function N can be controlled by the function
F in the space L?°(R).

In order to do so, we estimate each term in the definition of the function A/. Concerning the
two first terms, we observe that

16(1 — S5 + M)NHLgO(R) < 6(”1 — Sl oo m) + HMHLgO(R)) [ NV1] oo ()
< 6(4+ 5 (Il + Il @) ) 1Nl oy
We next combine Lemma 4 and Step 1 with the Sobolev embedding theorem in order to obtain
161 = S5 + M)N|| ooy < Bo || Fll Lo - (3.37)

Here as in the sequel, B, denotes a positive number depending only on ¢. Similarly, we derive
from Lemma 4 and (3.33) that

H2<F7 So + U><CHL30(R) < 2(1 + HU||L°°(R))HFHL30(R) < BU”FHLSO(R)' (3.38)

Concerning the term depending on the scalar product (H, V)¢, we argue as in the proof of Step 1.
Using (3.34) and the fact that 7 < o, we obtain

K Ve ooy < H o) [V @y < Bor (Ifillzge @) + foll e @) (V|| 2y

where B, denotes a positive number depending only on ¢ and 7. By condition (31) and
Lemma 5, we then get

H<H’ V>CHL$°(R) < Bo‘,THFHLg"(R) (339)

Finally, we bound the term depending on Gy by using (3.35). This inequality indeed provides

2v/2 1

”GOHLgO(R) < HFHLgO(R) (m + E(”"SQHL?,O(R) + ”56HL3<>(R))>
1
+ ﬁ(”fl”Lgo(R) + 1 foll oo &) IV | 22 ()

so that, by Lemma 4, condition (31) and Lemma 5,

HGO R) < B||F|| oo (r)- (3.40)

lzeq

Collecting the estimates in (3.37), (3.38), (3.39) and (3.40), and using the fact that 7 < o, we
conclude that
M Loy < Bor I Fll e w);
which is enough to complete the proof of Step 2.
We then deal with the function V.

Step 3. Given any number 0 < 7 < o, there exists a positive number Bs, depending only on o
and T, such that

IVl ooy < Bsllf1 = foll oo -

In view of Lemma 4, we first observe that the derivative V' is in L°(R). In case V" is in
L°(R), it follows that

Vi(a) = /x T Ve i = / " vy ar,

—00
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so that

1
HV/HL$°(R) S ;HV”HLgo(R)' (3.41)

As a consequence, it is enough to control the second order derivative V" by the function F' in
the space L2(R). In this direction, we estimate each term in the formula for V" given by (3.23),
that is

V= —-(1-8)V +F—(So+U)N-VM

For the first one, we write

1A =SV | oy < 4Vl @y
so that by (3.34) and Lemma 5,

2v/2
10 =S8V ey < =V ll ey < BollFl ey (3.42)

2 —0)e
For the third one, we compute
(S0 + UIN| ooy < (U 10l ) [N ] o gy
and we combine (3.33), Lemma 4 and Step 2 in order to obtain
(S0 + UIN| ey < Bor [ | ey

Finally, we estimate the last term by

1
HVMHLgo(R) = HMHLgo(R) HVHLgo_U(R) = 5(“770HL30(1R) + HanLgo(R)> ”V|’L$°_G(R)'
Arguing as for the first term and invoking Lemma 4, we again have

[V|

Leo® S BollFll o ey

We finally complete the proof of Step 3 by applying the three previous estimates to (3.23), using
the fact that 7 < o.

We are now in position to conclude the proof of Lemma 6.

Step 4. Conclusion.

We first control uniformly the function V. Applying Step 3 and the fact that V' (0) = 0, we
indeed have

2
HVHLOO(]R) < ;HV,HLO%O(R) < BUHFHLgO(R)' (3.43)

We next use this estimate to improve the control on the function N. In view of (3.43), we
can bound the scalar product (H, V)¢ in (3.31) by

[xeze V>CHL30(R) < [[Hll g HVHLOO(]R) < By (11l e + ||f°”L3°(R))HFHL3°(R)’

so that by condition (31),
H<H7 V><CHL3<>(R) = BUHFHL?’(R)'

Combining this inequality with (3.37), (3.38) and (3.40), we now conclude that

HNHLgO(]R) < Bo||F|l Lo (r)»
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so that by (3.36) (with 7 now equal to o),

IV ey < BollFll o

Using this improved estimate, we next control the third term in the formula for V'’ by
16So + OOV oy < (141Ul zoo @) 1V oy
so that, again by (3.33) and Lemma 4,
150+ DO ey < Bl ey (3.4

Moreover, we also deduce from (3.43) and Lemma 4 that

VA ey = 5 (10l oy + IV ey < Boll Lo
Combining with (3.42) and (3.44), we are led to

v < Bo||F|| e vy

e )
and it follows from (3.41) (with 7 replaced by o) that
v’

g @y < BollFll ooy

Since ¥1 — Y9 =V and N1 — Ny = N, this concludes the proof of Lemma 6. O

4 Analysis in the higher Fourier sectors

The analysis is based on the property that the operator Ty defined by

To(y) == =" — (1 — [po|?) + 2(3bo, ¥)c o,

is a perturbation of the operator Ly under the assumptions of Lemma 7. We indeed compute

To(p) = Lo(¥) — mo v + 2(c0,¥)c So + 2(So + €0, ¥)c €0,

for any function 1 € H%(R), so that

17000) = ZoCE)) gy < (Ul o gy 20l ey (2 + N e ) 1l 2y

(4.1)
< 110(5 + 2410) |9 [| 12 gy

when the function vy satisfies the uniform conditions in (34). Due to the fact that the operator
Ly has a unique negative eigenvalue —1/2, it follows from (4.1) that the invertibility properties
of the operators Tj = Ty + (mj/d)? when d is close to dj and pg is small enough depend on
the fact that j < k, j = k or j > k. As a consequence, we split the analysis into three steps
corresponding to these three conditions. Gathering these three steps eventually provides the
statements in Lemma 7.
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4.1 Analysis of the operators 7T} for j > k

The analysis is based on the following lemma.

Lemma 11. Consider a one-variable matriz-valued function M € L>®(R, M3(R)) and the cor-
responding bilinear form

BU.V)i= [ ((F0.VV)e+ MO).Vic),

on H'(Qq,C).Y For k> 1, set
X = {¢ € L*(Q4,C) s.t. Y =0 for any 0 < j < /f},

and assume that
Q(U) :==B(U,U) > k|U|3n

for any U € H'(Qq,C) N X}, and some Kk > 0.

Then, given any function F € Xj,, there exists a unique function U € H?(4,C) N X}, such
that
—AU+M(U) =F. (4.2)

Moreover, there exists a number C' > 0, depending only on k and the uniform norm of the
function M, such that

Ul r2(00) < CHFHL2(Qd)' (4.3)

When the function F' is additionally in L°(Qq4,C) for some number o > 0, the solution U is in
LX(Q4,C) for any 0 < 7 < min{o, /k}, with

HUHL?O(Qd) = CHFHLgO(Qd)’ (4.4)

2

for a further number C > 0, depending only on d, 7, kK — 1%, 0 — T and the uniform norm of the

function M.

Proof. Observe that H!(Qg, C) N X}, is naturally endowed with an Hilbert space structure as
a closed subspace of H!(Qg,C). The bilinear form B is coercive on this subspace and also
continuous by boundedness of the function M. When F is in X}, we can apply the Lax-Milgram
theorem in order to find a unique function U € H!(Qg, C) N X}, such that

B, V) = /Q (F, Ve, (4.5)

for any V € H'(Q4,C) N Xj. Since the Laplacian operator and the multiplication operator by
the matrix M stabilize the subspace X, this identity is sufficient to establish that the function
U is a solution to (4.2). The estimate in (4.3) then follows from standard elliptic theory.

Assume additionally that Fis in L (924,C). We can introduce an even bounded Lipschitz
function f : R — R and set U(x,y) = e/@U(x,y), as well as V(z,y) = e2/@U(z,y). Since
the multiplication operators by the functions ef and e?/ also stabilize the subspace X}, we

'In this formula, the complex number M (U) is naturally defined by the property that

(imtari) = (inie)

33



deduce from the bounded Lipschitz nature of the function f that the functions U and V are in
H1(924,C) N X},. Inserting the function V in (4.5), we obtain

/ (|VU| — (2O + (M), U>(C) =B(U,V) = / (F,0)c,

Qd Qd

with F(z,y) = e/@ F(2,y). Invoking the coercivity of the bilinear form B on H!(€4, C) N X,
and the Lipschitz nature of the function f, we are led to

(5~ 1) 10y < 1L (46

Now assume that F'is in LS°(Q4,C) and let f(z) = fn(x) = min{7|z|,n} for 0 < 7 < o and
some integer n. In this case, we have

2d

HFHLQ(Qd) < HFHLZ(Qd) S\Vo—+ HFHLgo(Qd)- (4.7)

When 72 < &, we infer from (4.6) that

- V2d
HUHHl(Qd) S (/<a _ 7_2)\/Uj HFHLgO(Qd)’

and we can take the limit n — oo in order to check that the function U, as well its partial
derivatives 0,U and 9,U, are in L2(2,), with

2 2 2 2d 2
HUHLg(Qd) + HarUHLg(Qd) + HayUHLg(Qd) < (r—722(c —7) HFHLgO(Qd)‘ (4.8)
Next we deduce from (4.2) and (4.7) that AU is also in L2(£y), with
V2d | M| oo m)
8050 < (14 o (19)

The two previous estimates are sufficient to establish that the function U (x,y) = e™V**+1U(x, 1)
is in H?(£24,C), so that by the Sobolev embedding theorem, it is bounded on §4. This shows that
the function U is indeed in L2°(£24), and the estimate in (4.4) follows from (4.8) and (4.9). O

We apply Lemma 11 to the self-adjoint bilinear form B corresponding to the operator T,
namely

Bo1.vz) = [ (Vo Ve = (1 = i) i dale + 2000 vi)e (o). (410)

for any functions (t1,19) € H'(Qq, C)?. The matrix-valued function M in this formula is given
by
_ (Ivol* + 2Re(10)* =1 2Re(wo)Im(¢hp)
M = 9 9 .
2Re(o)Im(to)  [to|® + 2Im(¢ho)* — 1

When the function g € U(uo) satisfies the condition in (34), the function M is uniformly
bounded on Q4 and its uniform norm only depends on the number pg. In particular the self-
adjoint bilinear form B is continuous on H'(Q4, C) (with a norm depending only on ).

Moreover it follows from the Parseval formula that, for any ¢ € Xy,

Zk 12
o= T [
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Arguing as for (4.1), we are led to

n2(k+1)2

B, ) 2 Qo) + (T = 10 (5 + 200) ) [0 0, (4.11)

where

Q) = [ (1020 = (1= |0 0P + 2050, 0)2),

Qq

stands for the quadratic form (on H'(Qg, C)) corresponding to the operator Lg. Since this
operator has a unique negative eigenvalue equal to —1/2, we deduce from (4) that

1 m2k2
Qo(¢) = —gHwHimd) = —Tin’H;(w)'

Hence we have

2 k 1 2 2]{32
(0. 4) > (g - T — (s +200)) 91,

On the other hand we also deduce from applying (34) to (4.10) that

B, ) = [Vl 120, — 1+ 10|20, (4.12)
so that, for any number 0 < 6 < 1,

2 k 1 2 2k2
B, ) = 0[Ve|[aq, + (1= 0) (5 (dj ! —Wdz 05+ 210) ) =601+ 10) )[4 72 0,

At this stage, we notice that

m2(k+1)2  72k?

7T2
-0 -2 —uo(5+2uo)>—9(1+M0)—>(1—¢9)M

dy

-0,

as d — dj and pg — 0. For € small enough, we obtain that, for d close enough to di and pg

small enough, ,
. ((2k+ D) 2
B(T/)ﬂ/}) 2> min {%%’9} HwHHI(Qd)

This coercivity estimate allows us to apply Lemma 11 to conclude that, if the hypothesis of
Lemma 7 are satisfied, then its conclusions hold under the additional assumption that g € Xj.

Note here that, when a function o € U(uo) satisfies the condition in (37) for a number
0<J<ﬂ,wehave

1m0l ooy < Mol ey < v, and el oo (r) < v (4.13)

In particular, we can decrease the value of the number 1y in Lemma 7 so that the function g
satisfies the condition in (34) for any 0 < v < 1. Moreover, the dependence on the number
po in the previous computations can be replaced by a dependence on the number 14y as in the
statement of Lemma 7.
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4.2 Analysis of the operator T;,

For k > 1, we set
Zy = {1 € L*(Q,C) s.t. ¢y =0 for any ¢ # k},

and we focus on the restriction of the self-adjoint bilinear form B to the space H! (4, C) N Zj.
Recall that this bilinear form is continuous on H!(Qg4, C), with norm depending only on pq.
Arguing as for (4.11), we obtain

2]452
B(6,6) = Qo(6) + ("5 = 10(5 + 2010) ) |6 720

for any function ¢ € H'(Q4,C) N Zz. When ¢ is also in Hy, the quadratic form Qg(¢) is
non-negative, so that

2k.2
B(6,6) = (T = 10(5 +210) ) ¢330,
Using (4.12), we obtain

1

1 3m2k?
B(¢,¢) > *Hvéf)Hiz(Qd) + 1(7

for d close enough to dp and g small enough. Given a function g € £23(Qy4,C) N Zx, we can
therefore invoke the Lax-Milgram theorem in order to find a unique function ¢ € H!(Qg4,C) N
Zy, N Hy, such that

1
—1=1610 = 643 6] 720y = 6l ln0ys  (414)

mmwzéwwm Vo € H (. C) N Zy N Hy. (4.15)

This identity can be rephrased as the fact that there exists a unique function v € H!(£4,C) N
Z. N Hy, such that

~80 = (L= W)+ 2, vl vo - g = M (Bwow - [ oowde ). @10)

B HXkH%z(Qd)

By standard elliptic regularity theory, we check that the function v is actually in H?(4,C), and
the previous equation can be expressed as

™ (T(4) — g) = 0.
It then follows from (4.14), (4.15), (4.16) and standard elliptic regularity theory that

HT/’HH%Qd) S CHQHLQ(Qd)v (4.17)

for some number C' depending only on .

When the function g is additionally in LS°(€4), we argue as in the proof of Lemma 11
in order to control the function ¢ in L>(y) for any 0 < 7 < o. We introduce an even
bounded Lipschitz function f : R — R, and consider the functions @(x,y) = el @q)(z,7) and
E(z,y) == e2@y(z,y), which both remain in H!(Q4, C) N Zj,. We also introduce the numbers

(¥, Xk) 12(00y)

) Cand e (€, xK)r2(0,)
”XkHLQ(Qd)

A 1= = ,
HXkH%Q(Qd)

so that m,(¥) = 9 — Apxe and m(€) = € — ppxe. Inserting the function m(€) = € — e

into (4.15), we obtain

B(v,§) = peB(, xx) +/

Qq

(g,§><c—uk/ (9, Xk)cC-

Qq
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We next check that

%HM(@H;(Q@ < B(mp (), m()) = B, 4) — 2M:B(4, 1) + A B(xws X
by (4.14), we obtain

1, - 1 ~ ~
9150, <16 (1m0 + 22 x0) 11 = Mk )

<pRB(, xx) + o, (f/)QWQvL/Qd <€f971;>(c—,uk /Qd<97Xk><c

)\ ~ 2 2
At this stage we first check that

191l 2200 llef Xkl L2(0)
Ixk1Z2 0

From (34) and (4.10) we also have, for any ¢1, ¢2 € H* (4, C),
}B(d)la ¢2)‘ < (3 + 5///0 + 2”%) H¢1||H1(Qd) H(Z)QHHl(Qd)’

Combining these estimates with (4.17), and using the Young inequality 2ab < a? + b2, we can
find a number C, depending only and (continuously) on k and pug, such that

1 -
(35~ 17 ) 19y = € (el + Dl (e + 1270 ) )

Assuming that 0 < og < 1/(2v/2), and letting f(x) = f,(x) = min{7|z|,n} for 0 < 7 < ¢ and
some integer n, we observe that

] < 191l 2200 €2 Xkl L2(00)

|| <
”XkHL2 (Q4)

, and

lexkll72(00) + €% Xk 20y < ©:
for a further number C' depending only on k and og. Arguing as for (4.7), we are led to

L ; 2Cd
(33 — 7'2) H/lin?—Il(Qd) <C HengiQ(Qd) < P HgHLgo(Qd)’

Decreasing if necessary the value of g so that ag < 1/32, we conclude that

HQ;HHl(Qd) <C HgHL“’ (Q4)°

the number C' now depending also on §1, ¢ and 7. Taking the limit n — oo, we deduce that

y T |’v¢“Lz(Qd) <C HgHLgo(Qd)’

Since v is in Zy, we finally invoke the one-variable Sobolev embedding theorem in order to
conclude that

HwHLg’(Qd) < CHgHLgO(Qd)‘ (4.18)

Note that we can argue as in (4.13) in order to replace the dependence on g in the constant C'
by a dependence on 1.

The estimates (4.17) and (4.18) show that the conclusion of Lemma 7 hold under the additional
assumption that g € Z.
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4.3 Analysis of the operators T} for j < k

When j < k, the analysis is a little more involved due to the fact that the operator T} has a
negative eigenvalue. Fix a number 1 < j < k, and consider a function g; € L2(R,C). In order to
solve the equation T)j(v;) = gj, we decompose the function g; as g; = i8x0 +mo(g;), with § € R.
Here the notation mg refers to the orthogonal projection on Hy, which is given by

mo(f) == f — Mm, Vf e L*(R,C).

HXOH%Q(R)
Similarly, we look for a solution 1; of the form v; = iAxo + 2z, with z = m(¢);) and A € R.
By definition of the operator T}, and since Lg(ixo) = —ixo/2, the equation Tj(1);) = g; is then
equivalent to the system

>\<ﬂ;§2 -1+ Oéo) =B — —— (To(2) — Lo(2),ix0) 2(r)»

~ Tolag,

mo(To(2) + %42 — gy + MIo(ixo) — Lo(ixo))) = 0.

(4.19)

In this system, we have set Ty(ix0) — Lo(ixo) = icoxo + mo(To(ixo) — Lo(ixo)), with ag € R.
Going back to (4.1), we observe that

(To(ixo) — Lo(ixo0),iX0) L2(R)
HXOH%2(R)

\040\2‘ < o (5 + 2p0).-

Since 1/2 = 72k?/d3, we can choose d — dj, and p small enough such that

1 722 2k — 172 _ 1
————y > ——— > — > 0. 4.20
2 2 T B Tk (4.20)
In this case, the unique solution of the first equation in (4.19) is given by
1 <T0<Z) — LQ(Z), iX0>L2(R)
A= ( - . ) (4.21)
2 — 5 T Qo ”X0HL2(R)
and we can insert this expression into the second equation in (4.19) in order to obtain
m2j?  (To(2) — Lo(2), ixo) r2(r . .
o <T0(Z) + dﬁ z = SR & (TO(ZXO) - Lo@Xo)))
HXOHLQ(R)( a2 T 2 + Oé()) (422)

=m0 <gj_225 (To(iXO) - Lo(iXO)))-

] 1
@z — 2T

In order to invert this last equation, we now introduce the self-adjoint bilinear form
2,2

Bj(21,2) = /R ((Zi,zé><c + (% -1+ \¢0\2><Z1,22)<c + 2(vo, 21)c <¢0,Z2><c>
1

;2

- 2
X012 gy (22 — 1+ 200)

(<T0(21) — Lo(21),ix0) L2(®) {(To(ix0) — Lo(ixo); 22) L2 (w)

+ (To(22) — Lo(22), ix0) L2(r) (To(ixo) — Lo(ixo), 21>L2(R)>,

for any functions (21,22) € (H'(R) N Hp)?. This bilinear form is continuous on the subspace
H(R) N Hy. Since
(To(z) — Lo(2),ix0) L2(r) (To(ix0) — Lo(ix0), 2) L2(r)

272
HXOH%%R)(% - % + OCO)

< Ak (5 +2p0) ||| oy (4:23)
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by (4.1) and (4.20), it also satisfies

3 2.2 2
Bj(z,2) > (% — p10(5 + 2u0) (1 +4kﬂ0(5+2#0)))HZHi2(R) =z ;Cl’%HZH;(R)’

whe~n zeM! (R)N Hy, and for d—dj, and pg small enough. Moreover it follows from the definition
of Bj, (34) and (4.23) that

. 2 w2 2 2 w2 2
Bj(z,2) > HZ,HL2(R) + (ﬁ —1—po —4ku3(5+2u0)2) HZ”LZ(R) z HZ/HL2(R) + <2dl% - 1) HZHL2(R)’

again for d — dj and po small enough. We conclude that

2
- T
Bj(2,2) = @HZHZI(R)’

(4.24)
and we can derive from the Lax-Milgram theorem the existence of a unique solution z; € H!(R)N
Hy to (4.22). Then we can go back to (4.21) in order to construct a unique solution v; :=
i\jxo + zj € H(R) to the equation Tj(v);) = g;.

Moreover, it follows from (4.1), (4.20) and (4.24) that the function z satisfies

s

<
T2

HZJHHl(R) = (HQJHB(R) + 4kpo(5 + 240) HﬁXOHL2(R)>‘ (4.25)

Similarly we can estimate (4.21) so as to obtain

pio(5 + 2p10)
A §4k<6 AU AP ) 4.26
il < k(1814 T o sl e (4.26)
Using the definition of the number 5, we conclude that there exists a number C > 0, depending
only on k and pg, such that

Hl/’J'HHl(R) < OngHLQ(R)' (4.27)

The fact that the function v; is actually in H?(R) follows from applying standard elliptic theory
to the equation T}(¢;) = g, as well as the fact that we can replace the H'-norm by the H?-norm
in the previous inequality.

When the function g; is additionally in L°(IR), we argue as before to control the function 1;
in LX(R) for any 0 < 7 < 0. We introduce an even bounded Lipschitz function f : R — R and
consider the functions z; := efzj, as well as (j := lezj. We also set

(Zj,9X0) L2(R)

W= ——s——, and vj:=
! HXo”%z(R) ’

(G»X0) L2(R)
HXOH%z(R) 7

so that mo(Z;) = Z; — ip;x0 and mo(¢;) = ¢j — iv;X0. Observe in particular that
13| < Cllgill oy e Xoll2my,  and  |vs] < Cllgill 2 gy 1 xoll 22w,

for some number C', depending only on k and pg. Recalling that

Bj(zj,2) = /R(gj,z><c, Vz € HY(R) N H,

and choosing z = my({;) in this identity, we can write

Bj(2j,¢;) = viBj(2j, ixo) +/IR<9j7Cj>C _Vj/[R<gj7iX0>(C-
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Since
B;(mo(%)), m0(25)) =B; (%5, ) — 2u;8; (%, ix0) + 13 B; (ix0, ix0)

=B (:1.G) + [ (115 = 20585 (55 1n0) + 35, ixo. v,
we can invoke (4.24) in order to obtain

™ - 7r2 w2 M N
@H%Hip( ~2d2 <ZJ’ZX0>H1(R)_ A2 HXOHHI(R)"‘VJB (2j:ix0) + R<€f9jazj><c

—Vj/R<9j7iX0><c+/( )Lzl = 20438 (25, ix0) + 1583 (ix0, 1x0)-

Combining (34), (4.1), and (4.20), we check that

3 m°k? 2 2 2
(Bj(z,g)‘ g( = +4+5M0+2,u0+4k,u0(5+2,u0))HZHHl(R) 1l 1 -

Arguing as in the case j = k, we conclude that we can find a number C' > 0, depending only on
k, po and d1, such that

(5 = 1) Ve < € (1l + e (e + 1 ) )

When oy < min{1/(2v/2),7/(2dx)} and 0 < 7 < o, we derive as for (4.17) from this estimate
that

HZJ'HL;-_O(R) S CngHLgO(R)’
for a number C, depending also on §1, o and 7.
Recall here that, by (4.25) and (4.26), we have

(2% < illoll ooy < Cllgsllezm

for a further number C' > 0, depending on k, ug and 7. In particular we can conclude that
193l oy < Clls] e - (4.28)

The number C in this inequality depends as before on k, 01, vy, 0p, o and 7 (using (4.13) for
replacing the dependence on gy by a dependence on vyp).

Estimates (4.27) and (4.28) show that the conclusions of Lemma 7 hold under the additional
assumption that g € Zj, i.e. that g(z,y) = g;(z) cos(mjy/d), for some j < k.

4.4 End of the proof of Lemma 7

Assume the hypothesis of Lemma 7 are satisfied. To solve the equation m(T(w) — g) = 0, we
project it on the Fourier sectors 7 > k, j = k and 5 < k. The previous analysis shows that in
each of these three sectors the equation can be solved and that the solutions satisfy the estimates
n (36) and (38). Adding these three solutions gives the desired solution, which will satisfy the
required estimates. O
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5 Fixed point argument

5.1 Proof of Lemma 8

Note first that the maps fo(10o, w) and g(1bp, w) are in L>(R), respectively in £°(€;), when the
functions 1y and w belong to L>*(R), respectively in £>(€;). Let us next write

fo(o, @) = fo(vo,w)

1

d 7 7 ~
N d/ <2 (Yo, W)c (0 — w) + 2w (Yo — Yo, w)c + 2w (Yo, W — w)c
0

+ [l (o — o) + [ — w) + (o + D) ([ ~ [w]?)) dy.
When we take the LS-norm of this expression, the terms in Yo — g are less than

3[vo — J]OHLOO(R) Hw%onHLw(Qd) < 3Jo — IZJOHLOO(R) HwHigo(Qd)’
and the terms in w — w are less than

(0 — w)e?!! HLOO(Qd) (ﬂWOHLw(R)HwegH HLOO(Qd) + 2WOHLm(R)HweUH HLOO(Qd)

+ szeaHHLw(Qd) + (WOHLOO(R) + HwHLoo(Qd)))(Hweolwmo(gd) + HwegHHLw(Qd)))-

Since HwHLoo(Qd) < HwHLoo(Qd)’ the previous inequality guarantees that the function fo (v, w) —
fo(¢o,w) is in LSS (R) and satisfies the estimate in (40). The same holds for the function

9(1ho, w) — g(1bp, w) given the definition of g. O

5.2 Proof of Proposition 9

Recall first that the set Y5°(R) is defined as the intersection of the set Ap(R) with the vector
space WOI;O(R) Due to the uniform exponential decay of their derivative, any function 1 in
Y2°(R) has limits at +oo, and since 1 is moreover in Xy(R), these limits are of modulus one,
that is of the form e? for some number # € R. We now rely on this property in order to handle
the proof of Proposition 9.

Given any number 6 € (—m/4,7/4), we denote by Sp : R — C a smooth map belonging to
Xo(R), depending smoothly on 6, and such that

Sp(x) = €' 75180 Gy (),

for any |x| > 1. Note in particular that we can assume that the map 6 — 1 — |Sp|? is smooth
from (—m/4,7/4) to L?(R). We then consider the maps

(0,e) — A(f,e) = Sy + ¢,

P Bi() =" + (1= ), (¥, w) — Ba(v,w) = mp (T (¢, w)),
and

(0 w) = O, w) = (folth,w), m(g( w) ).

Assuming that 0 < o < 00/2 < v/2/2, we check from the previous definitions that the map
By o A is smooth from (—m/4,m/4) x (L3(R) N WerX(R)) to L(R), while the map By o A is
smooth from (—n/4,7/4) x (LPX(R) N W&’;O(R)) x (W2 (Qq) N Hy) to £2°(Qg) N Hy. Here as
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in the sequel, the composition with the map A only acts on the variable ). Note that in order
to prove the previous claims, we use the property that any function w € W027 >°(Qq) is actually in
L°(Qg) due to the Poincaré-Wirtinger inequality with exponentially weights in the x variable.

From Lemma 8, we similarly check that the map C = C' o A is smooth from (—m/4,7/4) X
LP(R)x LP(2q) to L (R) x (L35 (Qq) N Hy). Moreover, still from Lemma 8, by restricting C to a
small enough neighbourhood of the origin, we can make its Lipschitz norm in this neighbourhood
as small as we wish.

Now, we infer from Lemmas 4 and 5 that B; has an inverse from a neighbourhood of 0 in
L°(R) to a neighbourhood of Sp in Y5°(R). When |d — di| < §1 and 0 < 0 < 0¢/2, it follows
from Lemma 7 that if ¢ is close enough to Sy in Y3°(R), then Bs(7),-) has an inverse from a
neighbourhood of 0 in £32(4) N Hy to a neighbourhood of 0 in £5°(Q4) N Hy. Moreover, by
Lemmas 6 and 7, both inverses are Lipschitz. Therefore, admitting for a moment that the map
A has a Lipschitz inverse from a neighbourhood of Sp in Y3°(R) to a neighbourhood of (0,0) in
(—m/4,m/4) x LX(R), we deduce that the map

B(0,e,w) = (B1(Sp + €), B2(Sp + €, w)),

has a Lipschitz inverse from a neighbourhood of 0 in £5°(R) x (£35(Q4) N Hy,) to a neighbourhood
of (0,0,0) in (—m/4,7/4) x LL(R) x (LX(2q) N Hi). Moreover, since 1) = Sy + ¢ satisfies (21)
and w satisfies (35), this inverse is in fact Lipschitz with values into (—m/4,7/4) x (L°(R) N
Wo™ (R)) x W ().

We may then conclude that B, since it is smooth and has a Lipschitz inverse, has a smooth
inverse defined on a neighbourhood of the origin in £°(R) x (£35(24) N Hy) to a neighbourhood
of (0,0,0) in (—7/4,7/4) x (L (R)NWFZ(R)) x (Wgﬁo(Qd)ﬂHk), and then to a neighbourhood
of (—m/4,7/4) x L (R) x (L (Qq) N Hy) after embedding the spaces Wgﬁo(ﬁd) into L°(Qyg).

To justify that A has a Lipschitz inverse from a neighbourhood of Sy in Y3°(R) to a neigh-
bourhood of (0,0) in (—7/4,7/4) x L(R), we note that, if (11,12) € Y°(R)? then, since
11(0) = 12(0) = 0, their limits as x — +oo are

, +oo , +o0
e = ; Yy(x)de, and €2 = ; h(z) dz,

so that o
|61 — 62| < ;H% - l/)éHLgm

by bounding |1/} (z) — ()| by e~71#! [[4)] — || sc. As a consequence, we can bound from above
lle1 — e2||Lge, where we have set e; = 1); — Sp,.

It remains to apply the Picard fixed point theorem with parameter. For any small enough
A € R, we define
E)\(G,a, w) =B1o C(Q,a,w + /\Xk)- (5.1)

This map is well-defined and smooth from a neighbourhood of the origin in (—7 /4, w/4) x L°(R) x
(L£°(2q) N Hy) to itself. We have used here the fact that, speaking loosely, C maps L3° to LS.
Moreover, by restricting the neighbourhood if necessary we may make the Lipschitz constant of
= as small as we wish, so that it has a unique fixed point (fy,ex, Wy) for any small enough
value of \. Moreover, since =) depends also smoothly on A, this fixed point is a smooth function
of A with values into (—7/4,7/4) x (L&(R) N W7 (R)) x (Wi (Q) N Hy).

The functions W) = Sp, + € and W), are then the unique solutions to (41) and (42) in a
small neighbourhood of (Sp,0) in Y°(R) x (L (24) N Hy), and they depend smoothly on A with
values into Wgy’;o(]R) X W()Z”;)O(Qd) Note also that, due to the facts that the map 6 — 1 — |Sp|?

42



is smooth from (—n/4,7/4) to L*(R), and the functions A ~— @) and A + &, are smooth with
values into (—n/4,7/4), respectively £°(R), the function A — 1 — [¥}|? is smooth with values
into L2(R). This concludes the proof of Proposition 9. O

6 Differentiability properties

In this section, we rely on the smoothness of the maps A — (¥}, W?) and A — 1 — |¥}}? to
describe the derivatives of the function J as in Lemma 10, and also to expand the energy E(Vy, 4)
as in (6).

6.1 Proof of Lemma 10

The smoothness of the function J follows from the smoothness of the maps (d, \) + (¥}, W?).
Going back to the proof of Proposition 9, we observe that the map =y in (5.1) also depends
on the width d through the fact that the functions w and x; are defined on the strip Q4.
Rescaling distances by d, that is applying the change of variables z = dj y/d, we can impose
these functions to be defined on a unique domain 24, . Since this change of variables is smooth,
we check that the map =) depends smoothly on the pair (d, A). Applying the Picard fixed point
theorem with parameter as in the proof of Proposition 9 then guarantees that we can find two
numbers 0 < dy < & and 0 < pa < pp such that the map (d,\) — (13, W) is smooth from
(dg — 2, dg + 82) x (—p2, p2) to Wgaoo (R) x W(ifo(Qdk). Here as in the sequel, we have used the
tilde symbol to highlight the fact that the function W* now depends on (x,2) € Rx Qq,. It
is then enough to apply the smooth reverse change of variables y = d z/dj to deduce from the
definition of the function J that it is smooth on (di — d2, di + J2) X (—p2, p2).

The fact that the function J is odd in its second variable A relies on the property that the
conjugate function 1 of a solution to (GP) remains a solution to (GP). Due to the property

that the function xj takes purely imaginary values, the conjugated pair (1), W) is a solution
to (41) and (42) for A replaced by —\. Using the uniqueness of the solutions of these equations
provided by Proposition 9, we deduce that

oSV =), and WOEN = WA,

for any —p; < A < p1. Introducing this identity into the definition of the function J, invoking
the definition of the function g, and again the fact that the function yj takes purely imaginary
values, we obtain that J is indeed odd in the variable A.

We next compute the values of the functions J and its first order derivatives for (d, \) = (d, 0).
We first observe that for A = 0, the pair (Sp, 0) is a solution to (41) and (42). Hence by uniqueness
it is equal to the pair (U9, W0) for any dy — d2 < d < dj, + 2. This is sufficient to check that

J(d,0) =0,

so that
d5J (dg,0) = 0,

for any ¢ > 1.
When A # 0, we call Z,? := W + Axx, and we recall that

J(dv >‘) = < - AZI::\ - Zl?(l - ‘\I’()]\|2) +2<\IJ(/}7Z12\>(C \Ilé _g(\I’()]\vzli\)7Xk>L2(Qd)7
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where g is defined by (39). Since the map A +— (¢, W?) is smooth with values into W&?(R) X

W&’;’O(Qdk) by Proposition 9, we are allowed to compute the derivative with respect to A

NI (d, ) = ( = A(O\Z) — O Zp (1 — [T [2) + 2(T), 00 Z7)c T
+2(00T, Zitye g + 2 (U5, Z2)c OWT) + 2 (W1, U 23 (6.1)

- Dlg(\p(/}? Zli\)<8/\\11()j) - D2g(\p(/}7 Z?)(8AZ2)7Xk>L2(Qd)~

When we want to evaluate this quantity at (dg,0), we use the previous computed special values
\I}S = \II())\\(dk,O) = So, and Z;: = Zl;\\(dk,()) = (W)\ + AXl€)|(dk,0) =0.

Given the expression of the function g, we check that Djg(Sp,0) = D2g(Sp,0) = 0. Calling £
the linearized operator at Sy given by

Lo(1) == —A — (1 — S§) + 2(S0,%)c So.

this implies that
O\J (d, 0) = (L0 (2R (4,,0))> Xk 12062

This quantity is equal to zero because xj is in the kernel of £y. Since J(d,\) is odd in the
variable A\, we point out that the second derivative 0y yJ(d,0) is also equal to zero.

The next step is to compute the derivative 93 ,J(dy,0) so we have to differentiate (6.1)
with respect to d. For this purpose, we use the Chénge of variables y = dz/dj, in order to drop
the dependence on d of the domain 243. We write down explicitly this dependence through the
identity W*(z, 2) = W*(x,dz/dy), where the function W* is now defined in Qg,. We similarly

set
kﬁz)

dp,
so that the function Y no longer contains dependence on the parameter d. Calling Z,i‘ =
W™ + AXi, we obtain

Xk(x, z) :=ixo(x) cos (

d ~ 5 d? ~ _ ~
8>\J(d, A) = d7k< - az,;v (8)\W)\ + Xk) - ﬁaz,z (8)\W)\ + Xk) - a)\Zli\(l - ’\PS‘Q)
+2(00, 00 Zp)e Vg + 2 (0005, Z7) e Uy + 2 (U3, Z)e r 0 (6.2)

+2(000), W) Zp — Dig (), Z2) (001))
— DQQ(\II())\a Zé\)(aAZé\)’ >~<k>L2(Qdk)'

Before differentiating further with respect to d, we are going to prove that at (d,0), the first
order derivatives of the smooth function (X, d) + (1, W) are given by

NG = UG g,0) = 0, 0aVG = 0a¥y)(g, 0) = O, (6.3)

8,\V~V* = 8)\V~V)‘|(dk’0) =0, adW* = 8dW>\|(dk,0) =0. (6.4)

For this purpose, we need to write the equations satisfied by these functions. Let us differenti-
ate (41) with respect to A and evaluate it at (dg,0), then we find

—(00T5)" — arTE(1 — [ So[?) + 2 (S0, ATg) e So = 0.

Since W§ does not depend on the variable z, this means that Ly(0\¥{) = 0, so that there are
real numbers « and S such that
MWV = aS| +i8So.
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Since the real part of \IIS is odd and its imaginary part is even, it is the same with 3)\\118. Since
So is odd and S is even, then o = 8 = 0 and 9\ ¥ = 0. The same reasoning, differentiating
with respect to d, leads to 94¥( = 0, so that (6.3) does hold.

For the function W*, we go back to (42), implement the change of variables y = dz/dj,
and differentiate the resulting equation with respect to d or A. Since the rescaled orthogonal
projection 7 given by (33) for d = dj, is independent of d or A\, we can compute the derivative
with respect to A at (d,0) and find

7~Tk( — AW + xk) — (O + %) (1 = 1S0]?) +2 (S0, WW™* + X )c 50) =0.

Since £o(xx) = 0, and the operators £y and 7, commute, we deduce that the function 7y, (93 W*)
is in the kernel of £g9. Moreover, the image of the projection 7 is included in the orthogonal of
the kernel, so this implies

7 (W) = 0.
Since frk(W)‘) = W?, we have 7~rk(8)\W*) = 9\W* and therefore 9\W* = 0. The same reasoning
holds when differentiating with respect to d to get (6.4).

Differentiating (6.2) with respect to d, and using the fact that U = Sy and W* = 0, we next
find at (d,0),

DarJ (dp, 0) :;kau(dk, 0) + Ci@m(mﬁ/* 00 %) g2 )+ (0@aT ), X0 g
+2{(S0, 0V} c (W™ + X)) + (0a¥h, W™ + Xi)c So + (So, 0aW™*)c 0T}
+ (S0, W™ + i) 0a¥h + (O, Sode 0aW™ + (OaV, 0aW™*)c So, Xk) 120
— (D13(S0,0) (342 T§) + D23(So,0) Dy W*) + D1.1G(S0,0) (92T, 94 TF)
+ D123(S0,0) (02U, 04W™*) + D1.2G(S0,0) (0405, O\ W™ + Xi)
+ D25G(50,0) (0aW5, W™ + Xk), )Zk>Lz(Qdk)-

a)

In this formula, given two functions g : R — C and w : {03, — C, we have set

§(v0, @) = —2(to, @)@ — @] (w0 + @) + fo(vo, @),
where

1

- dp,
f0(¢0,w)(x) = dk/o <2<w0(x),w(x,z)>cw(m,z) + |’LZ)(1‘,Z)‘2(’(/J()(III) + ZD(:U,z))) dz.

When (d,\) = (dj,0), the first term in (6.5) is equal to zero by the previous computation, the
third term is also zero because xy is in the kernel of the self-adjoint operator £y3. Moreover, we
can check that

Dlg(S0,0) = D2§(‘907 O) = 07 and Dl,lg(s()ao) = D1,2§(S()7 0) = 07
whereas

Ds53(S50,0)(H, L)=- 2<<50, H><c[~' + (S0, i><cH +(H, E>(CSO>
d

_'_7
di Jo

) ) ] (6.6)
(S0, H) oL+ (S0, L) H + (H, L)oo (-, 2) dz.

45



Using the values at (dg,0) given by (6.3) and (6.4), we find

2 - 2k2 72
D (dr,0) = —— [ || = =5~ [ x§ =—2V2,
d d
k Qd,k k R

which implies the first equality in (45).
We finally compute the third order derivative 0y x xJ(dk,0). In this direction, we first derive

from (6.1) that

AT (d,A) = { = AOANI?Y) — DNV (L = [1g2) + 2085, W) g + 40005, T3¢ (AW
4+ Xk) + AT, WA 4 X ) T 4 40T, W + X1 ) OnTY + 20 a T, U)e (W + )

+ 20T, W+ Axa)e U + 40600, W + Axe)c O + 2000, WA + Axi)c daaPo

+ 2|0 T2 (W + M) — Dig(W0, W + Axk) (a2 T)) — Dag (T, W + Axi) (O W)

— D1ag (05, W+ Axr) (0395, 02 T0) — 2D1 29(T5, W + Axk) (020, AW + xi)

= D29 (W0, W + Axie) (W + X0 WV + X)Xk 12

Differentiating again this quantity with respect to A, we find at (dg,0)

DT (i, 0) =(Lo(OAAAW™) + 6(Ox 2 TG, So)e Xk + 6O ATG, Xi)c So + 6(xk, So)c O AT
- 3D2,29(S03 0) (Xka a)\,/\W*) - 2D2,2,2.g (507 O) (Xk’a Xk> Xk)a Xk>L2(Qdk)’
(6.7)

where we have set as before

(9)\7)\\:[/8 = a,\’)\\Ilg\de’O), a)\7,\W* = 8A,,\WA‘(dk70), and a)\)\’)\W* = a)\’)\7,\W/\‘(dk70).

In order to obtain the simplified formula in (6.7), we have used the fact that U§ = Sp, O ¥ =0
and W* = O\W* = 0, as well as the identities D1g(Sp,0) = D2g(S50,0) = D1,19(S0,0) =
D1.29(S0,0) = 0. We next recall that £y(xx) = 0, and we observe that (So, xx)c = 0 because Sy
takes real values, while xj takes purely imaginary ones. Using this property further, we check
from (the rescaled version of) (6.6) that

<D2,29(5070)(Xk78)\,)\W*)7Xk>L2(Qdk) = _2/Q <507a)\,)\W*>(C ‘Xk’27
dy;

while we can compute similarly that

<D2’2729(SO’0)(Xk7Xk7Xk)’Xk>L2(Qdk) = _6/Qd |X]€’4
k

Therefore, we find from (6.7) that

O (di,0) = 6/ (2\Xk!4 + (S0, AW [xk|* + (S0, O V5 |Xk\2). (6.8)

Qq,,

We finally compute the derivatives Oy ¥ and 0y \W* using the equations which they satisfy.

Concerning the derivative U := 0) ¥, we use the formulae in (6.3) and (6.4) to derive
from (41) that this derivative satisfies

—U” — U(l — Sg) + 2<SO’ U>(CSO = _2D2,2f0(307 0) (Xka Xk?) = _|X0’2 SO? (69)

46



that is

, U() ) (2 sinh (75)
-U"(z) — ——+— +2Re(U(z)) tanh* | —= ) = ————. 6.10
(@) cosh? (%) + ( ( )) t (\/§> cosh? (%) ( )

The imaginary part of U is even and vanishes at the origin, while the solutions of the equa-
tion satisfied by this imaginary part are spanned by the functions z + tanh(z/v/2) and z
xtanh(z/v/2) — /2. As a consequence, the imaginary part of U is identically equal to zero. On

the other hand, the function
T

24/2 cosh? (%)

is a special solution of (6.10). The solutions corresponding to the homogeneous equation for the
real part of U are spanned by the functions

Up(z) = —

)

Ui(z) = COShZI(z\/i)’ and  Us(z) = 6tanh (\ﬁ) + 4 sinh <ﬁ> cosh <ﬁ) cos:;??\%)'

Since the solution which we are looking for is odd, vanishes at the origin and tends to 0 at 4oo,

we conclude that .

24/2 cosh? (%)

. 3
6 [ Sonatilol == [ bl
R R

" 33d
6/Q (2’Xk|4+ <SOvaA,)\\I’0>(C|Xk‘2) = 3dk/ (3\X0\4+250 2\ A‘I/0|Xo! b / Ix0
dy, R

)

IV (x) = Up(x) = —

and we then check that

In particular, we are led to

(6.11)

We next turn to the derivative V := 0 \WW*. Similarly, we use the formulae in (6.3) and (6.4)
to derive from (42) that this derivative satisfies

m(—AV(w,y)—V(x,y)(l—\So(a:)|2)+2 (So(x), V(z,9))c So(z)+x0(z)? So(z) cos (Zny)) —0.

(6.12)
In view of Proposition 9, the derivative V is in H?(Qq,,C) N Hy, while the map (x,y)
x0(%)%So(z) cos(2mky/dy) is in £2(2y4,, C). Decomposing the operator T' (for 19 = Sp) as in (14),
and invoking the invertibility properties of the operators T} resulting from Lemma 7, we deduce
that the derivative V necessarily writes as

2
6/\,/\W*(x7y) = ’U(.%') COS ( Trky)v

6.13
A (613)
where the real-valued function v is the unique solution in H2(R) of the differential equation

—v" +4v — 3x3v = —So x¢-

Note here that the Lax-Milgram theorem guarantees that this equation has a unique solution v
in HY(R), which is in H?(R) by standard elliptic theory. Note also that we can estimate this
solution using the fact that

o</|v|2 / (10 +4fof? — 3} foP =—/sov|><02,
R
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so that by the Cauchy-Schwarz inequality,

/ of? < / Zlolt, and 0<— / Sovlxol? < / 2 |xol* < / ol (6.14)
R R R R R

In particular, going back to the expression of the derivative 0y \W* in (6.13), we obtain

g

Combining this inequality with (6.8) and (6.11), we are led to

(S0, OAn W) [xil? = 3 /R Sov|xol? > —3d /R ol

dj

I (dy, 0) = wdy,

33 21
w:—/ Xo\4+3/Sov!><o!2Z / Ixol* > 0.
4 R R 4 R

This concludes the proof of Lemma 10. O

with

6.2 Expansion of the energy E (¥} )

In view of (50), we can decompose the energy E(¥y, 4) as
d
2w =B ) + [ [ (= (@) =93 (= 195). A+ WD)

drr A@)|2 A(d) A@)\?
+ i}A(d)VXk LYW ’ + <1110 ), + W >
0 R

1
2

+ <\If§‘(d), A(d)xx + W)‘(d)>(c’)\(d)xk + WA ‘2>

C

(1 _ \w*(d)ﬂ)j)\(d) aa@)? L A(d)(C4 (019
0 Xt + W ‘ +4‘)\(d)Xk+W ’

Due to the property that 1/18‘ (@) only depends on the z-variable, and the integrals of the functions
xi and WA with respect to the y-variable vanish, the integral in the first line of the previous
decomposition is zero.

Concerning the energy quantity E(\Il(’]\(d)), we use the fact that Sy solves (GP) to write it as

d 1
B) = (o) +5 [ (10 = S0y = (1= S5 = 5ol + 5 (53 - 13 P)°).

We then deduce from the smoothness of the map \ + W} and (6.3) that

A2 d—dj)?
\IJ)\ = So + fa)\7)\\1/8 + )\(d — dk)8d7,\\11(’§ + (216)

* _ 3 3
> 8d7d\110+(9<(d di)® + || )

this expansion holding in W02, “°(R) for 0 < 0 < 0¢/2. As a consequence of (49), we obtain

A2(d — dy)

\IIOA(d) =50+ 2d
k

AT + o((d - dk)%), (6.16)
with A = 1/12v/2/w as before. Relying on the smoothness of the map A ~— 1 — |¥}[? in
Proposition 9, we similarly deduce that

A2(d — dy)

1| =1-53 - 0

(S0, IWE) e + o((d - dk)%), (6.17)
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this asymptotics now holding in L?(R). Inserting these identities in the previous expansion of

the energy E(\IIO)‘(d)), we are led to

AY(d = dy)?
S

+ O((d— d;ﬁ).

Going back to (6.9), we conclude that

E(U)) =E(So) + /R (l@nws)|* = (1 = 3) [oanw3|* + 250,00 95)7 )

A(d dk

E(03) = B(So) - /!Xo| <50,3AA\I’0>C+O(CZ dk)g>.

We now deal with the integral in the second line of (6.15), which we expand in the following
four terms

(19l = (= 195 P Pl + 20907 )2 ).

d
d>/o / ((To0e TAD) = (1= [V 2) (0, WAD)

+ 2000 i) o (82D, WA(d)>C)’

A(d
5 (9w - = O 208} w0)2),

and

4
1= [ (G0 N w3 Inanacs w0]  Gas wx] ')
Concerning the integral I1, we deduce from (5) that
A(d)*d o wk? A(d 2 Ad) . \2
L= 4/R (ol + Sl = (1 = 1057 1) o * + 2025 o))

Combining the fact that x¢ is an eigenvector of the operator L; for the eigenvalue —1/2 with
the expression of dj given by (4), we obtain

A(d)?d nk?  w2k? 2 2
h=—4 /(( 2 & Jxol? = (53 = 195V 2) [xol +2<q;g<d>,m>c),

In view of (49), (6.16) and (6.17), and since (Sp, ixo0)c = 0, we are led to

A2(did )2 * 5
L = 4dkk/R(_ 1+ A2 <So,8)\)\\l’0>(c) ‘X0‘2+O((d—dk)2).

In order to estimate the integrals I for 2 < k < 4, we next expand the map W@ with
respect to d — dj,. More precisely, we consider as before the map W4 (z, 2) = WMD) (z, dz/d}).
Combining Proposition 9 and the smoothness of the previous change of variables, we check that
the map (d, \) — W is smooth with values in W(i’;o(Qdk) for 0 <o < 0p/2. As a consequence

of the fact that W° = 0 and (6.4), we can expand it as

. A2 - ~ d—dg)? =
WA — EGMW* + )\(d — dk)ad,)\W* + (2k)ad,dvvak + O((d - dk)g + ‘)"3>7
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this expansion holding in WO >°(Qa,,). In view of (49), this gives

A _ A*(d — dy)

= B 3
2, 8A,,\W + O((d dk)2> (6.18)

Applying the change of variables y = dz/dj, to the integral I, and using (6.16) and (6.18), we
are first led to

Xd)3d % o Xd)4d [ = ia
= AT [ iso el + 20 [T [ (ats0, 0007l
dy, o Jr ddr,  Jo Jr

+ 480, e (X W )e + [l ) +O((d = de)?).

At this stage, recall that (Sp, Xx)c = 0, and also that we can write the function 8,\,>\W* as

2ﬂky>'

(9,\7,\W*(x,y) = v(x) cos ( 4

In view of (5) and (49), we therefore obtain

A(d dk

dy, 9 5
Iy = / / (S0, W)l Xn|* + [ X )+O((d dkﬁ)

:W4(450v+3IXO|2) Ixo|? +0((d_dk)g>‘

We argue similarly for the integral I3 for which we deduce from (6.16), (6.17) and (6.18) that

A*(d — dy)?

I =
’ 82

di N . -
/0 /R (‘Va,\)\W*‘Q — (1 — Sg) ]8MW*\2 +2<So,(9)\7)\W*>é) —i—O((d—dk)%),

so that, by (6.13) and (6.12),

A*(d — dy)? 2 3
lﬁdk/RSOU‘Xd +0<(d_dk)2)-

We next turn to the integral Is. Integrating by parts and invoking the fact that o is an
eigenvector of the operator L, for the eigenvalue —1/2, we first obtain

?k* 1
N [ [ (5 = 5) 00— (53~ 1OP) (e W20)

+ 2000 ) (WD WD) )

I3 =

Using (4), and arguing as for the integral I, we then check that
I = 0((d - dk)%).

Collecting the previous estimates of the integrals Iy, and of the energy E(\Ifo)‘(d)), we deduce
from (6.15) that

2(d — d.)2
E(Vyq) = E(So) — A(Cdedk)/R ol

A (d — dy)? i ,
(32dk’“)/R(4(80,8M\IJO>C+6Sov+3|><o!2)}xo]2> +O((d_dk)2),
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Recall at this stage that

1
[d=2va ad [ (snomi)e bl = [
R R R

while
Az 12v2 16v/2
w Jg (11]x0l* +4Sov|x0[?)

This provides the final expansion

(d — dy,)?

E(Vyq) = E(So) — i

5+o<(d— d,ﬁ),

with

&= A2<1 ~ Jr (Blxol* + 1280 v |xo[?) )
V2 2 [ (11]x0[* +4Sov|x0l?) /)

In order to check that this number is positive, we go back to (6.14) so as to write

Jz (BIxol* + 1250 v [x0]?) < 5fglxol* 5

2 [ (11xol* +4Sov [x0[2) ~ 14 [z Ixo* 14

and we conclude that

£ 9A2
T 142

This completes the proof of (6). O

> 0.
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